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ABSTRACT

Any analysis of the physics of bowed string dymanics must consider in detail the nature
of the friction between how and string. For example, the simplest model of friction in
which the opposing force is independent of the sliding speed, will predict steady slip rather
than self-udted vibrations. The friction law is thus critical to a realistic model of the
bowed string. An empirical friction law is proposed which is a function of bath sliding
velocity and acceleration. The efiect of this law in the generation of self—excited vibrations
is demonstrated for a single degree of freedom (spring-mass-damper) system with various
levels of damping. This suggests that, for sufficiently energetic exdtation, vibration rather
than steady slip will occur, evm for highly damped systm‘ns. The argument is extended
to multi degree of freedom systems (bowed string) to analyse the effect of modal damping
and friction law on the relative excitation of modes, and thence to decribe the influence of
bowing conditions on timbre.

1. INTRODUCTION

To simplify the analysis as much as possible, but retaining the essential features, the string
is modelled as a. block, attached to a rigid wall by a simple spring and dashpot. The system
is driven by the frictional force between the string and bow: a simple one degree of freedom
structure with a non-linear excitation term. The configuration is shown in Fig. 1. The
governing equation for this system is

mi + ré + as = Has). (1)

where m is the mass of the block, a is the spring constant and r is the damping coefficient.
The frictional force is given by F(z‘,i). '

The simplt model for friction (Coulomb’s law) assumes that the frictional force is inde-
pendent of the sliding speed. However, there are many instances, including bowed string
dynamics, where this model does not give predictions which have the correct quality. The
observed phenomenon is that a small initial disturbance in the string—bow system can be
amplified by energy transfer from the bow to the vibrating string, even under significant
levels of damping.
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Smith [1] showed that an important factor was the friction induced heating and the efl'ect
it has on the rosin. Othu investigators have shown that there is a velocity dependence,
and Lindop and Jens [2] demonstrate this computationally based on a qualitative under-
estanding of surface interactions. The experimental results of Wang [3] show “hystersis” for
relative velocitim near to zero. As the relative velocity approaches zero, the frictional force
rises to local maximum and then bey‘ns to fall. It does not reach zero until the relative
velocity has actually changed sign and then it finally reaches a. lower minumun than the
initial maximum. Hunt et all [4] also noted this efiect and concluded that the frictional force
was dependant on another variable besides velocity, and proposed that this be accderation.
The model presented has been constructed to match these results qualitatively.

 

Fig. 1 Friction driven spring—mass—damper system.

2. THE PROPOSED FRICTION MODEL

It is well known that the elastic limit for a microscopic piece of material is far higher than
for the bulk material, and the frictional contact area is comprised of many small contacts
on the surface irregularities. Thus it would seem reasonable that the two contacting bodies
could move a small distance relative to each other, without disrupting the temporary bonds
between them, and the opposing frictional force would be predominantly due to the elastic
force applied by the stretched irregularities. Such bonds would remain unbroken for a period
of time equal to the maximum extension of the bond divided by the velocity. For very low
relative velodties, this time period could introduce a hysteretic effect [A J McMillan 5],
whilst for moderate velocities the frictional force might be expected to increase in accordance
with the increase of the number of bonds being broken in a time period. We refer to this
quantity, 1', as the “characteristic period” of the interface.

The mathematical model proposed considers frictional force as a function of slip velocity and
acceleration. Given that the bow speed is us , the relative velocity of the sliding surfaces "R
is on = i — us . II the how is taken to have constant velocity, the relative acceleration is the
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same as the instantaneous acceleration of the surface of the string, 5. Now, for reasonably
high slip velocity, the model should predict Coulomb’s law, whilst for velodties close to zero
stick type behaviour should be manifest. The two types of behaviour are introduced by
having two parts to the friction function; '

 

_ 2
Fi(vs.=) = flan-y; "dammit ). (2)

which apprdmates to F; = :Fpgmg for large and steady slip velocities, and

 

_ |ilf . _ 2|5|'r.

F2(°sa5) = my w: - 57/15:. ' 1‘ 9511(2)“ < 0 or > In: ' (3)
sy1(i)u, sin (“on + ‘1’), othu'wise.

In the above equations 14. is the coefficient of static friction, [4k is the coefficient of kinematic
friction in the Coulomb friction reg'mc and r is the “charateristic period" of the interacting
surfaces. which determines the “width” of the quasi static friction region. In addition, t! =
arcsin(m,/u,) and n = “(1r — §)/ir. The overall frictional force is given by F(uR,i) =
F1(un,i) + F;(uR,i). Fig. 2 shows this as graph of frictional force versus relative sliding
velocity for a mass sliding with sinusoidal motion, 2 = 0.5 x 10'“ sin(200t), relative to a
surface. The shape of this graph compares well with the experimental results presented by
Wang.

F/rng

v m s"1
-0.01 0,01 R ( )   -l.5

Fig 2 Friction force In sliding velocity.

3. THE FRICTION DRIVEN SYSTEM

It is convenient to use a non-dimensionalised form of the governing equations;
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if max; — A) < 0 or > 215w;

 

+ _ _ A _ (4)
msin + ‘1!) , otherwise.
sxn‘ls :1

a z . i . . . _ r a .Here i = ;fi is the non-dimensioan displacement. -r = I‘— ; is the non-
k k

dimensionalised characteristic period, and the other two independent variable are u =

2;": and A = fi‘ ’ i . From this point the over bar notation is dropped.

We write the right hand side of equation (4) as the functional F(é(t), £(t)):

i + Zw‘: + a: = F(t). (5)

II the system is started from rest at t = 0, that

2(t) = / g(t - 0mm, (9)

and 9(1) = i—e'” sin(wt), where w = \/l — I”. It is convenient to define two functions

5(1)“):fe-"(*-i)cos{w(¢—i))p(i)di and 5mm: [e-"('-*)ain{w(:—i))F(i).u.
0 0

Then,

in) = sum) — 55mm and 5(1) = — w)s“’(:) — zus(1)(t)+ F(t).

These coupled integral equations must be solved iteratively. We assume that F(t) may be
approximated by F(t) = for (j — 1)At < t < jAt, for sufficiently small time steps At.
Then the integrals Sm“) and 5(3)“) may be written in terms of their values atprevious
time steps; '

5;.” = T2552, — T,s§’_’, + (T. + mp,- (7)

and

sf.” = 135?), + T2557). + (T4 — T5)F,-, (s)
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where
I T, = 2"“ sin(wAt) T1= e‘”“ cos(uAt)

T3 = roe—"m sin(wAt) T. = roll — e_"A' cos(uAt)] . (9)

T5 = Dc-VA' sin(wAt) T5= u[1 — 8"“ sin(wAt)]

To iterate, start by putting Fj = 153., and use this to calculate 1': and 5:. Then recalculate
F,- based on these values. When the iteration has converged, reset 5(1) and Sm; only the
most up to date value of these needs to be stored. The values for F9 and i at t = 0 are
calculated interatively, based on setting the block velocity 5(0) = 0. In the first iteration,
the block acceleration 5(0) is taken as zero.

So for we have solved for initial conditions 2(0) = 0, and 52(0) = 0. For 1(0) = so and
=uo, wemaywxite é‘ = é—uo and 2‘ =2 —zn —uot,sothat

5‘ + Zvé' + z‘. = F'(t). (10)

where F‘(t) = {F(t) — 2w“ — (so +uot)}. The problem can now be solved exactly as
before, but in terms of z‘ and F' .

4. RESULTS OF THE NUMERICAL SIMULATIONS

In the results presented in Figs. 3 and 4, the outer loop represents self-excited vibration; the
fixed point represents a condition of steady slip at contant velocity. When initial conditions
are sufficiently close to the outer loop, the motion of the string will increase so that the
trace on the phase plane will spiral out to meet it. This represts an increase in the total
energy in the string; the source of this energy is the bow. It is transmitted to the string
by frictional force, at a rate great enough to overcome energy losses through damping. If
the initial conditions are close to the fixed point representing steady slip, the trace will
spiral in to meet that condition. In this case the friction and damping combine to act as a
mechanism for removing energy fiom the string.

The results prested in 3 are for a system with u = 10" , A = 3.0, ‘r = 0.1 x J1_0 and
Q = 1.0. The unstable limit cycle is rather small, and in particular. does not enclose the
point (0,0). which might be considered as the l‘usual initial condition". One might consider
this system to be prone to self-excited vibration, with a frequency of about 0.96 rad s’l .
The results for a similar system having greater damping, u = 10"“, are given in Fig. 4.
In this case the unstable limit cycle is very much larger and encloses the point (0,0), so
is prone to steady slip behaviour. However, given sufficiently energetic initial conditions it
can be made to self-excitel with frequency 0.98 rad s'1 , and this outer loop is rather similar
to that in Fig. 3. Since the unforced frequency of both of these syst is 1 rad s'1 , the
friction exdtation mechanism is “pitch flattening". a phenomenon described by McIntyre
and Woodhouse [6],
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In both cases the step in the outer loop occurs when 0 < sgn(£)(:'e — A) < 2|il-r, Le. when
the relative velocity is passing though zero and the friction becomes “quasi static”. The
graphs presented show only one cycle; subsequent cycles have similar, but not identical
paths and duxstions, and the position of the step can shift along the top surface. In some
cycles there may be more than one step. Although the motion is not strictly periodic, it
is clear that the phase plane paths are confined to lie within a. finite hand, so it may be
classified as “quasi-puiodic". This is a consequence of hysteresis in the friction law.

-3
-2 o 2 4 .2 o 2 4

Fig. 3 Phase plane plot for v = 10'3 - Fig. 4 Phase plane plot for v = '10"2 .
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F Holes and Bass Bar Effeem on Plate Tuning

Anne Roomy
Drona-y, France

In this study, measuring the fi'equencies has been used as a tool to guide the working process of

the next instrument being built.
While making the back and belly of an instmment of the violin family, can the maker anticipate
what tuning is to be obtained on the finished front ?
Traditionally, one does not retouch from the inside the thicknesses ot the table atter the f holes

and bass bar are done, in order to obtain the nice smooth and regular internal curve that is usually

aimed for. That is why the maker must know in advance the efi‘ects the cutting of holes and the

addition of bar will have on the frequencies of modes, in order to achieve the final tuning he

wishes, between the modes ofthe front and with those of the back.

In that way, 3 violins. 4 Violas and 3 cellos were measured during their making, between 1985

and 1990, with a very simple equipment, thanks to Cadeen Hutchins’s directions given in CA5

NL #39, 1983.
Some conclusions are given on the influence of holes (position, shape and cutting) as well as of

the bass bar (gluing and shaping), on the tuning of the instrument’s table

This study has been conducted in the course of making the following 10 instruments: violins n°6,

7 and 8, Violas n°l, 3,4 and S and cellos n°l, 3and 4t Cello n°l, made in 198] has infant had a

second from made for wich was built afier cello 3 & 4. The musician playing it had a bus accident
and the fi'ont had been severely damaged, needing replacement, '
The method used is the one indicated by Carleen Hutchins to measure modes 1, 2 and S with the

help of a frequency generator, a high speaker, and we used powdered sugar or copper sulphate to

visualize the modal lines, thus checking wich mode we were up to. The shapes were very

predictable and regular whith traditionnal archings and thicknesses coherent and symetn'cal as

Sacconi describes them
The goal we were aiming for was the evaluation of the effects of F holes (FF) and bass bar (BB)

on those 3 modes, to anticipate the change of frequency they were going to imply, while working

the thicknesses on the next instmment.
As a matter offact, the process ofmaking the instruments was made in the following order:

making the ribs
cutting the outline of back and belly from the ribs‘s shape
carving the outside archings of both plates and insert the purtling
carving the inside ofback and belly and thickness them to a certain tuning
cutting f holes
gluing and shaping bass bar
getting the final tuning between back and front.H

P
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f
t
h
,
‘
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To obtain the regulu inside curve ofthe instrument, this order schould be kept without touching
the table’s thicknesses afiel- stage 4, otherwise one cannot control any more the shape of the
internal volume ofthe Rom.

Il'unsvene section  
Moreover, to change fiequencies significantly after FF and BB means scraping wood in an
irregular manner, wieh damages the FF, and leaves dirty ridges ofwood along the bass bar and at
its end. That does leave irregular stifliiees points and the maker knows that empirically.

Wehavemeamredthefi'equenoesofmodes l,2,5hefore,afieranddufingmges$(l-‘F)and6
(BB)oftheworkingpmcessz

wwifllouHT-ndbb '— withflmlbh
z 5
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Ifone consider Cnrleen Hutchins’s proposal of being within 1 to 4 % to consider to be « in tune »
or « equal » in fi'equency, one sees here that the difi'etences are quite subtle between the
instruments, wich are made on the same mould (exept for violin n“ 6)and with close etchings for
each category.
Comparison of the effect of Eand ofthe cumulated efl‘ect offf + bb tells us more:
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For violin n°6. the fiont was pretty heavy to start with, having been left thicker and heavier The
oonsequemewasthntthemttingofholestookSgofwood ofi'. Thebackhmdefiflhmodemned
It 350 Hz, andto get the table closer, the bar has been thinned down up to 2 5, without going
lower that 372 Hz. The bar has been worked u lot sideways and in its euvature to avoid to afl‘ect
too much its strength , but theresult was absurd with a weight of 2 g and not the right tuning.
One could conclude here that FF and BB could’nt compensate for that table wich was too stiff in
the fifih mode to have it an octave higher than the second mode.
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Inthisinstrumengthefl‘holeshadtheefi‘ectofloweringtheseoondrnodebylZHzandthebar
hadraiseditbyS,givingattheenrlthel75HzthatwerewantedzThenmiugofmode2withthe
backwasobtained, wich givesaeasyresponse onthe finished instrument. Was it possible toget
thesameresultonthenextviolinn“7ifweweregoingtothindownthetabletogetthefifih
modeanoctave appart7Whatfi'equencywasgoing to have mode 1 7

For violin n°7. it was decided to lowerthe 5th mode to 356szefore the fi'hol would be out,
knowingthatithadbeenpossibletoloweritdownSol-{zwithfl'andgoup39l-Izwithavery
stnallbariuvioliun° 6.
Atthemmefimgadetailedsmdyof thecuttingoffholesofviolinn°7wastl1enundatakenin
order to understand howtheir shapeand position influences the ofthetable:

 

finemeutfmmto to bottomholelefl

fineuwcntfmmto tolumomholerit

        

Nearly all the flexibility is given with a very fine saweut made by a jeweller's saw from top to
bottom ofthe Fs It is usefitl to note that the opening ofthe arms do not afi‘ect the killing, so it
gives the chance to tune the helmholtz resonance of the body in widening tlte f holes, without the
fear ofgiving too much flexibility to the table. It must be understood that the FF were positionned
with the outside line ofthe arms lying along outside arching’s level lines, and that line was sewn.
The experience on violin n°7 was worthwile: the balance in mode 5 between 5holes and bb giving
a lowering 0(49 Hz followed by a highering of46 HZ. The tuning at 353 Hz can be considered as
a success! Second mode was an octave lower at I75 Hz ( note F) and mode one between F and
F sharp,

'For cello n° 4, one first tried to compensate completely the efl'ects ofEwith the bass bar.
The table was thinned down to the following tunins and the work wasrecorded:
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While working the back, one did not sucoed in having the aimed fi'equencies: (mode 2: 55 Hz,

mode 5: 119Hz). At that point, it was decided at least to tune the second mode, wich gives an

easy response, and Carlee: Hutchins proposes it as a priority.
One sees the diflioulties to get the right tuning when the tuning is not right before fi'and lab.

The reworking was meant to lower mode 2, but we went too far in that direction, the mode 5

became too low and we had to take the fiont ofl‘ the finished instrument to change the bar. We

thenwuld seetheefl'eetofthedryedvmiishonthe modes. Withthe newbar, wedid nottryany

moretogetthefifihmodeto the sametuningasthe back. At the end ofthe sameyearnsinking

ofthe table oowred and the bar was changed again with a bigger tension when it was fined.

Mode 2 and 5 are a semi-tone appart.

Onecanseethatwhateverefl'ortis madetousetheshapingofthebartoafi‘eot themningitis

always the fifth mode that goes down quite a lot, because of the situation of the bar on nodal line

ofthe belly. It was tried to do first a final height at the center dfthe bar, measuring the modes,

and then shaping progressively the arms: What happened is that mode 1 and 2 were practiquely

unmoved (2 Hz during the whole process), while mode 5 was lowered progressively

For cello n° 1, the work of 5‘ holes 1 was also studied. The tinting of the hack, still on the

insmnnengwasreeordedtohec (IdeallyGS/ l30szutithadheentunedhyear). Soone

planned to tune the table to that note. But the hat was too stifi‘ in mode 5 and was reworked

alter fl' and bh were finished. Mode 2 ended up « in tune» with the back at 62 Hz, but the filth

mode was more than a semi-tone higher than the bank’s.
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For viola n°5 and violin n°8, an expected effect on the tuning of if and lab was aimed for, a

simpleavengeofwhat asmeamredonthepreceedinginstrumemsofthesametype.

almawlthfl‘andhb hb: ‘. effect mupettedefled

violinn‘li 32 165 8 IE -s -lO ~50

mmmmmmmmmmm

ouch . For the viola, the tuning of mode 5 at 220

Hz was impossible with that model (41 cm long, and pretty narrow) It may be worth trying

around65/130I26OHZ. Theplaintabletuningstartedup at67/ 111/256 Hzforafinaltuning

at 7] I 111 /256 to match the back on itsfifih mode: 84/ 127/258.

The violin started with 85/ 164 I 344 before B‘and bbl It got closed to what was wanted with

modes 2 at 162 Hz for both plates (E), mode 5 at 340 Hz in the hunt and 326 Hz in the back

(between Eb and Eli), and mode 1 was at 86 Hz in the belly (below EA!)

 

    

     

In conclusion, we wooeded to foresee a tuning on violins, but viqu and cellos were not as

predictable. Their models are more variable and the notes wanted may have been too low for their

sizes The E holes give flexflzility to what the makers call the «pump efi'ect » (mode 5) 4 to 5

times more than the lateral bouncing (mode 2), and that, more in their length and diagonal taming

of the arching than in their width. In violins n° 7 and 8 and in Violas n° 3 and 5, 5' and bb have

nearly been able to compensate each other’s changes of tune of modes 2 and 5. In cellos, the 3

holes practically have’nt afi‘ected the mode 2, while the hb sometimes doubles the frequency the

filth mode had lost with the Es. A reasonable choice in the height and shaping of the bar can

afi‘ect around 3 to 4 times more mode 5 than mode 2.
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