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ABSTRACT

Array of infinitely long cylindrical scatterers with main axis parallel to the reflecting plane
(ground) is considered that results in treating problem as two-dimensional. This array,
referred to as sonic crystal, is placed in acoustic medium with physical parameters of air.
The acoustical properties of the ground are described by the Delany-Bazley empirical
relationships. The interactions of waves scattered by each cylinder and reflected from the
ground can be analysed by the previously developed numerical methods based on the
Green theorem with the Green’s function adjusted to the presence of the locally reacting
ground. The results are compared with the multiple scattering in free acoustic space. It is
shown that the insertion loss depends on the distance between the array and the ground
as well as on the impedance of the ground.
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1. INTRODUCTION

The scattering by many obstacles placed in an unbounded acoustic medium has been
studied for many years. There is a substantial amount of literature devoted to analytical
and numerical techniques of solving the multiple scattering problems. The semi-analytical
approach has been developed for the simple shapes such as circles in 2D and is based on
the superposition of the solution form of a single scatterer. For more complex geometry
of obstacles the numerical approach such as Boundary Element Method (BEM) based on
the method of the integral equations is more common?®.

These methods can be adapted to the bounded acoustic medium with the ground as a
boundary. For the semi-analytical approach the method of images can be applied to
construct the reflected field*®. It is also necessary to modify the scattering field, i.e. waves
scattered by the obstacles, to satisfy boundary conditions on the ground™®.

As for the integral equations method it is possible to modify the Green’s function’ so that
the domain with impedance ground transforms into the unbounded acoustic medium. The
result is that the boundary integral equations are only considered over the surface of the
scatterers. With this approach the computational time can be relatively low compared to
the full problem with the ground as an additional surface. The method has been widely
used for prediction of performance of the noise barriers mounted on the ground®®.

In this paper we use the mentioned numerical method to analyse the performance of the
array of rigid cylindrical scatterers suspended over the impedance ground. We also
compare the performance of some sonic crystals in the bounded domain with the crystals
placed into the unbounded acoustic environment. The main interest is to show how the
presence of the impedance ground affects the so-called band-gaps where one can
observe the maxima of positive insertion loss™.

2. FORMULATION
We consider two-dimensional problem where finite array of N scatterers is placed into half-
space D which is an acoustic medium bounded by the impedance ground. The acoustic
properties are given by sound of speed ¢ and density p.

The array is described by the finite periodic lattice where periodic cell defines the
characteristic length of the array, referred to as periodicity L. For example, if the cell is
square then the periodicity takes value of the square side, see Figure 1. Another
characteristic length that influences the waves scattered by the obstacles is the distance h
between the bottom row of scatterers and Ox axis which is the ground.

The solution of the problem is given by acoustic pressure p(ro,r) at the point of observation
r and satisfies the Helmholtz equation

Ap(ry,r) +k*p(ry,r) =0 (1)
subject to the Sommerfeld radiation condition
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Figure 1: Example of the Sonic Crystal suspended over the ground

For the sake of simplicity all scatterers are assumed to be circles of the same radius. The
position of each scatterer C; is given by vector R;. On the surface 0C ; of the j-th scatterer

impedance boundary conditions are imposed as follows
op _.
P ikg,p, 3)

where [, is the normalized specific surface admittance which is independent of the
acoustic pressure variations (i.e. medium is locally reacting). On the other hand £, may

depend on the frequency’ and varies on the scatterer surface®. In case if B, =0 the
surface of scatterer is regarded as rigid.

Applying relations (1)-(3) to the Green’s theorem’ the integral equation for p(ro,r) can be
derived in the following form

N 0G,(r.,r) .
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and G,(r,,r) is the solution for the half-space in absence of the scatterers” ** @*? with

the admittance £ of the homogeneous impedance plane. Note, that in relation (5) the
corner points of an obstacle are not defined due to the circular shape of the scatterers.

3. RESULTS
In this section all the results are computed in terms of the insertion loss that is defined as
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The relation (6) is supposed to be a function of angular frequency « so that all other

parameters such as position of the source and point of observation are fixed to the given
values.

ILS = 20Ioglo[

We first validate the solution of equation (4) with the well-known semi-analytical results
developed in the previous works™“. In doing so the Green’s function in (4) has to be
simplified to the case of unbounded acoustic medium that is

Gﬂ(ro,r):—;—Hél)(k|r—ro|) (7)

In Figure 2 the results computed in terms of the insertion loss show the interactions of the
scattered waves so that one can clearly see two positive peaks related to first and second
band-gaps. The accuracy of the numerical method is within 5% of the semi-analytical
method below f =1000Hz and it is deteriorating around the second peak (i.e.

f =1150Hz). The increasing difference in solutions can be reduced by taking more
elements on the surface of the scatterers that increases computational time. We can also
observe the so-called spurious resonance in the vicinity of f =1300Hz indicating non-

uniqueness of the solution of equation (4). The latter can be avoided by modifying the
Green’s function (7)**?
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Figure 2: Square array of N=15 rigid scatterers of radius 0.1 m placed into the unbounded
acoustic medium symmetrically with respect to Ox axis. The periodicity of the array is
L=0.3 m, the source is at the origin r,=(0,0) m, point of observation is at r,=(0,10) m and

horizontal distance to the array H=1.5 m. Solid line is the semi-analytical solution; dashed
line is the numerical solution.

The multiple scattering in the unbounded acoustic medium (see Figure 3 (b) for the array
geometry) can also be compared with the results for the half-space, geometry is shown in



Figure 3(c). In Figure 3(a), the results for free-space depicted as solid line clearly illustrate
the presence of the band-gap in the vicinity of f =573 Hz. By introducing boundaries into

the acoustic medium this effect may deteriorate. In particular, dashed line in Figure 3(a)
illustrates performance of the sonic crystal in the presence of the ground. These results
are computed for the impedance ground modelled by the Delany-Bazley empirical
relationships” ¢* &2 where flow resistance 0=25e+4 Pa s/m? corresponds to the grass
covered soil. It is seen that interaction of the scattered waves with the ground reduces
positive insertion loss in frequency interval related to the first band-gap (i.e. in the vicinity

of f =573 Hz).
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Figure 3: Comparison of the results corresponding to the free-space (solid line) and the
half-space (dashed line). In both cases the array is square with periodicity L=0.3 m and
radius of rigid scatterers 0.1 m, the source is at the origin r,=(0,0) m, point of observation
is at r,=(10,0) m and horizontal distance to the array H=1.5 m. Solid line represents
insertion loss for structure (b) which is the array of N=30 scatterers; Dashed line
represents insertion loss for structure (c) which is the array of N=15 scatterers suspended
over the impedance ground (i.e. 0=25e+4 Pa s/m?) at a distance h=0.3 m.

It is now interesting to see how the observed influence of the ground differs with variation
of the involved geometrical parameters. In Figure 4, distance to the ground h and
coordinates of the point of observation r are varied. The results presented in Figure 4(a)
illustrate the deterioration of first band-gap effect when h is increasing and r is fixed. As is
expected the best performance of the sonic crystal in terms of the maximum insertion loss
is observed for the minimum distance h=0.15 m (i.e. black line). On the contrary, the
results in Figure 4(b) obtained for the fixed h and variable r show that the band-gap effect
may be clearly present when h is less than distance of the point of observation to the

ground.

Finally, we analyse the influence of ground acoustic properties on the observed insertion
loss. Coloured lines in Figure 5 represent computed insertion loss for the different type of
the impedance ground defined by the values of owhich correspond here to grass (i.e.
0=250000 Pa s/m?), hay (i.e. 0=168000 Pa s/m?) and mineral wool (i.e. 6=20000 Pa s/m°).



It can be seen that lower values of the flow resistance may completely eliminate the band-
gap effect whereas the ground with acoustic properties close to that of rigid surface

maintains better performance of the sonic crystals in the frequency intervals related to the
band-gaps.
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Figure 4: Insertion loss against frequency computed for the square array of N=15 rigid
scatterers of radius 0.1 m with periodicity L=0.3 m. The source is on the ground at r,=(0,0)
m and horizontal distance to the array H=1.5 m. (a) Variation of the distance from the

lower row of the scatterers to the ground (i.e. Ox axis) with r=(10,0.45) m; (b) Variation of
coordinates of the point of observation r=(10, y) m.
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Figure 5: Insertion loss against frequency computed for the square array of N=15 rigid
scatterers of radius 0.1 m with periodicity L=0.3 m. The source is on the ground at r,=(0,0)
m, the point of observation is at r=(0.45,10) m, distance to the ground h=0.3 m and

horizontal distance to the array H=1.5 m. The coloured lines correspond to the different
values of flow resistance.



4. CONCLUSIONS

In this paper the method of integral equations is applied to two dimensional scattering
problem where waves are scattered by an array of circular scatterers and reflected from
the impedance ground. It is observed that the effect of band-gaps, associated with the
eigenvalue problem of infinite doubly periodic array of scatterers, is strongly affected by
the presence of the ground. In fact, the existence of this effect depends on the geometrical
parameters of the problem (i.e. distance from array to the ground, coordinates of the
source and point of observation) as well as on the properties of the impedance ground
such as flow resistance.

From the results obtained in this paper we observe better performance of sonic crystals
when flow resistance is high that makes ground almost rigid. The improvements can also
be achieved if sonic crystal is closer to the ground than the point of observation.

The future work requires the analytical analysis of the proposed models that would allow
us to find more effective configurations of the arrays. Supporting all typical behaviour of the
periodic structures in the free-space, these configurations must maintain better
performance in terms of the insertion loss over the chosen frequency interval.
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