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1. INTRODUCTION

Machinery systems have the potential to generate undesirable noise and vibration to the
surrounding environment. When considering the isolation of a vibrating machine it is vital to
be able to identify thepossible paths for vibration transmission from the structure. Previous
investigations [1] have shown that it is important to determine wave types likely to be induced
by the source in order to minimise the transmitted vibrational energy. In this paper by using
the same concept it is assumed that the system allows vibrational power flow in three different
wave types - compressional, torsional and flexural. Power transmission is studied in various

configurations and a frequency independent loss factor n is introduced to the model to allow
for energy dissipation in the flexible structure.

2. POWER FLOW EXPRESSIONS FOR A BEAM

Consider a section of a uniform beam with longitudinal. torsional and flexural waves in both
horizontal and vertical planes. propagating through the beam. It is assumed that the
propagating flcxural waves can be described by Euler - Bernoulli beam theory. The
displacements of these wave types can be represented as for longitudinal, flexural and
torsional wave motion respectively.

U (K. t) = AL sin (mt — kL it)

W(x. t) = Af sin (mt-kfx)

T (x, t) = A[ sin (mt—k; x)

The shear forces acting on a section of the beam in the horizontal and venical planes can be
expressed as:

 

a’w, a’w
SI=EI at: ; 51:5]?

and the bending moments as

 

32w a‘w=51 - - = _.LB. M y B: 5’ 3x2

For sinusoidal wave motion if the time-averaged power transmission is developed as defined
by [1]. it is possible to determine the vibrational power in a beam as a function of the
travelling wave amplitude due to each wave type. For longitudinal power flow;
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<P>,_=%EAa)kLe"""AZ (1)

For torsional power flow;

< P >,= %61 wk, (""712 (2)

For flexural power flow;

<P>,= ElmkI’ed'ngA,’ (3)

Here kL, kl, kf, represent the wave numbers for the longitudinal, torsional and flexural waves
respectively.

3. VEBRATIONAL POWER TRANSMISSION IN A JOINTED BEAM

Before calculating the transmitted power it is necessary to predict the reflected and
transmitted wave amplitudes from a discontinuity. Figure 1 shows a bent beam through an

angle qt. The loads at the end of each beam consist of two transverse forces P1. P2, an axial
force Q1, :1 torsional moment T1 and two bending moments M1 and M2. The force P1 and the
moment M1 are associated with the horizontal plane of the structure. Similarly the transverse
force P2 and the bending moment M2 relate to the vertical plane. The amplitudes of the
reflected and transmitted waves are found by solving sets of simultaneous equations derived
from the continuity and equilibrium conditions at the joint. Tile displacements for the wave
types considered for the first arm are:

Ul (x,r) = (It-en“ + Abe-“5' )e'" (4)

r, (m) = elf" + Ag“? )9“ (5)

W.;(XJ)=(A.BW+A,e'k"' +A,e“'-- +A‘e-fl"')e"" (6)

Wi.<x.r)=(A,e*’+ae"’-' +A7e“"' +A.e“"-'>e‘" (7)
Similarly for the second arm

(12 (m = (3,?“ + 3.5"" )e‘“ (g)

T, (x,t) = (B‘eiM' + B‘e-u‘" )el“ ' - (9)
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w_2 (2m) = (3,!” + 316‘“ +a,e“"' + 3.54”! ')e‘“ (10)

Wn (m) = (3,2‘” + Bfie‘h' + 3,?“ + 3.29156" (ll)

where w = xcostp.

In the above expressions A3, A4, B3, B4, are travelling flexural wave amplitudes and Aa. Ab,
Ba, 31, are unveiling longitudinal wave amplitudes. both in the plane of the structure. A7. A8.
B7. Ba are flexural travelling wave amplitudes in the vertical plane and Ac, Ad, 3:, Bd are
the torsional travelling components. The near field variables denoted by A1. A2. B]. 32. for
the flexural waves in the horizontal plane and A5, A6. 85. 35, for the flexural waves in the
vertical plane. For the joint, the approach in [2] has been adopted which represents the joint
by a rigid mass. In this investigation the rigid mass is assumed to be a section of a cylinder,
the mass of which is denoted by Mj and its moment of inertia by I'. In [2] has also been
shown that the effect of the joint mass on the reflected and transmitt power is insignificant
for the frequency range used in this work. The boundary conditions at the joint consist of
continuity of the displacements and equilibrium of moments and forces along the three
coordinate axes.

The coupling of the wave motions is separated in two planes and a compressional wave can
only couple to flexural waves in the horizontal plane. Similarly a torsional wave can couple
only to flexural waves in the vertical plane. By considering the boundary conditions of the
beam, the following expressions may be written:

atx =—l

a‘w M. a’w . v a’w .-..Elllfil=Mle ; EII|EZAL=M12W ; Elllfil=fie (12)

a’W - .- 3” in: a" mElli—aIfL=Ple“ ; Ellizl=—Qle ; G,J,-;L=T.e (13)

atx=0

UI=—W_,sinlp+U,costp+%%1sin¢ (14)

W_|=W_z.oos|p+Uzsinw—% %l(cos+l) (15)

Wt! =WL2 (16)
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a’w L a’w a'w L a’w a‘w_-L ._ _-1.= - ___'L _ _-L
5'" 3:1 +25" ax: E‘"[ aw 2 aw] '1 3x2

3% L a’W 31W L B’W
E: 1. Txiu+55|11 w?“ $113—$100“? EEzlz—BEJH'COWH

3T . BW
"'62,: #SmW‘I _‘LL

 

’ EX‘

3:“ a‘w . L a’w . er inGILE‘L: £2], Wilsnn¢+3~Ezll—a?flsm¢-G,Jz?;-OOS¢-lj 73:

BU 8U B’W . B’UE _.L= _L E l __-L _ _LIS: ax Ens: aw “05¢” z 2 av: 51"? M} at:

a’w, aU . a’w_ a1 Law.8,11? = E15z a—Vlsm tp—Ell2 a—vfllcoqu—M,§7[W_I

El, a’wll =5, a’wLM _z_.a‘w
l ax’ 1 z aw’ ’2 Bx:

 

3v!

awn aw= T _ .41.ax , l.an aw cow

aw_ = aw_2
ax aw

 

(17)

(13)

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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atx=l
2 2 3. . . w I.”

at,aa—‘v‘:;l=Mze" ;E,I,:—:g£=M,e“" ; egg—Wake: (26)

J

Enla§§%=P-2‘w iEzsi'aéval=Qzem ; 0212:;z=729m (27)

where the joint mass Mj = pjnLZIw/‘t and the moment of inertia of the joint is lj=MjL7v/8.
Substituting the wave equations (4) - (l 1) into the above system of equations determines a set
of twenty four simultaneous equations. 'The desirable wave amplitudes can be found by
solving the set of simultaneous equations. Figures 2-9 show the results in the form of
normalised nett power due to each wave type.

Nett power is defined as the power flowing from the left to right minus the power flowing
from right to left. Results in figures 2-9 are presented for beams 1m long with a cross
sectional area of 50x6mm constructed from mild steel. The syStem can be excited by an
incoming wave of any of the four types described so far. Two harmonic transverse forces P1
and P2 of IN each at SOOHz are applied at the left arm of the system. The angle of attachment
varies between 0 and 90 degrees and the results are normalised with respect to the input
power.

From the figures it may be observed that the power in the second beam contains the highest
values in the system. The angle of attachment has a small effect on the nett power generated
by flexural waves in both the horizontal and vertical planes. The position of interest
influences less the longitudinal than the flexural power. Coupling of flexural waves with
displacements normal to the system plane with the torsional waves proved a significant source
of time averaged transmitted power in the system. The set of the twenty four simultaneous
equations has been solved by using matrix inversion techniques. As the equations were
complex the system matrix was rewritten in the form

. a —b
a+tb= b, a

and inverted by using the Singular Value Decomposition algorithm. The singularity of the
system matrix improved significantly by including the joint characteristics in the equations.

The power transmission through a beam junction has been investigated by considering the
conditions of equilibrium and continuity at a joint. It is possible to apply translational.
rotational and compressional loads to the system by introducing four wave types propagating
along the beams. The contribution of the flexural power in both the horizontal and vertical
planes is small at extreme angles. 0 and 90 degrees. The longitudinal and torsional
contributions to the power transmission are minimised at angles approaching 90 degrees.
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APPENDIX 1 - NOTATION I

 

S - Cross sectional area L - Joint length
Af - Amplitude of flexural wave Mj - Joint mass
AL - Amplitude of Longitudinal wave M, - Moment force in the horizontal plane
3 - Bending moment M - Moment force in the venical plane
E - Young's modulus P‘ - Transverse force in the horizontal plane
I - Moment of inertia P - Transverse force in the vertical plane

I” . Moment of inertia ofjoint 71 - Material loss factor
JJw - Joint width x - Distance
kf . Flexuial wave number t - Time
kL - Longitudinal wave number 8 - Shear force
In - Torsional wave number Q - Axial force

W_ - Displacement due to flexuial wave motion in the horizontal plane

W - Displacement due to flexural wave motion in the vertical plane
U - Displacement due to longitudinal wave motion
T - Displacement due to torsional wave motion

(P), - Time averaged flexural power

(P),_ - Time averaged longitudinal power

(P), - Time averaged torsional power
(,0 - Angle of arm 2
w - Frequency (rad/s)
pj . Joint density
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 Fig.1 Coordinate system and modes oi vibralion in a bent beam
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Fig.9 Ncu torsional power Arm 2
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