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1 INTRODUCTION

In this study an integral equation based method is presented to reconstruct the location and shape
of sound-soft obstacles buried in penetrable cylinders from limited or full far field data. The direct
scattering problem considered for this configuration is to obtain the scattered far field in the case of
acoustic time harmonic plane wave incidence. The inverse problem is the reconstruction of two
dimensional shape of the buried scatterer from the far field data. For a solution of the direct and the
inverse problems a Potential (Layer) approach is used to obtain system of boundary integral
equations. Numerical solutions of the integral equations which contains a singular kernel is
achieved by Nystrom method and Tikhonov regularization is used for the solution of the first kind
integral equations. Numerical simulations are carried out to test the feasibility and the applicability of
the method.

2 GENERAL FORMULATION

Let D, denotes a doubly connected, bounded medium D, c IR? with a smooth boundary oD,
which consists of an interior boundary I'; and an exterior boundary I'; such that 0D =T, UT’, and
I'ynI', =& . We shall denote the unit normal of the boundary I', directed into interior of D, by v,
and the unit normal of the boundary I', directed into exterior of D, by v,.4 is a complex valued
continuous function defined on I', which has a sufficiently small norm for the penetration of the

exterior field to the domain D, . The interior total field u, e CZ(DO)mcl(D_O) and the exterior total
field u, e C*(D,) mCl(El) have to satisfy the Helmholtz equations
Au_ +kZu, =0 inD, m=0,1 (1)

wherek,, is the wave number of the corresponding medium defined as k, =w/c, . Here ®>0 is
the frequency and c,, is the speed of the sound in the related medium.

We consider the conductive boundary condition satisfied on the boundary I', and the Dirichlet
boundary condition on the I'; that lead to the equations

u, =u and %_aﬁ:ﬂu on T, 2
1= Y% 3 1 1
v, dv,
u,=0 on I,. 3

The exterior total field u,, is decomposed as u, =u' +u®. Here,u' denotes time harmonic plane

ik, x.d

wave, such that u' =e , Where d =(cos¢,,sing, ) is the propagation direction with the angle ¢, ,

and u® is the scattered field that satisfies the Sommerfeld radiation condition at infinity,
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X—00

lim x/?(%—iklm]:a r=|x . (4)

Additionally it is known that every radiating solution of the scattered field has an asymptotic

behavior of an outgoing wave
1
)+O£—J}, X|— o, (5)
] x|

eikl\x\
u*(x)=——1u.(
uniformly in all directions X = x/|x|, where the function u_ defined on the unit circle Q and is

x>

x|

called the far field pattern of u®.

For the solution of the direct and inverse problems the potential approach will be applied. Along this
line, let T'; and I', be closed bounded curves and f be a given integrable function. The single- and

double- layer integral operators can be defined as®*,

(Symf)(x)=2 @, (xy)f(y)ds(y) ,  xeT, (6)
o[ 9Pn (XY)
(Kjmf)(x)= ZJ: . (y) f(y)ds(y), xeT, @)
and the corresponding normal derivative operators
oD _ (X,
(K;[’mf)(x) = ZJMf (y)ds(y) , xeT, (8)

ey
9, (xy)
(Tjé’mf)(X)'_zaV[(X)J‘ ayj (y)

T

f(y)ds(y) , xeT, 9)

where the sub-indices(j,/)e{0,1}. Here, ®_(x,y) is the fundamental solution to the two-

dimensional Helmholtz equation, in the domain D, for m=0,1 in terms of Hankel function H{" of
the first kind and zero order, defined as

d>m(x,y)::j:Hél)(km|x—y|) X£Y . (10)

Thelbehavior of the surface potentials at the boundary is described by regularity and jump relations
see".

We assume that the boundary curves are parametrized in the form
I, ={z(t):te[027]} j=01 (11)

where z, are 2z - periodic and twice continuously differentiable functions satisfying z, # 0. For the
parametrization of the integral operators see®”.
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3 THE DIRECT PROBLEM

The scattered field u®, and the interior total field u, can be expressed in the form of combined
double- and single- layer potentials

u (x) = f{%w(y)+¢1(X,y)¢(y)}ds(y) ., XxeD,, (12)

U, (x) = I{%w(yh@o(x,y)go(y)}ds(y)+ Id)o(x,y);((y)ds(y) , xeD,. (13)

We note that this representation of the fields solve the direct scattering problem uniquely provided
that the continuous densities ¥, ¢, and y satisfy the following integral equation system,

(Kll,l - Kno +2l )l// + (Sll,l - S11,0 )(P— Solol = _Zui . (14)
, , , : ou'
(Tos —Tano = AK = AW+ (KL =Ko = A4S, —21) @+ Kg o 1 = z[zu f T3 J : (15)
1 I,
Kool +S,00@+Spox =0 . (16)

The equation system is derived by applying the conductive boundary condition (2) and the Dirichlet
boundary condition (3) to the integral representation of the fields u® and u, via jump relations. To

write the system in an abbreviated form we introduce the operators E and A by

200 0 Kuzs — Koo S~ Suo ~Sh10
Ex=|Al 21 0|, A=|-T,+T,0+AKy, K, +Kio+4S,, K| - 17)
O 0 0 KlO,O S10,0 SOO,O

where | is the identitiy operator. Now, the system (14-16) can be written in a compact from as,

u

- . 18
T (18)

0

v
(E+A) |@| = -2| A
V4

To be able to get an exponential convergence in the direct problem we make use of the Nystrom
Method" for numerical solution. Once the densities ¥ and ¢ are obtained from the equation (18),

the far field can be computed from the following representation by using trapezoidal rule,

—izl4
e

uw(i):MHkﬁ?%(y)w(yhi¢(y)}e'“1*‘yd3(y), XeQ . (19)

We used following tests for the accuracy of our forward code. We reduce our direct problem to a
transmission problem by omitting the sound-soft obstacle in the geometry of the problem and
setting A =0 in the equation (2). Then, we compared our results with the Method of Moments
(MoM) and observed that the results obtained by two different methods are comparable. Moreover
as a second test we reduced the problem given in the reference® by setting the impedance function
zero and observe that both results matched accurately.
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4 THE INVERSE PROBLEM

The inverse problem considered here is to find the shape and the location of an obstacle buried in a
given bounded penetrable medium from the far field pattern for one incident wave. To this aim, we

consider an arbitrarily shaped smooth boundary ' in the interior of the penetrable medium as an
initial guess with a regular parameterization such that

% = {z(o) (t):te [0,27[]} : (20)

where z%is a 27 - periodic function defined in IR — IR?. The reconstruction algorithm is based on
the minimization of the geometrical difference between the exact shape, and the updated shape

'Y inthe j" iteration via linearized Newton method **,

In order to avoid inverse crime we represent the scattered field and the interior total field by using
only single layer potentials as

us(x)=f¢l(x,y)¢(y)ds(y) : xe D, (21)

us! (x) = [ @, (xy)w (y)ds(y)+ [ @, (xy) 2" (y)ds(y) . xeD,.  (22)
I, )

From the asymptotic behavior of the single layer potential, the far field operator is introduced by

e je“k“'y(p(y)ds(y) : XeQ, (23)

(S.9)(X):= M

which leads to following integral equation of the first kind
u.=S.¢ . (24)

The far field equation has an analytic kernel, therefore it is severely ill-posed. Hence, Tikhonov
regularization is applied to get a stable solution of the density ¢ . That is the ill-posed equation is

replaced by
a,p+S.S.¢=S_u_ (25)

with a parameter ¢, >0 and the adjoint operator S_ . The fields given by (21) and (22) solve the
inverse scattering problem (1-3) provided that the densities satisfy the following system

S11,0 Sj1,o W(j) _ 3 i
(Ko +1) Ko [ 41 Zai
V.

1

2u' |r1 +S,,0

. , ! (26)
—220' |+ (K, =Sy, - 1)

n

which is obtained by using the conductive boundary conditions (2) and the jump relations. We
applied second Tikhonov regularization to the equation (26) because of the ill-posed character of

the density;((”. By using values of the densities z//“) and ;((” the interior total field and its normal

derivative on the boundary 'Y can be computed through jump relations,
u (x) = @, (xy)p' (v)ds(y)+ [ @,(xy) 2" (y)ds” (y) —on TV, (7)
T, )

and
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duy 0P, (x.y) 0P, (x.y) j 1 j
av(j)(x)=_[ av, (x) W()(y)dS(Y)'*‘F!:)av(j—)(x)Z()(Y)ds()(y)—al()(y) on TV . (28)

Now a parameter h'" can be computed from the following equation

o ouWw oo .

40 o 20p =9, on W, j=01...,J, (29)
av(l)

to update the initial guessed curve in the form

i = {z(”l) t)=z"(t)+h" ()Y (t):te]o, 27[]} , (30)

where v denotes the outward normal vector to T and h:IR— IR is sufficiently small 2z
periodic function. This equation can be considered as a Taylor expansion of the ué” over the

boundary 'Y, The reconstruction of the update function with the equation (29) will be sensitive to
errors in normal derivative of the approximate total field uf)” in the vicinity of zeros. To obtain more
stable solutions we express the unknown update function in terms of trigonometric polynomials,

. R _
h'(t)= > a’cosrt+bPsinrt , te[0,2x]. (31)

r=—R

Then we satisfy the equation (29) in the least squares sense, that is, we determine the coefficients

(ar(”,br(”) in (31) such that for N collocation points t,, t,, ...t , ty the least squares sum

ny v

2

N D ) ( R ) o
> uf! (z I, ))+ﬁ(z I, )) > (ar(” cosrt +b! smrtn) (32)
n=1 r

-R

is minimized. Here t, =2nz/N and n=0,12,...,N . The number of basis functions R in (32) can

also be considered as a kind of regularization parameter. The next iteration will start by solving the
equation (26) with the updated boundary and the iterations will continue until the reconstructed

curve converges to a reasonable shape, = r,.

The above reconstruction method can be summarized as follows:

1. Choose an initial guessed boundary ' with a regular parameterization as given in (20),

2. Find the density ¢ by solving the integral equation (25),

3. Solve the equation system (26) for the densities " and ;( in the sense of Tikhonov,

4. Using computed densities in Step(3) calculate the interior total field (27) and its normal
derivative (28),

Find the update functlon h in (29) by minimizing the functional (32),

Update the boundary rt (30) and repeat Steps 3 to 6 until desired accuracy obtained.

5 NUMERICAL RESULTS

oo

In this section we will test the proposed reconstruction method. In all applications integral equation
systems are solved through the Nystrom method with a discretization number N =128, and for the
inverse problems circles are used as initially guessed boundaries with J =10 iterations.
Regularization parameters for the equations (25) and (26) are denoted as ¢, and «,, respectively.
In order to obtain noisy far field data, random errors are added pointwise to u_ to have a noise level
of 3% **.In the following figures line styles are chosen as dots to indicate the reconstructions with

noisy far field data. For numerical applications arbitrarily shaped smooth cylinders from the following
table are used.
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Contour Type: Parametric Representation:
0.5+0.4cost +0.1sin2t .

= cost,sint):te [0,27
Apple Shaped { 1+0.7cost ( ) [ ]}
Circle ) ={c, (cost,sint):te [0,27]} , c,: constant
Ellipse :{(e cost,e, sint):te [0, 275]} , €,€,: constant
Peanut Shaped {\/COS t+0.25sin’t (cost,sint):t e [0, 27r]}

2 10 -0.1

Rounded Rectangle { sm t+ 3costj J (cost,sint):t e [0,27]
Rounded Triangle ) ={(0.5+0.075cost)(cost,sint): t  [0,27]}

Tablel: Parametric Representation of Boundary Curves
In the first example, an apple shaped sound soft obstacle is buried in a circular penetrable cylinder
with a radius c, =0.8. Wave numbers for corresponding mediums are k, =1.5, k, =0.5 and the
scatterers are illuminated from the direction ¢, =180°. ' is chosen as a circle with c,=0.2. The
conductivity function over the boundary T, is taken as A(t) =1+sin’t+isint for te [0,27]. For the

exact data Tikhonov regularization parameters «, =10 , @, =7x10° and for the noisy case

o, =8x107, a, =9x107 are chosen. The degree of the polynomials R =4 and R =2 are used for
exact and noisy data, respectively.

0.8} A

0.6
0.4+

0.21

-0.2+

0.4t

0.6 Exact Shape

- — = - Recons. Shape with Exact data
""""""" Recons. Shape with Noisy data

0.8} r,

Figurel: Reconstruction of an apple shaped obstacle buried in a circular cylinder

As a second example buried obstacle is considered a rounded triangular shaped scatterer and the
cylinder is a rounded rectangular shaped object. The incident angle is ¢, =0°, and the wave

numbers are k, =3, k; =2. We choose initially guessed boundary as a circle with radius ¢, =0.2

in the shadow region and choose A =0 to investigate the affects of these two parameters to the
reconstructions. Therefore, boundary conditions in (2) are reduced to transmission conditions. The
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regularization parameters are chosen as ¢, =10 , @, =107, R =4 for exact data and «, =107,
a, =8x107, R =3 for noisy case.

Exact Shape
08 - === Recons. Shape with Exact data
06 Recons. Shape with Noisy data
0.4
0.2
0 <4+—
u
-0.2
-0.4
-0.6 —J
-0.8
L L L L L L L L L L L

Figure2: Reconstruction of a rounded triangular shaped obstacle buried in a rounded rectangle

In the final example we tried to test the reconstruction method with limited far field data. To this aim
a peanut shaped obstacle is buried in an elliptic cylinder having constant parameters e, =1.8,

e, =1.2 where the configuration is illuminated from the direction ¢, =0°. Then the far field data
collected on a semi circle Q™ for ¢ e [0,7]. Wave numbers for corresponding background mediums
are k, =2,k =1. The conductivity function is chosen A(t)=sin*t/2+icos*t/2 for te[0,27z] on
I,. Here, T =1 is chosen with radius c,=0.4 in the symmetry center of the scatterers.

Regularization parameters are set as ¢, =10™, @,=10", R=4 and ¢ =10, a,=2x107,
R = 2 for the exact data and noisy data cases, respectively.
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Figure3: Reconstruction of a peanut shaped obstacle buried in an elliptic cylinder
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6 CONCLUSIONS

The applicability and the effectiveness of the method is supported by the numerical results. As to be
expected, exact data with good initial guess gives better reconstructions with various wave numbers
in the resonance region. In the case of noise level exceeds (3%-4%) the results start to
deteriorate. Moreover, for the exact data case we generally need small Tikhonov regularization
parameters and higher degree of polynomials, but for the noisy data we need stronger
regularization parameters and lower degree of polynomials®*. It can also be concluded that when
the conductivity function over the penetrable cylinder vanishes, one can get the best reconstructions
with full exact far field data even the initial guess is located in the shadow region. The illumination
angle and the iteration numbers play an important role for the quality of the reconstructions due to
the geometry of the configuration. It is also observed that higher iteration numbers is needed to
reconstruct more complex objects.

Finally, we expect that the proposed method can be extended to multi-layered case and for two-
dimensional cracks.
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