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1. Introduction

Understanding the behaviour of one-dimensional acoustical wave propagation in ducts is very important
for controlling combustion instabilities in propulsion, household burners, gas turbine combustors, rocket
engines, measuring impedance of gas and oil fired systems, and designing engineering mufflers.

A simple approximate method of solving the acoustic wave equation in hard-walled ducts with an axial
temperature gradient in the absence of mean flows has been presented by Cummingsl. In the method of
separation of variables, the axial factor in the solution was obtained as a product of two factors, one being
an amplitude function and the other a phase function. A method for obtaining an exact solution that
describes the behaviour of one-dimensional oscillations in a duct with an arbitrary axial temperature profile
without mean flow has been outlined by Sujith et al.2. The solutions obtained for a duct with a linear mean
temperature profile were used to investigate the acoustics of a quarter wave tube, and to extend the
classical impedance tube technique to the determination of the admittances of combustion and other high
temperature processes and systems. Karthik et al.® described a solution of the derivation of the wave
equation for the behaviour of one-dimensional oscillations in duct with a mean temperature gradient and
mean flow. The analysis is valid for mean Mach numbers such that the square of the mean Mach number
is much less than one. Sujith4 presented an exact, explicit solution for sound propagation in a combustion
zone, taking into account the effect of an arbitrarily steep mean temperature gradient and oscillatorg/ heat
release. The analysis was not valid for large mean Mach numbers. Peat®, and Munjal and Prasad® have
developed exact solutions for ducts with small temperature gradients in the presence of air flows. Kapur et
al.” also obtained numerical solutions for sound propagation in ducts with axial temperature gradients in
the absence of mean flows by integrating the wave equation using a Runge — Kutta method. Aygtn and
Attenborough8 have investigated the effects of the perforation of the plates on the uniformity of flow and
the sound absorption in a duct in the absence of mean air flow. Aygiin and Attenborough® have
investigated the acoustic wave propagation in an impedance tube made of concrete for low frequency
applications.

CFD has developed over the last two decades to be able to predict the pressure drop associated with the
steady flow through the mufflers and to predict the acoustic performance of the muffler. Essentially this
means determining as a function of frequency how harmonically varying pressure fluctuations at the inlet
of the muffler are largely attenuated before they emerge at the outlet % The aim of this paper is to validate
the numerical CFD methodology for the simulation of impedance tubes with Helmholtz resonator in
presence of a temperature gradient. A full Navier-Stokes simulation is obtained through a CFD analysis of
the propagation of an acoustic wave through an impedance tube with a Helmholtz resonator in the
presence of a mean temperature gradient without mean air flow. The behaviour of one-dimensional
oscillations in an impedance tube with an axial temperature gradient in the absence of mean flow is
investigated using an analytical method. The analytical model results are compared to the data obtained
from numerical simulation of the impedance tube.

2. Theory of the acoustical behaviour of sound waves in impedance
tube with a temperature gradient

A method of one-dimensional acoustic field in ducts with a mean temperature gradient developed by
Sujith et al.[2] for zero mean flow has been followed. A rigid-walled impedance tube consisting of a length
of 100 cm and internal diameter of 7.5 cm with one end closed and other end open has been considered.
Acoustical pressure in the impedance tube is given by
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P'(x,t) = P'(x)e!" 1)

where w is the eigenfrequency, t is the periodic time, exponential ‘e’ is the base of natural logarithms, and
j is the square root of —1 and P'(X) is given by

P'(x):clJo(%\/?j+c2Yo[%ﬁj )

where Jy and Y, are the Bessel and Neumann functions of order zero respectively, ¢, and ¢, are complex
constants, b is a constant given by

m
b=%JR_7 3)

m is the temperature gradient, R is the specific gas constant and y is the heat capacity ratio.

T is the linear temperature gradient given by
T=T,+mx (4)

where Ty is the constant temperature at x = 0.

The complex constants ¢; and ¢, are given by

€ =- ﬂa;\é-r_l PlYl(g\/T_l]’ C, = _&\éﬁ Pl‘Jl[Q\/T_lj ®)

b 2 b

where J; and Y, are the first order of Bessel and Neumann functions respectively, T, is the temperature at
X =0, and P, is the magnitude of the acoustic pressure at x = 0.

The expression for acoustic velocity in impedance tube is given by:

YoM 1 o T [N
U'(x) = |m|;\/ﬁ(clJl(bﬁj+czY1(bﬁD ©)

where ,; is the linear temperature dependent density of fluid in impedance tube.

The distributions of the amplitudes of the acoustic pressure and velocity with different temperature
gradients have been determined at a frequency of 1000 Hz. The acoustic pressure and velocity amplitude
versus axial distance in the impedance tube are shown in Figure 1 and Figure 2. The acoustic pressure
amplitude is seen to be increasing along the length of the impedance tube while the wavelength reduces

due to the decrease in temperature through the prescribed linear temperature gradient (F =450 + m.x)

for m = — 150 K/m. When a positive value of temperature gradient is used, then longer wavelength is
observed with a decrease in the acoustic pressure amplitude. The acoustic velocity amplitude in the
impedance tube will decrease for negative values of the temperature gradient and increase for positive
values of the temperature gradient as shown in Figure 2. The velocity and pressure anti-nodes and nodes
are not evenly distributed along the axial distance of the impedance tube in the presence of a mean
temperature gradient.
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Figure 1: The acoustic pressure amplitude with axial distance in an impedance tube for different

temperature profiles at 1000 Hz for Ty = 450 K.
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3. CFD (Computational Fluid Dynamic) simulation of an impedance
tube in presence of mean temperature gradient.

The Navier-Stokes simulations were obtained using ANSYS Fluent V13 [20]. A circular impedance tube,
of length 184.3 cm and diameter 3.75 cm was modelled as a 2D-axisymetric system with a regular mesh
of 1800 x 120 cells in the axial and radial directions respectively. Solutions were obtained using the
segregated pressure based solver with second order accurate discretisation in space and time. The
effects of turbulence were assumed to be negligible in the absence of mean flow. A full Navier-Stokes
simulation was obtained, retaining viscous terms and wall shear.

A linear temperature profile was defined as the thermal boundary condition along the outer wall of the
impedance tube. An initial steady state solution was obtained to ensure a uniform varying temperature
gradient through the gaseous medium, prior to imposing the acoustic pressure signal. Air in impedance
tube is modelled as an ideal gas and its thermo-physical properties are given as specific heat = 1006.43
J/(kg K), thermal conductivity = 0.02424 W/(m K), and viscosity = 1.7894 X 10® kg/(m s). The wall of
impedance tube is modelled as aluminium and its thermo-physical properties are given as density = 2719
kg/m3, specific heat = 871 J/(kg K), and thermal conductivity = 202.4 W/(m K). The end of impedance tube
is a stationary wall which has zero absorption coefficients. Total reflection occurs at the end of impedance
tube.

The acoustic pressure (gauge total pressure) at the inlet of the impedance tube was defined as a
sinusoidal variation with initial amplitude, A,, of 5 Pa.

P(t) = P, + A, sin(27. 1) )

where Py is the atmospheric pressure which is 101325 Pa, A, is the sound pressure amplitude, f is the
frequency in Hz and t is the time in seconds.

A time accurate solution was obtained with a time step equal to 0.01 milliseconds. The resultant spatial
and temporal resolution was demonstrated to accurately resolve the range of acoustic wavelengths and
frequencies under consideration, with a spatial resolution of 340 cells for a wavelength at a frequency of
1000 Hz and a corresponding temporal resolution of 100 time steps per period. Time step size used for
run calculation is 1x10™ with 800 time steps. Maximum iteration per time step is 20. Profile update interval
and reporting interval is 1. Total computational time is 8 milliseconds. The convergence history of
acoustic-pressure for 8x10° s has been plotted for 4200 iterations.

When the air molecules at the one end of the impedance tube is subjected to vibration, a longitudinal
wave travels through the tube, and is reflected back into the same medium at the far end according to the
impedance mismatch. The incident and reflected waves create constructive or destructive interference
according to their phase difference. Numerical simulations of acoustic wave propagation varying by time
and along the axial length of the tube were obtained at 800 Hz for a temperature gradient. Surface plots of
acoustic pressure amplitude and axial velocity varying as a function of time and distance obtained at 800
Hz are presented in three-dimensions as shown in Figure 3a and 3b, respectively. The number of peaks
observed as a function of time decreases when acoustic waves travel along the tube. Wavelength of
acoustic waves is varying because of the changes in the linear temperature. Acoustic wave observed at
the end of the impedance tube (x = 104.3 cm) obviously are combination of incident wave and reflected
wave which formed a constructive interference and increased the amplitude of the acoustic wave. It can
clearly be seen from the Figures 3a and 3b that incident waves and reflected waves are causing
destructive and constructive standing waves.
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Acoustic pressure amplitudes of acoustic waves in the impedance tube varying with time have been
obtained at different position for 800 Hz in the tube by using a custom field function in fluent. The results
are presented in Figure 4. Constructive and destructive interferences between forward going waves and
backward going waves can clearly be observed at some positions for 800 Hz.
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Figure 4: CFD data of acoustic pressure amplitudes versus time at the different position in the impedance
tube with temperature gradient for 800 Hz.

4. CFD (Computational Fluid Dynamic) simulation of an impedance
tube with a Helmholtz resonator attached to end in presence of
mean temperature gradient.

A process used in part 3 has been followed in here to simulate the wave propagation in the tube with a
Helmholtz resonator. A circular cross section impedance tube, of length 180 cm and diameter 7.5 cm was
modelled as a 2D-axisymetric system with a regular mesh of 1800 x 120 cells in the axial and radial
directions respectively. The diameter of the neck of Helmholtz resonator is 2.5 cm. The Helmholtz
resonator has a length of 3.5 cm and diameter of 7.5 cm.

The incident and reflected waves create constructive or destructive interference according to their phase
difference. This results in producing of standing waves which are interferences characterised by large
changes in amplitude with position. The variation of acoustic pressure anti-nodes (higher pressure areas)
and nodes (lower pressure areas) as a function of distance is shown in Figure 5. When the temperature of
the air in the impedance tube increases along the length of the tube, the speed of sound in air will
increase too. Therefore the corresponding wavelength in the higher temperature region of the impedance
tube is greater than the wavelength observed in the cooler region at the inlet. The acoustic pressure
propagating through the impedance tube and Helmholtz resonator is shown in Figure 6. Maximum
acoustic pressure observed in the Helmholtz resonator after acoustic waves reflected from the end of the
Helmholtz resonator is higher than one observed in the Impedance tube by almost about 10 Pa.

Vol.36. Pt.3 2014 a1



Proceedings of the Institute of Acoustics

101330
101329
101328
101327
101326 101320.000
101325 101315000
101324
101323
101322
101321

101320
0 02040608 1 12141618 2

101330.000

101325.000

o
-~
>
n
n
Q
o
N
0]
L
>
O
0
Ko
©

Distance
[ T 2 - 2

Figure 5: Acoustic pressure as a function of length of the tube.
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Figure 6: CFD simulation of acoustic-pressure as a function of axial length of the tube and Helmholtz
resonator.

5. Conclusion and Further work

Numerical simulations of acoustic wave propagation through a temperature gradient in an impedance tube
with and without a Helmholtz resonator have been investigated. The results have been compared with the
analytical model developed by Suijith et al. [2] for one-dimensional oscillations with an axial temperature
gradient in the absence of mean flow. Surface plots of acoustic pressure and axial velocity amplitudes
have been presented in 3-D against axial length of the tube and time. The agreement between numerical
simulation and the analytical model is shown to be excellent and represents a baseline validation of the
numerical methodology for the simulation of impedance tubes in the presence of temperature gradients.
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Computational fluid dynamics results should be used to design an impedance tube for high temperature
applications (e.g. gas turbine combustors), particularly with respect to location of microphones, by
positioning them at the cool end of impedance tube but relating their measurements to what is actually
happening at the hot end.
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