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1. INTRODUCTION

It has long been known that if a double-leaf structure consists of a framework of beams, the beams
will not only influence the vibration field directly, i.e. shortcutting the plates, but also affect the
acoustic tield in the cavity. The beams, or studs, can be seen as walls in the cavity, and are thus
introducing finiteness. Consider a double-leaf structure excited by an incoming wave on the source
side. The plate on the source side is excited and will radiate to the cavity and excite the framing
beams. The plate on the receiver side is then excited by the acoustic field in the cavity and by the
vibration of the beams, and will radiate to the surrounding acoustic fields. An expansion in a suitable
orthogonal series of the field is made to take into account the finiteness of the cavities. This solution
can be compared to the solution where the finiteness is ignored, i.e. the waves are let passing
unaffected through the beams.

The classical work on double-leaf walls is made by London [1], and is not taking into account the
studs or the finiteness of the cavity. Lin and Garrelick [2] investigated the transmission of a plane
wave through two infinite parallel plates connected by periodical studs that behave as tigid bodies. A
fluid coupling in the cavity between the plates is also present, which lets the waves passing
unaffected through the beams. The two systems were solved simultanecusly by means of Fourier
transforms. Takahashi [3] considered noise control in buildings having double-plate walls. Each
structure considered consists of two parallel plates of infinite extent connected by various
connectors. The connectors are point connectors or rib-stiffeners. The structures were driven by
point forces, and the resulting sound radiation was studied. The authors has studied impact sound
transmissions in lightweight floors using transform technigue [4].

The approach in the present paper is similar to the one introduced by Mace [5], but the treatment of
the cavity is original for the present paper.,

2. FORMULATION OF THE PROBLEM

Consider a double-leaf wall stiffened with studs, Figure 1. The studs are assumed to be infinitely stiff
in bending round the z-axis and of zero thickness. However, they are allowed to bend round the x-
axis. The structure is infinite in both the x- and y-direction,
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Figure 1 Double-leaf structure
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where p; is the pressure due to an exciting, or incoming, wave, p, and p; are reaction pressures due
to reflected and transmitted waves. The exciting pressure is

p, = ﬁ e-i[k,x+kyy+k,z-iml}
i~ Mi

where a possible choice of the wave numbers are k=ksinécosg, k=ksinbsing, k=kcosé, i.e. an
incoming wave. The time dependence and the z-dependence exp(iw t-k. 2) will henceforth be
suppressed throughout. Since the structure is periodic in x the response further satisfies the
periodicity relation, se a.g. [5),

w;(x+1) = w,(x)e™™ (1)

Let the plates be modelled according to thin plate theory. The equations that we have to solve can
be written as

4 2
D1V Wy — m-ia) Wy = p,-ly=0 ‘pc|y=0 +pr|y=0 - Pa

D,V*w, - miwtw, = Pc|y=d - P:|y=, + P2 @)
2
v = 0"44 —ok2 il
ax X

where D) and m;" are the flexural rigidity and mass per unit area of plate number /, @ is the angular
frequency and d the distance between the piates. It is convenient to decompose the reflected
pressure into two components, p=p..+ps, where p.. is the reflected pressure generated by a rigid
reflector and p;, is the scattered part due to the elastic motion of the structure. The reaction
pressures from the surrounding fluid can be assumed to be coupled to the displacements field by
operators,

prtoly o =pr’|

<0’ Ps|y=0 =Rw,, P y=0 =Tw, (3)

where R and T are operators that will be determined in section 4. For the cavity reactions p, and the
frame py reactions the coupling to the displacement field is not so simple, and is therefor ieft to later
discussion,

The Fourier transform of w with respect to the co-ordinate x and the corresponding inverse
transform is defined as

W a)= j w; (x)e™adx, w;(x)= 2 j W, (a)e ™ da . (4)
T 2r e
Thus, the Fourier transform over x of the incoming wave yields a Dirac function. For the reaction

pressure, the transform yields algebraic expression instead of operators. Thus, the transformed
pressures are

5; +i5m =25" 5((1 -kx)e_jk:ys ﬁs y=0 =Hﬁ'1r ﬁt|y=0 =TW2 * (5)

Applying the Fourier transform with respect to x 10 equation (2}, taking into account (5), gives
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s ofw]_Jb B _|Pel,
I:O Sz}{ﬁz]—z[o:k(a_kx)_[ﬁfz}—[ﬁclj ©

Sy(a) = Dt(“z + “‘zz)z -min® - Ala), Spa)=Dyfa®+ kg)z - miw” + T{a)

where

is spatial stiffnesses. Solve for the fransformed displacement
W =289, - k,) - 7', - $7'B, @

where the matrices S and W can be identified in (6). The displacements are found taking the
inverse transform of (7). The inverse transform can formally be written

w=28"'(k, ), - F;'(875, ) - F;'(87'%.). (8)

3. THE CAVITY, FINITE CAVITY SOLUTION

3.1 FORMULATION

Consider Figure 1, where a fluid is occupying the space O<y<d, divided into subspaces nkx<{n+1}/.
An acoustic pressure py(x.y.2) is present. The acoustic pressure satisfies the Halmholtz equation

where ¢, is the speed of sound in the cavity. The acoustic pressure also satisfies the boundary
conditions

‘apc 2 ﬁpc 2
— = Wy, = Wy,
[é’y :|y=0 @ P Wy [c?y . @ P Wy

(10}
2P,

[—} =0, n=-m,..,-10,1...,0
éx x=ni

ensuring equality of the fluid displacement at the plate surface and the plate displacement, and
absence of displacement at the rigid walls at x=n/. Divide the field into subfields correspending the
cavities

p(xy) = pr,'"}(x, Ve(x,ml,mi + 1),
m=—w0
O(x,ml,mi + )= 8(x — mi) - 9(x ~(m+ 1)!)
where 8(x) is Heaviside's step function and &(x,a,b) is the hat function that equals unity between a

and b and are zero otherwise. Assume that the pressure field in the nfth cavity can be written as a
onthogonal sum of ¢osinus functions in the x-direction.

(11)
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{m) _ = (m) - %J’f.ﬂ:O
Pe (X y) Z_ésnpc.n () cos{nax/i) %—{1 F o (12)

It is easily shown that this assumption fulfils the boundary conditions, as well as the Helmholtz
equation (9). The penodlcuy is taken into account by (1). This implies that the pressure acting on two
neighbouring bays is related to each other trough a phase difference e and especially

ik i

pim =pl%e

Hence, equation {11) reduces to

poix.y) = ,[:D) (x,y) i (x,mi,mf + [) g™ (13)

Mawm

Thus, the total field in the cavity is determined by the field in the O'th cavity. This field is expressed in
terms of & cosinus series, equation (12). Hence, the two sums is separated.

3.2 THE FIELD IN THE 0'TH CAVITY

The cosinus expansion (12} is inserted into the Helmholtz equation (gj. The so found expression
reduces to a one-dimensional Helmholtz equation in the y-direction for each Fourier component,
- Define a wavenumber for the n'th component

Kyn E\{kz [“f]a-kg (14)

The solution can be written in a standing wave consisting of one wave in the positive y-direction and
one in the negative y-direction,

(0] (y) pc'm_ . e‘”‘y.n}’ + p - '-"‘yny (15)

The remanding boundaries is now expanded into cosinus series

@ !
w,(x)= Zs,,w,-_,, cos(nmx{N e w;, = -?—J‘ w;(x) cos{nax/)dx. (16)
n=0 o

Thus, the boundary condition ensuring equal displacement in the cavity and the plate are expressed
in terms of a cosinus-series. The boundary condition has then also to be fulfiled by every
component

(0) (0)
ZPgn S Pen _ :
[ Gy ] =0pe Wi, [ 2y } =" Wan (17)
y=0 y=d

Taking into account the assumed standing wave in equation (15}, and derivation and insertion in the
boundary conditions (17) yields the amplitudes of the components in the standing wave. Insent this
amplitudes in (15)
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w*p, '(ngn -cos(k, ny) - Wi, - cos(k, ,(d - y)))
sin(ky,d)- k,, ‘

P8y =~

Putting y=0 and y=d respectively, and rewrite in a matrix form yislds

PO} wip, Cbi(k,,_,,d) csc(ky'nd) Wy,
P | Ky |csclky,.d) cot{k, ,d) | ~Wzn |’
7 |

n

y.n

Using (13) and (18}, the reaction pressures can then the be expressed as

pC( '0 ) =, M)
[Pc(:dﬂ [Z ) [ Wy, }COS ”ﬂ/f)J > O(x,mi,mi + e |

n=0 M=—o

The displacement field in the plates are yet unknown, and need to be solved for.

3.3 FOURIER TRANSFORM OF THE CAVITY PRESSURE

The spatial Fourier transform of the cavity reaction pressure is

® ¢ " . '
B la,y}= Izanp,[:?,}, cos{nax//)- Z@(x, mi,mi + e~ "™ gl gy
—ot=0 m=-m
Define the abbreviation
P=f, {Cos[n—;m-] Z @(x, mil,mi + 1) e'ik'm’} )

M==00

It can be shown, using the Poisson formula and other manipulations, that

on » ' - iae™ cos(nz) + % e sin(nz)
O = — de-k, -2mz/l), =
I $alex )mgm (@ = ky /1) gn(a) Z (i)

Combining equation (19) with (21) yields the transformed cavity reaction pressures

0)——(Z(J11nw‘ln—J12nw2n)£n§n ]ZJ& ky —2maz/l)

n=0 m=-e

Pe(a,d) = (Z(J21HW1D_J22nw2n)£ngn )Zﬁa ky —2maz/l)

n=0 m=-mn
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4. THE REMAINING REACTION FORCES

The continuity equation at each plate-bsam connection points are assumed to be spring like and
takes the following form

w1(m',0,z) =u,(z) n=-ow,...,0
Q0 (2) -, ,(2) = Cw, (M0,2) n=—,... (23)
Qpn(2) = iK{wy (71.0,2) - o (n10,2)) n=c0,...,0

where G{-) is a linear operator. For the n'th frame, the equation of motion, modelled as a Euler beam
and excited by a linear force Q,(2) along the line x = nl, is

d4
E,l
[ dz

- oA, = Q- Qs (24)

where Edris the bending rigidity and g4 is mass per unit fength of the frame. From equation (24) the
operator G in equation (23) can now be identified. The y-deviates will be replaced by k,,“. The frame
reaction pressure is

Pn = 201.n5(x_ m!), P2 = ZQz_nﬁ(x—ml).

M==m m=—xn

The displacement fields w, and w; satisfy the penodacnty relation (1) since the structure and driving is
periodic. Therefore

W1(”’) = W,(O)e'i”k" , Wz(nl) = Wz(o) o=kl
In terms of the displacement, the frame reaction pressure of the beams then is

P _ G+K K W,(OOZ —imk,/
LJ;J_[ K Kj[{ wa(OdZ)}Ze oemm) )

—an

where G = E,{;k} - p,A,0?. The Poisson sum formula can be used to show that

ie’[“““'}’"’_ Zéa 2mafl- k)

m=—= fM=—o

Applying the Fourier transform and the Poisson sum formula gives

Pr|_2x[G+K K} wy{00,2
I:ﬁlpz}_ / |: K K:ﬁ: WQ(OdZJm_Z_ja 2m7r/l k] (26)

Consider now a fluid occupying the upper half space with an acoustic pressure p{x.y.2), z<0, and
the lower half space is occupied by a fluid with a acoustic pressure pdx,y,2), z2d. It is assumed that
the two fields have the same sound speed ¢; and density pp. Two moving surfaces are occupying
the x-y-plane in 2=0 and z=d, vibrating with displacements w;(x,)) and wgx,y). The acoustic
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pressure satisfies the Helmholtz equation, similar to (8) but with ¢, as the speed of sound, together
with the boundary conditions

[é—%‘ +%]z=o = &’ pow,, [%}jlzm =’ pgW;y , (27)

where p, is the density of the fiuid. Decompose the reflected pressure into two components,
DPr=DtPs, Where p... is the reflected pressure generated by a rigid reflector and p is the scattered
part due to the elastic motion of the structure. The Helmholtz equation is now transformed, indicating
a wava in the z-direction. Therefore, (27} and assuming only outgoing waves and using the definition
of the rigid reflector, gives

2 .
me ) -Wila
ps(a'0)=p—1()‘
iJk? —a? — k2

where z=0 in the first 1o expressions and z=d in the last expression. Hence, we can identify the
coeflicients in (5)

2 -~ .
ﬁm(aloj = 5f(alo)! ﬁ: (a!ﬂl d) = _M (28)
ik? —a® — kZ

2
R=-T= © P

iK% - a? - &2

5. THE INVERSE TRANSFORM

In equation (8) was the inverse transform of the displacements formally given. The transformed
pressures from the cavity (22) and frame reactions (26} is now inserted into (8). The Dirac functions
ensure that the inverse transform can be taken and the displacement field can den determined. The
displacements are '

"je—ik,x
Wy (x)= LA -

- 8k,

1 jo (29 a)
-6+ K- w(0)- K- Wy )"0 2 iaWin = haaban o 515/
=

1 12

w,(x) = 7(K. w,(0) - K- wp(0)) 23" (x)+ 7 3 (VaraWin = Jzn.aW2n Jen 252 (x) (29 b)
n=0

where the following abbreviations has been used

o ~i{2mafi+i;)x o ¢ (2mﬂ”+ Kk )e—i(2m;rﬂ+k,]x
E(” = _?__—..I z{C] = n X
! (X) mgw S}-(2m:r/l + Ky ) m(x) mg'w S,-(Zm zfl+ k)

where j=1, 2. The w,(0), wz{0) and the Fourier components are still unknown. To determine them, tet
x — 0in (29), :
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pi

w {0}z ————— -
! - Si(kx)
{(G+K)
w——l—zf”(o)w1(o)+— 00w, (0) -- ZJH,,E,,E(CJ(O)WM ’e ZJQ,,E,, E90)w,,
k=" (0) kz30)
W2(0)=_2,"W1(0)' 2, W2(0)+72J21.n3n52n(0) Wip = ZJzan (C)(o) Won
n=0 n=0

Multiply (29) by cos(smx/) and integrate from 0 to /, s being an integer, in order to identify the Fourier
components,

2 J{ P8~ " cos{smx/l) dx
15 I Q - S|(k )

2(G+ K}
(” (0) ﬂ}wz(o) ZOJHnE ’1snw1n ZJmngn"lanZn
n=
2K f ) [ )
Wa s 275"!53 1(0) 2 é.: 2(0)"' /2 ZOJE‘MEnIchnWm - ’2 ZDJ22n£ fasnwzn
n=| e

where the following abbreviations has been used,

’ ’
A1) = [cos(smx/nz(x)ax 11, = [ cos(smy/n =) (x)ax .
0 o

where =1, 2. A system of equations can now be set and solve for wy(0)}, w2(0) and the Fourier
components. Hence, the problem is solved.

6. CONCLUDING REMARKS

The paper has shown that it is possible to use periodic assumption and transform technique to
include the effects of the finiteness when treating a double-leaf wall with studs.
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