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1. INTRODUCTION

The interest in lightweight building technigues has increased during the last few years. Howsver, it is
well-known that this type of structures has poor impact sound insulation. Raised demands regarding
sound insulation has lead to a development of lightwsight floor structures and an acceptable impact
sound insulation has been achieved, but still to a rather high production cost. In developing and
explaining structures that have an acceptable insulation, a prediction model is an important tool. A
prediction model for the impact noise can be said to consist of a chain in three parts: excitation -
system - response. This paper is built on the report [1], and has partly been presented in [2].

2. THE EXCITATION

The ISO standard tapping machine applied on high impedance homogenous structures has been
studied by e.g. Cremer and Heckl [3], Lindblad {4] and Vér [5]. Generally, a lightweight fioor structure
can not be seen as a high impedance homogenous structure. The structure is built up by thin plates
of e.g. wood, chipboard or gypsum, and is reinforced by beam stiffeners. Thus, it can not generally
be assumed that the force spectrum in [3-5] can be used.

The I1SO standard tapping machine consists of five hammers, spaced equally along a line of 40 cm.
However, as an approximation, it can be assumed that all impacts are located to a single position.
Each hammer has a mass of M=0.5 kg and is dropped from a height h of 4 cm. The hammers strike
the floor with a rate of f=10 times per second, giving a repetition time of T=1/=0.1 s. However,
consider initially a singte hammer impact with a force time history A(f). The Fourier spectrum for this
force pulse is Fi(A=F{f(1). Fd-) being the temporal Fourier transform operator (time to frequency). -
The excitation caused by the tapping machine can be seen as an array of force pulses £(f). The
time history of the repeated force fx(1) is
o © -,
fah= ShH(t-nT,)= Y F,e2, (1)
== n=—a
This time history is a periodic signal. Thus, the time history can be represented by a Fourier series,
e.q. a two-sided complex Fourier series as shown in the second identity. The signal is represented
by a series consisting of an infinite number of discrete frequency components with amplitude Fn,

Falf)=F(fal) = S F8(F - nf,). @)

where Fg(f) denotes the spectrum of the repeated signal, and will be used in the next section as the
excitation force of the system. Each amplitude is given by

T, .
F, = 1 [ f,(£ye-25tTe gt (3a)
Tro
where f;(f) is the force time history of a single hammer impact. This integral is identical with the
Fourier transform of the single force pulse except for the factor 1/T.. Thus, for the tapping machine
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the repeated force components F, is 10 s times the force spectrum for a single impact. For low-
frequency components the force pulse is usually short compared to the period of interest. Then,
during the effective length of the force pulse, exp(-2nt/T))=1, and the Fourier amplitude of the force
pulse train can be approximated by

1%
Folyso =f£f,(t)dt, (3b)

which is identical with the mechanical impulse divided by 7. The mechanical impulse equals the
change in momentum. The hammer hits the slab with a velocity v,=(2gh) ?=0.886 mvs. If the impact
is purely elastic, the momentum of the hammer after impact will be equal in magnitude but with the
opposite sign as compared to before impact, i.e. the hammer will lift from the slab with the velocity
ve. Thus, Fali.0=2Muy/T=7.087 N. This is the highest possible fow-frequency asymptote of the
impact spectrum, and thus the maximum value of the magnitude of the spectrum. Going to the other
extreme, if the impact is so very damped that the entire momentum is dissipated during the impact,
the hammer will not rebound. Then the mechanical impuise reads F,f_=Muvy/T=3.544 N. This is the
lowest possible low-frequency asymptote of the impact spectrum. Thus, the low-frequency
asymptote has a span of 3.543 N, or 6 dB.

2.1 IMPACT FOFICE, LUMPED SYSTEM DESCRIPTION

A somewhat more realistic description than an elastic impact is to

M ‘vaa use a lumped model. The model and the solution used herein are

taken from Lindblad [4]. A lumped model of the hammer impact on

Vlrg,( a floor can be seen in Figure 1. The floor consists of a resilient part

K L and an energy consuming part, represented by a spring K and a
Véq |_1J dashpot resistance R respectively.

1 A i) When the hammer has reached the slab, the differential equation

for the assumed system together with the initial condition v, and
assuming frequency independent K and A, gives the solution [4]

Figure 1 Model of hammer

impact
L
2R e -
DoKe ;'”h(n""), KM 2 4R2, 0, = J(K/2R)? - K/M
AGER & . (4)
voKe 27 sin(£2,.t) 2
a "L, KM <4R?, 0, = JKIM-(K/2R)

\

depending on whether the oscillation is over-critical or not. As the force reaches the zero crossing at
leross: the hammer rebounds, takes off from the slab and is picked up by a catching mechanism.
Thus, the force is zero henceforth. In the over-critical case the force will never completely be zero.
However, the force still decreases rapidly after maximum, and is approximately zeroc at 7. Each
amplitude in the tonal spectrum is now given by (3 a), where the integration stops at T,— in the
case of over-critical damping and T, —{.qss in the case of under-critical damping. The time of zero-
Crossing is lonss=/12,. Fourier transform over time to angular frequency « of equation (5),

x K
voKM 1y B )

F - ' F = v KM '
KMo KMIR' T T K oM+ i KMYA
The low-frequency asymptote is

(5 a-b)
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K = '
Fi.over|,_)0 = vgM, El.undar|!_,0 = VOM{l' te 2RHWJ (5 c-d)
whare {9 d) has two extremes depending on the resistance A,
F‘I.undarlf—'o =voM2, F1.under|f“’0 =voM, (5e)
Haom H—)%W

agreeing with the asymptotes schematically derived in section 2.1 by means of the mechanical
impulse and the change in momentum.

A suitable stiffness K and a resistance A have to be found to give a complete approximation of the
impact description. In many cases the resilient part is due to an elastic surface layer on an otherwise
stiff slab. The stiffness is then K=EA,/d, e.g. Vér [5], where E is the Young's modulus and d is the
thickness of the elastic layer, and Ay is the area of the hammer. The resistance is then related to
local dissipation, R=n(KM)'"?, 7 being the loss factor for the material. However, in the lightweight
floor structures considered in this paper, the hammer hits a rather thin plate made of gypsum or
wooden material. It can then be assumed that the resilient part is due to local deformation of the
plate, and the resistive part is due to energy transportation in the plate. As a first approximation, the
stiffness of the local deformation can be found in e.g. [6],

k=2, ©

1-u

where Dy is the diameter of the hammer. This local stiffness is found for a rigid stamp on a semi-
infinite elastic solid, the so-called Bossinesq deformation. The resistance is taken as the real input
impedance of a thin plate,

R=8/mTE, (N
taking into account that energy is transported away from the excitation point by bending wave
motion. Both of these lumped parameters are frequency independent, which is a necessary
condition for the solution technique in the present section.

2.2 IMPACT FORCE, GENERAL SYSTEM DESCRIPTION

In section 2.1 the impact force spectrum was derived for frequency-independent parameters K and
R in a mechanical series. The spectrum was given explicit expressions (5 a-b). However, the floor
system can not generally be described by means of frequency-independent parameters. A more
accurate description would be e.g. to calculate the driving point mobility from the system description.

However, the methods used in section 2.1 can not be used for a frequency-dependent mobility.
Thus, an approach for finding the force spectrum for an arbitrary input mobility has to be found. The
approach is to solva the differential equations in the frequency domain, inverse transform the result
to find the time of rebound, and then transform the remaining force to the frequency range. In Figure
2 a) a more general model of the impact is shown.

2 b) ci Fo-dlf) d% Fo&p This time the floor is described by a
M general input mobility Y (or impedance

L M M 2). The desired force, fi(f), is shown in

1Y) ¥ Figure 2 b). To deal with this problem,

! consider instead Figure 2 ¢). The mass M

Z=11Y Z=11Y is now fixed on top of the impedance Z.

The entire system is driven by a force
Fodf). This modified problem is linear
and time invariant. The equation of
motion and the floor reaction force, if

Figure 2 Modified impact desription

Proc..0.A. Vol 22 Part 2 (2000) _ ' 83




Proceedings of the Institute of Acoustics

taken in the frequency domain, is used and solved force impact force and velocity,
ety Y (®)
1+ i MY 1+ i MY
where v=F{u(f)) is the velocity spectrum of the floor and F is the spectrum of the continuing impact
force, i.e. the floor reaction force between the mass and the impedance in Figure 2 c-d), Fi=F(
% {1)). The magnitude of the force Fy has to be chosen so that the velocity at t=0, equals the velocity
of the falling hammer. At t=0_ the velocity should be zero, However, when evaluating v(0)
numerically, the evaluation is exact on zero, giving a value between v{0,) and v(0. }, (0 }=vp2. The
velocity of the floor at =0 is evaluated as the integral over all frequencies,

b(0) = = V(@) do = Fy o= | —32____ £ (9)
2r ., ®2r L iwM+ YY) °°
where equation (15 b) was used in the last equality. The integral h is to be calcufated numerically.
Put (16) in to (17) to get the magnitude of the driving force in the modified system. Equation (15 a)
then becomes
v,
e 9 _ 10
T (e MY)2i (19)

The time history of this force is found by an inverse Fourier transform, numerically implemsnted as a
fast digital inverse transform. The moment of time for the first zero crossing of the force has then to
be found. The aclual, interrupted, excitation impact force then is fi(fi=f{H0(t-tuess), and the
corresponding force spectrum is found using a Fourier transform,

F =R (L) Fo=A{nf)-f,, (11)

numerically implemented as a fast digital transform. The Fourier series components F, of (3 a) is
then also found.

3. THE SYSTEM
3.1 DESCRIPTION OF THE SYSTEM

Consider a system of two coupled paraltel plates of infinite extent separated by a cavity depth d, and
with coupling through a cavity and through a rigid mechanical connaction, The plates are modelled
as classic thin plates. An excitation force acts on the upper plate, plate 1. Reaction forces from a
periodic arrays of discontinuities in the form of beam stiffeners and from the surroundings and from
cavity fluids are also present. The fluids satisty the ordinary acoustic wave equation. The formulation
wili be a combination of Mace [7] and Lin and Garrelick [8]. A similar formulation can also be found
in [9].
Consider Figure 3. The first plate is excited by a
, pressure pg{xy)¢” and is reinforced by parallel
g beams with & spacing /. The time variation & will
] hencefoth be suppressed throughout. The
Cartesian co-ordinates and the beam spacing are
z | plate?2 defined in Figure 3.

y 7 plate 1 x

FO)
1w

Figure 3 Fioor system and co-ordinates.  The equations that we have to solve can be written
as

2
D1V4W1—mih’2W1=Pe+Pr-Pr1“‘Pc V4=(ff_+ (92] (12)
D,V wy —miwiw, = p, ~ p, + pro l &« &)

The displacement of the plates in the positive z-direction, w(x,)) and wzx,)), satisfies the equation
(12). The excitation pressure is p, and the remaining reaction pressures are due to: fluid interaction

84 Proc..O.A, Vol 22 Part 2 (2000)




Proceedings of the Institute of Acoustics

with the surrounding medium (transmission p; and radiation p}, the framing beams p, and the
coupling between the plates governed by a cavity p.. Mass densities of the plates per unit area are
denoted m"; and m"; respactively, and the flexural rigidity is denoted D, and D, respectively. Effects
of moments and boundaries are of no concern. Passive, linear and small pressures and
deformations are assumed.

The Fourier transform of w with respect to the co-ordinates x and y and the corresponding inverss
transform is defined as

o o)

(e 8) = | Jwi(xy)e ™ Many, wiiny)=—z [ [ e prePdacp.  (13)
—80--00 —oh—a
where @ and 2 are the transform wavenumbers in the plate in the x- and y-directions, respectively.
The continuity equation at each plate-frame connection points are assumed to be rigid and takes the
following form

W1(n!'.V)=W2(nf.Y) N=-—w®,. ..
Fos(y) - Foa(y)=Cwy(nhy) n=—w,..,

where G(-) is a linear operator. F,, and F,, are the reaction forces acting on the first and second
plate respectively.

(14)

Assume that the reaction pressures can be related to the displacements through linear operators.
This implies that the spatial Fourier transform of each operator will be an algebraic expression. The
operators and the corresponding Fourier transforms will be given in section 3.2. Script-typed
symbols will denote the operators. Thus, the reaction pressures can the be writien as

p(xy)=Rwi(x¥), pxy)=Twy(xy), (15 a,b)
Prxy)= X Far(y)-80x=ni), pra(xyh= 3 Fop(y)-olx-n, (15 )
[Pc("ﬁ%o)}: By e [ wy (X, ¥) } (15 e)
p.(x,y,d) gt dop || —walx )

The transform of the sums in {15 ¢-d } can be written as,
F*-.V EFn(}")'Es(X-— nly= Z,’:’n(ﬁ)_er’am,

= ]
where F,,{-) indicates the Fourier transtorm operator (2 a) and the force field is only transformed in
the y-direction. Here, Lin and Garrelick [8] assume that the force function is two-dimensional, and
then using the same form of expression as for the sum of the displacement field derived below.
Their result seems to be accurate it is unnecessary to intrudes this somewhat doubtful assumption.

The Poisson's sum can be used to show that

@ [

Yo =2r ¥ 8(el -2nz). (16)
N=—m

M= =03
The transform of the sum over the displacement points can then after some manipulations, using
(16), be written as [1, 7] ‘

oy Swinly)-s0x-m =1 5 {20 ). (17)

!
n=—o
Transforming the pressures (15 a-f) gives algebraic expressions for the reaction pressures, and
those can the be written as

5r(alﬂ)=Rﬁ’1(avﬁ)! 5,(a,ﬁ)=Tﬁf2(a,ﬁ), (183,'))
Brila. B = i?n.1(ﬂ)-e’”"’. Prala ) = }'i‘n.a(ﬂ)-e"“"’, (18 c.d)
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5c(avﬁ:d) J21 J22 _T'W2(anﬂ)
Apply the Fourier transform to equation (12). Introduce two spatial dynamic stiffnesses
2 2
Si@.p)=Difa® + B2} - miw?, Syla.f)=Dy(a® + %) - mja®.

The transformed equation can now be rewritten in a matrix form, using (11} and suppressing the «
and g dependence where not neaded,

Sy -A+Jy -2 Wy _ P _ i ’:-_n,1(ﬁ)'9ialm (19)
—Ja Sy +T+dp | W, 0] nita|-Fpalf)-e™"|
Denote the first matrix from the left S. Inverting § and multiplying from the left yield the transformed
displacements. In order to find a solution for the transformed displacement, the relations between

the displacement and the force field in the beams has to be used. Define two help matrices P, size
2x1,and Y, size 2x2,

pP- 3 S“(a—en)-['a"“(ao— e")}, Y= SS(a-en), (16a-b)

N=—xA

[5.:(03;/3,0):' =|:J11 J12]li wy{a, f) ] | (18 &)

f=-m

where e=27/1. Equation (19) is now to be summed up at the position a=2an/=en. In the first step,
chance variables to a-em, where m is an integer. The statement exp{iani+iemnlj=exp(ianf} can be
used to suppress the m-dependence in the sum. In the second step, sum over all m's and then let

m=n,
= W1(a"9”) _ Py Yo Y| & ’:_n,r(ﬂ)‘ehm |
Z | = - z - ianl | (18)
n=—a Wz(a"‘en) Py Yar Yoo Jnsma| —Fpa(B)- €
where the matrix components of (16) are written out. Solve for two of the infinite sums using the
boundary conditions in {18). Combine this result with the summed and transformed boundary

condition, yielding four unknown and four equations. The summed displacement is sotved for, giving
two remaining equations for the summed forces. Solving tor the summed forces yields

SE _e,.a,,,_( GP, __GA ][\qzc;+:_vzza+1]'1

nn—mn‘z B ’+Y21G ’+ K”G ’+Y11G !+ Y21G (20 b)
$E _e,-am,( GP, _ GR, ][mew_vmeu]“

ne ™ I+Y3G [+ YuGNI+YeG 1+ Y6

And finally is the solution found.

3.2 THE EXCITATION AND REACTION FORCES

The excitation force is assumed to be a point force in the position X, Yo, Pe(X.¥)=FadXx-Xa,¥-Yo),
where Fg is the time-frequency Fourier transform of the excitation force of the impact under
consideration, and subscript A stands for repeated signals. The corresponding spatial Fourier
transform (2 a) is

Bolct, ) = Fip ™), (e3b)
Fris specified in section 2.

For the r'th frame, the equation of mation, modelled as a Euler beam and excited by a linear force
Q,{v) along the line x = nl, is

d'u,
ay*

El, piA0tu, =Q,, (24 a)
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where E4y is the bending rigidity and pds is mass per unit length of the frame. The difference
between the plates as regards frame reaction pressure is

2 du,
Pr(xy)-pr(xy)= Y, [Ef ly & PrAffszun}S(x— nl. (23)

fI=—0a

From equation (22) the operator G in equation (14) can now be identified. Thus, the algebraic
expression for G is found by transforming (23), G=E/8" -pA .

Consider a fluid is occupying the upper half space with an acoustic pressure p{x,y,2), 2<0, and the
lower half space is occupied by a fluid with a acoustic pressure pdx,y,z), z>d. It is assumed that the
two fields have the same sound speed ¢, and density g, Two moving surfaces are occupying the x-
y-plane in z=0 and z=0d, vibrating with displacements wi{x,y) and wx{x)). The acoustic pressure
satisties the Helmholtz equation together with the boundary conditions

d)ri| _ w2 [ébr jl _ .2
e =w poWy, | — =w pyWs (24)
[ 24 2=0 oz z=d

ensuring equality of the fluid velocity at the plate surface and the plate velocity. These equations
corresponds to equations (14 a-b). The Helmhoitz equation is now transformed, indicating a wave in
the z-direction. The solution can be written as outgoing waves. Therefore, if z=0 and 2=d
respectively,

2 , ~
B,(a, 50) = w°p: Wala B

’a2+ﬂ2_k2

@®p-Wia, f)

’a2+ﬂ2_k2

Hence, we can identify the coefficients in (11 a-b).

) ﬁr(auﬁ;d)=- (25)

A tluid is also occupying the space O<z<d. An acoustic pressure p.(x,y,z) is present. The acoustic
pressure satisfies the Helmholtz equation where ¢ is the speed of sound in the medium and p is
the density. The acoustic pressure also satisfies the boundary conditions,

IZ@:{I = C""21‘9c""""1 ’ [@c] = wzpcw2 : (26)
z=0 z=d

Z oz

The Helmholtz squation is now transformed and a solution is found by assuming one wave in the
positive z-direction and one in the negative z-direction. One derivation with respect to z gives an
expression suited for the boundary condition. The amplitudes of the components in the standing
wave are then obtained, using {26). After some manipulations, putting z=0 and z=d respectively, and
written in a matrix form the result reads

[ﬁc(a.ﬂ.O) =w2pc cot{kyd) csc{ky0) [ w,(a.ﬁ)} «
Pl B.d) k. |cso(kyd) cot(kyd) | -wp(e,B)| °
where Ji1, Jiz, Jo1 and Je; in equation (18 e) can be identified respectively.

k2 - a® - g2, (27)

1]

If the cavity is filled with mineral wool, a semi-empirical madel of an equivalent fluid, formulated by
Delaney and Bazley [10] can be used to derive the wavenumber K, and the impedance zm» to be
used. The flow resistance R, of the mineral wool is the only material parameter for the mineral
wool that is included in this model. The wavenumber k and characteristic impedance pc is then
replaced by k;min and Z; min respectively.

4. THE RESPONSE

in order to compare the calculations with measured values, we now focus on the radiated powers.
The finite area of radiation will probably effect the result but is not considered here. Instead the
expression for power radiation found in Cremer and Heckl [3] will be used. In order to simplify the
integration, use a=ksin{¢) and f=kcos(p) so that dadf=k.dKdp,

Proc.1.0.A. Vol 22 Part 2 (2000} a7




Proceedings of the Institute of Acoustics

2] - . 2
koo k2re |w(k,. sin(g), k, cos(qa))l [ , 4pc)
Tog = k.dikrdeg, [ =10log —/—— 28
Rad Bzz“; P (dkrde, L, og 2 ao (28)

_Equation (28) will be integrated numerically. The second expression, L, being the impact noise level,
is found by means of a power balance.

5. RESULTS

As an example of the prediction model Figure 4 is shown.

80 |

70

60 |

RS -

10' 107 10° :_riequencym‘
Zz

Figure 4 Floor with mineral wool. Mean over 15 positions, '+' measurements and ‘o' calculations
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