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1. INTRODUCTION

As is well known, compensation in the reference-signal path in conventional
feedforward systems must be identical to the forward transfer-function between
the secondary sources and the detection points, in which case the adaptive filter
ideally converges to the Wiener solution. It is shown however that by
appropriately altering the compensation’ from thé conventional choice, an
adaplive system can be forced to converge to any predetermined solution of
interest. In paniicular, with this approach it is shown that systems of relatively
small dimensionality (numbers of error channels) can be made to converge to
solutions that could otherwise be achieved only by systems of much larger
dimensionality, whose implementation could be prohibitive. Results of
computer experiments are presented validating the theory that is developed.

2. ANALYSIS

The general configuration of multichannel filtered-X feedforward systems is
shown in Fig. 1. The analysis will be carried out in frequency space with
X{m) and D(m) the discrete Fourier transforms of the discrete-time-series’
reference and disturbance signals x{n} and d(n), and Wy {m) the wansfer
function of the kth iteration of the adaptive-filler impulse response wyp{n},
given by

N—-1 =-ilnnm N-1 ~-i2rtnm
Xm) =3 x(me N Dm)= ¥ dime N ,
=0 . o=0
N-1 =i2nom

Wim)= ¥ wne N
=0

* Patent application in process
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With this formulation all results that follow are to be understood to refer to
specific frequency pickets.

In a general multidimensional case we consider K reference signals, L
secondary sources and M disturbances, in which case we have:

R isa K x 1 vector of reference signals
DisanMx 1 vector of disturbances

P is an M x L matrix of transfer functions between the secondary sources and
the M detection points

Q is the M x L compensation matrix

W is an L x K matrix of adaptive fitter transfer functions between the reference
signals and the secondary sources.

T=DX isan M x K matrix of cross spectral densities between the reference
signals and the disturbances

S= ﬁ is a K x K matrix of cross spectral densitics between the reference
signals.

Suppressing the discrete-frequency index m, the flter output WX drives a
secondary source producing a response PWyX at the detection point which
yields the squared error |[D-P W, X|2. In the conventional filtered-X LMS
algorithm the transfer function P is compensated in the reference-signal path
prior to the weight iteration stage AW by P. Here we denole the compensation
operation by Q since, as noled, we wish to consider an alternative non-
conventiona! compensation. The weight-iteration equation in frequency space
‘then takes the form[1] , where for convenience, we omit the overbar on W,

W) = W) + 20 Q! [T—PW(k)S] M

With conventional perfect compensation Q =P, and Q'P =P P, which is
Hermitian and positive definile, a necessary requirement for convergence.

We now consider how Q may be chosen to force an adaptive system to-
converge to any desired ideal solution Wp. This situation is diagrammed in
Fig. 1. The desired or ideal system is shown in la with K reference signals, L
secondary sources and N disturbances and detection points. The ideal desired
syslem is conventional, with adaptive-filter transfer function Wp given by [1]

Wp = [PL PN]—I PATpS? (2)

where Py is the N x L matrix of transfer functions from the L secondary
sources to the N detection points and

(1] Minkoft, )., "Performance of Multichannel Feedforward Adaplive Systems,” Proceedings of Inter-
Noise 96.
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Tp=Dn X . §s=XX 3

where BN is the N x 1 vector of disturbances and ? is the K x 1 vector of
reference signals.

The physical system is shown in 1b with the same numbers K and L of
reference signals and secondary sources but M disturbances, where M < N, and
an M x L forward transfer-function matrix P. The problem is to choose Q
such that W(K) will converge to Wp. Now, referring to (1), we observe that in
& conventional system with perfect compensation, convergence takes place
when -

AW =PHT-PW(K)SI=0 @

which requires .
Wk} => W) = [P' P] PiTS! (5)

where W is the ideal Wiener solution. If compensation is implemented by
some QF = PY, the weight iteration equation is

W(k+1) = W) + 21 Qt (T-PW(K)S) (©)

and therefore, subject to certain conditions and constraints to be specified
shortly, the system can be forced to converge 1o any arbitrary desired solution
Wp if the Q that is selected satisfies

Q' [T-Pwps]=0 @

This will occur because the quadratic error surface has only a single minimum
and if (7) is satisfied Wp, is the only stable point of convergence,

The matrix Q will consist of L complex column vectors g, and (7) is therefore
equivalent to the sets of equations:

Bg=0i=12.L ®

where R
where B = ['I‘ -PWp S] 9

is K x M, must be full rank, and of course cannot be square otherwise there is
only the trivial solution q; = 0 for all i. The system (8) therefore consists of
LK equations in LM unknowns, with LM > LK, and the g; are therefore
underdetermined. There are however certain necessary constraints that provide
additional equations for the q;. Specifically, referring to (1), Q must be chosen
so that Qf P is Hermitian and positive definite. A particularly simple choice is
to let Q satisfy - ‘ '
Q'ep=p'P (10

where, since P must be full rank, P P is positive definite as well as Hermitian;
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P musl also be rectangular: if it were square, (10) could be satisfied only by
P=Q which would not serve our purposes. Since PtPisL xL, (10) provides
L2 constraint equations for the q; as well as satisfying the necessary conditions
for convergence.

This solution is optimal in the sense that the rate of convergence is identical to
what would be achieved if conventional compensation were employed. It also
provides for causality, Suppose M =35, K =2, and L = 2, and write

Q=[qlt ‘h] P=[Pl- P!] (ll)
and {10) becomes

[ql P quz]= [phn pIpz]

ap dpe pim pip 12
where
Qi1 Pi1
iz Piz
g = |qa =P (13)
Gis Pi4
Qs Pis

Hence, considering for the moment La Place transforms, Ihe individual
elements of the matrices in (12) satisfy relationships, such as for the (1, 1)
lerms,

Q1 (=5) P11 (5) + Q12(=5) P12 (5) + Q13(=$) P13(s) + Qua(-8)pra(®) +  (14)
Q15{-=5) p15(8) = P13 (~8) P11 (8) + Pra{~8) p12(s) + P13(—$5) P12 (8) +
P1s(=8) p1a + P15(-8) py5(8)

because all the relevant time functions are real and we therefore have
pu1(s) = P11(~5), Q11(5) = q},{-5), etc. where, as usual, s = @ + i2xf. Now,
since the transfer functions p;; represent physical measurements, the associated
impulse responses are causal and the poles of the py(s) are all in the lefi-half of
the s plane and those of p;(-s) are therefore all in the right-half plane.
Therefore, since the locations of all poles and zeros on the left-hand side of
(14) must be identical to those of the right-hand side, then, with one possible
exception, all the poles of q;;{~s) must be in the right-half plane and the g;;(s)
therefore all represent causal impulse responses. The only exception to this
that could occur would be if the py(s) happened to have zeros in the left-half
plane in exactly the same locations as poles of q;(—s) in the left-half plane,
which would violate casuality for g;(s). In the event of this exiremely
unfortuitous sitwation it would be possible to relocate the error sensors to
obtain suitable py(s).
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Now, continuing with this example, and denoting (B); = b-,j

we have the equations:

bindu +bi2qr2 + biaqus + by qus +bys Q5 =0 (1%)
b2 g1y + bz @1z + baaqya + baaqug + basqus =0
P:1 q + PIz Q2 + P;3 quz + PL: qus + P;5 as=1p|?

P21 Q1 + P22 Quz + P23 Q13 + P24 Qs + P2s Qis = pl P2

and a similar set of equations for the gy s. Thus (15) and the equivalent set for
Q> satisfy (B) as well as all the necessary conditions for convergence. We also
note that in this example the number of unknowns, 2 x 5 = 10, exceeds the
number of equations, 8, by 2, and therefore the values of one of the qy and
one of the qy; can be assigned an arbitrary value. There does not appear to be
any reason why this is not perfectly satisfactory, and, indeed, could possibly be
advantageous. However a unique solution for the g;;s can also be obtained by,
for example, increasing either K or L by 1, yielding in the latter case the
constraint equations

am alp: alm ripe ple: plps
adm ape: adps = pim pip Pims (16)
aip alpl dlps psub3'p; pip: plps

We now have 15 unknowns, 6 equations of the form Bq;; = 0 and 9 constraints
in (16). In general, for a solution to exist we must always have

MzK+L an
and for a unique solution for Q we require LM - LK = L? or
M=K+L (18)

3. RESULTS OF COMPUTER EXPERIMENTS

In order 1o verify the foregoing theoretical resulls a series of computer
experiments was camried out. Using (2) (conventional compensation) a causal
solution for the ideal adaptive filter transfer function for a multidimensional
system consisting of three reference signals, three secondary sources and 21
detection points was calculated.[2] Using this solution for Wp, the Q
compensation for six disturbances was calculated using (7) and (10), yielding a
unique solution (18). Using this Q, the set of nine weights for six disturbances
was calculated using (6) and compared with the ideal solution Wy for 21 error

(2] Novak, §., "Analytic Model for Broadband Feedforward Control It Theory AT&T/Bell Laborntorics
Technical Memorandum, 31 October 1994,
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{a) Desited System

channels. The results for three of the nine {to save space) are presented in Fig.
2. The ideal adaptive-filter transfer functions for 21 errors and conventional
compensation are essentially identical to those for six error signals and Q-
compensation, The six error signals in this case were a subset of the 21. This
is unnecessary. Fig. 3 presents resulis for six error signals not included in the
set of 21, with essentially identical agreement as in Fig. 2.
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