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1 INTRODUCTION

A loudspeakers. or microphone‘s. variation in sensitivity with direction is usually represented

via a polar plot. This represents a slice of tire three dimensional variation in its sensitivity,

Unfortunately many loudspeaker's sensitivities are not rotationally symmetric and therefore

the polar pattern must be plotted at more than more than one angle. The two orthogonal x and

y directions are popular but even this level of specification may not cover variations on the

diagonal. Further more in many loudspeakers the polar pattern is also a function of frequency.

Modern CAD packages require a full Specification of the polar pattern as a function of

frequency in order to provide an accurate of its likely puformance in a given space.

Unfortunately providing this level of accuracy requires that the polar pattern be measured at a

large number of angles, both azimuth and elevation. and over a large number of encies.

A recent proposal [1] requires that a large number of measurements be taken over a full sphere

at sixth octave frequency spacing. Clearly this level of specification is costly in both

measurement time and computer storage. One of the reasons behind the large number of

directional measurements is the need to have an amplitude value betw measured data

points this is exacerbated if the nteasurement angles are coarse. '

This problem of restricted directional resolution can also be alleviated by forming a

continuous. functional representation of a polar pattern, expressing the polar patterns

mathematically. as a continuous function of direction. This paper develops a form of

continuous, orthogonal representation by expressing a polar pattern as a wei ted sum of

Surface Spherical Harmonics (Surface Spherical Harmonics) - a hierarehi set of basis
functions which are orthogonal upon the surface of a sphere. The Surface Spherical Harmonic

weights can be calculated from a limited set of experimental measurements by means of a

discrete Fourier analysis. The resulting spherical harmonic representation is continuous.

yielding a modelled polar pattern for any arbitrary direction. It is also hierarchical. in that the

more harmonics that are included the greater the accuracy of the model. and has a meaningful
spatial structure, with particular Surface Spherical Harmonic weights expressing particular

patterns of directional variation in the polar pattern.

The paper firstly explains Surface Spherical Harmonics and a means of efficiently deriving
them from measured data. The implication and applications are then discussed and finally
some results of the analysis applied to polar pattern measurements are presented.

2 SPHERICAL HARMONIC ANALYSIS

In order to perform a Surface Spherical Harmonic analysis of a speaker polar pattern we need
to answer two questions:
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- What are surface spherical harmonics and why are they useful?

- How can we calculate surface spherical harmonic coefficients from polar pattern
measurements?

2.1 What are Surface Spherical Harmonl?
Conventional, ouedirnensional signal processing makes use ofsinusoidal harmonics as the
basis functions of Fourier analysis. Surface Spherical Harmonics (Surface Spherical
Harmonics) may be similarly applied to the analysis of functions on the surface of a sphere -
flap) where 0°S¢<180° and 039660“. This is possible because Surface Spherical
Harmonics form a complete. orthogonal set over this surface Kaplan [2]. Spherical harmonics
arise as the solution to the Laplace equation expressed in spherical polar co—ordinates.
Surface Spherical Harmonics are the special-ease spherical harmonics in which the distance
coordinate is constant. We may define the Surface Spherical Harmonics (normalised so that
their integrals over the surface of the sphere are unity) as:

uo_(9,¢)= measure}? (cow) m =0
47: (I)

u... (9n¢)=,%)¢os m9 12"(eos0), In = L...,n

v__(9,¢)= Whitman-(cow) m =1,...,n (2)

Where P."l are the Associated Legendre Fractions defined by:

Iz'(x)=-1'(1—x‘)%%[2.‘n,:. (9-1)". n=1,2,...] (a)
The parameter n represents the degree of each particular harmonic: um is the fundamental
Surface Spherical Harmonic. The three first-degree harmonics are denoted by u“, u" and v".
There are five second-dew harmonics, seven third-degree harmonics and so on. The first
few Surface Spherical Harmonics. listed below. will have a structure familiar to chemists as
they form the electron shell patterns of ‘s' (fundamental). 'p' (first-degree). ‘d' (second-
degree) and ‘f' (third-degree) orbitals.

f1 . f3 . '5 . .u“— H, u.”— meow, uH—— Ecosesmp, v”—— Gsmastmp,

Because these harmonics form a complete. orthogonal set any firnction of (0,4)) can be
approximated by a weighted sum of Surface Spherical Harmonic components. up to the
desired degree: '

f(e:¢)‘= Uutfluo + Uorunt + Ulluil + yllvll + "nun + "nun + VIIle + Unun + szvn'h-U

 

The weights required to express a function f(9.¢) in this way can be calculated by Fourier
analysis:
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Zl

U_= j If(9.¢)r_(8,¢)sin¢d¢d9. OSmSn (4)
«who

V... = Yf(9,¢)v_(9.¢)sin¢d¢d9, lSmSnMM (5)

1.2 Calmlaflng Surface Spherical Harmonic weights from measured polar dataEquations 4 and 5 allow the calculation of the Surface Spherical Harmonic weights given a
continuous function {(343). However. in this invtigan'on we do not have such a function. but
instead a set of polar pattern impulse responses. Spherical Harmonic Analysis (SHA) can beapplied to the responses for each individual time sample. Thus the representation will be ofthe form of a new set of weights for each instant of time. Equations 4 and 5 must also beadapted so that the weights U...l and V,“ may be calculated given that only discrete values of
flip) are available. effectively sampled at each direction in which a physical polar pattern
was measured. Thus. it is necessary for the integration denoted in Equations 4 and 5 to beapproximated by means of a summation over N discrete points:

I f1(9.¢):_(e.¢)sin¢4M9=fiw.f(9..o.)n.(a..¢.) (6)
0:1 1-0 id

Equation 6 is of the form:

N

iF(9.¢)a=§a,F(9m.) m
This operation is. therefore. one of numerical integration across the region formed by thesurface of a sphere. Ideally. we wish the approximation to the continuous integral to be exact.
Melaren [3]. and Stroud [4] describe efficient methods for exact numerical integration of thisform. up a given degree of Surface Sphq'ical Harmoni . in terms of the discrete directions touse and the corresponding weights. Although such optimal sets of directions and wghtsminimise the number of directions that need he considered. given a particular SurfaceSpherical Harmonic degree, in terms of experimental eficiency they are not, in general.suitable for polar pattern analysis. Generally. the optimal directions for numerical integrationon the sphere are not distributed in a pattern along which expu'imental measurements canconveniently be made. In Atkinson [5] an alternative set of directions and weights for exactlythis integration is developed. This set is less mathematically eflicit. since it requires agreater number of indivi ual directions to integrate exactly functions u to a given degree.However. the choice of discrete directions is more experimen Iy practical. Theapproximation is based on following relationship:

II. n In

I ] r(e,¢)sin¢dad¢ = azzwfimmg (a)
0:0 a-o l-l bl

Under this approximation. measurements are made at the same set of angles of azimuth. Q, for
each of a set of n angles of elevation, or The 2:: angles of azimuth are equally spaced. thus
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forming a 'rectangular‘ mesh of directions which permits more systematic experimental
measurements. In order to gain some mathematical efficiency. and maintain the exactness of
the approximate inteyafiorzdpraduct Gaussian Quadrature is used to select the n angles of
elevation. The Gums-kg: re quadrature formula uses weighting and an unequal spacing of
sampling points to exactly integrate functions varying bemeen -l and +1. This approach can
he apphed to the spherical integration region of Equation 8 by selecting the angles of
elevation pl so that cos(¢,) and w, are the Gauss-Legendre nodes and weights for degree n..
These values can be found in tables such as those of Stroud and Sectest [6]. Using this choice
of directions Equation 8 permits the exact numerical integration of all functions F(9. p) less
than degree 2». Stroud [4]. ln Surface Spherical Harmonic analysis. since F(0,¢) is the
product of the function under analysis and a particular Surface Spherical Harmonic. it is
gp arent that this approximation can be used to calculate exactly the weights for Surface
pfiencal Harmonic components up to and including degree n—l.

3 DISCUSSION

So Surface Spherical Harmonics can be used to approximate a polar ttern but what are the
implications of this representation? Firstly The angular variability o spherical harmonics is
determined by their degree: As degree increases the spherical harmonic components become
more variable as a function of angle. The effect of higher order spherical harmonics is to
sharpen the polar pattern in a manner similar to the way higher order Fourier nents
sharpen waveforms. as shown in figure 4. This means that we would expect to n higher
order Surface Spherical Harmonics to represent narrow main lobes. Conva'sely wider main
lobes should require less harmonics for their specification. This means that Surface Spherical
Harmonics can be uSed as a more efficient means of representing polar patterns. Note. that
the normal means of representing will require the same number of points to represent it
irrespective of the width of the main lobe. Surface Spherical Harmonics also the polar
attern in three dimensions automatically and this can girovide further savtngs in storage.
mally Surface Spherical Harmonics can be measured e ciently. The method of Atkinson

[5] is eflicient if a manual azimuth and elevation apparatus is used, or if themovt time in
the elevau'on position is significantly greater than the azimuth direction. However if one has
computer controlled apparatus which can be programmed to measure at arbitrary angle then
the methods of McLaren [3] and Stroud [4] offer significant additional savings.

 

5 RESULTS

Surface Spherical Harmonic can be applied to microphone as well asloudspeaker polar
pawns. Here we present results based on measurements of the polar pattern 0 the entrance
to the ear canal. A set of 648 frequency response measurements wae analysed by means of
an Surface Spherical Harmonic analysis. This corresponds to setting 11:18 in Equation 8, thus
requiring measurements with a [0" azimuthal spacing at each of 18 angles of elevation: 15.0“.
tl45°. 174?. 154.0% i44.0°. 535“. 1610‘. $73.0“ and 1:82.5", where 0‘ elevation refers
to the horizontal plane. Such a set of polar pattern measurements allows the calculation of
Surface Spherical Harmonic component weights of up to and including degree 17.
The frequency responses were measured by means of Maximum-Length Sequence (MLS)
analysis. using a MLSSA system (DRA Laboratories). The measurements were made in an
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aneehoic chamber (measuring approximately 3m x 3m x 3m) at RT Laboratories, Manleshnm
Heath. using a Bruel and Kjaer 4127 Head-and-Torso Simulator (HATS) mounted on a
turntable. and a Auratone loudspeaker in a movable bracket on an arched frame. It is
estimated that the directional error in positioning the loudspeaker and HATS ears relative to
each other was rarely more than 05° and never more than 1°. The frequency response data
collected in the anecboic chamber was processed using the MATLAB software package to
provide the Surface Spherical Harmonic coefficients up to order [7 at 48 equally spaced
frequencies up to lOkHz.

Figures 5 and 6 compare the measured results and the Surface Spherical Harmonic
tation of the same data at two frequencies, 4.305kHz and 9.135kHz. At 4.305kl-[z the

measured and Surface Spherical Harmonic representation are in close agreement. At
9.]35kl-lz the agreement rs not as good but is still reasonable especially considering the
variability in the polar pattern. Note that the Surface Spherical Harmonie representation is
also able to accommodate a shift in angle of the main lobe as a function of frequency as well.

5 CONCLUSION

Surface spherical can be used to represent polar patterns and have the advantage of requiring
potentially less measurements for a given level of specification. In addition. because they are
an orthogonal basis set. detail can be increased simply by adding in additional harmonics.
This offers the potential for optimising the storage of polar patterns within acoustic CAD
programs.
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Figure 1 Degree zero spherical harmonicV

figure 2 Degree one spherical harmonics.
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Figure 3 Degree two spherical hannonicst
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Figure 4 The effect of an increasing number of harmonics on a square wave.
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figure 5 Measured and Spherical Harmonic generated polar plot at 4305Hz.
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