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1. INTRODUCTION

There are many engineering problems which involve determining the sound fields resulting from an
incident wave, of arbitrary angle, impinging on a circular orifice in a rigid wall of finite thickness. In
order to cbtain a full solution for the reflected scattered, m-onflce and transmitted fields, it is necessary
to determine the effect of modal coupling'. Previous authors® have used a Hankel transform approach
to obtain a more rigorous solution to the problem. A matrix formulation of the problem was used to
estimate the velocity potentials of the four fields and validated using experimental data. In this study,
the expressions, which describe the modal energy in the scattered field have been further investigated
in order to establish the contribution of higher order modes to the field®.

The work on the effects of modal coupling has been extended here to include a method of simply
approximating the complex amplitude of the forward and backward waves in the duct at the cut-on
wavenumber, based only on knowledge of the modal wave number. The technique has been
established by investigating the relationship betwsen the peak vatues of the driving functions and modal
wavenumber. Once simple approximations are established for the in-duct field, it is possible to predict
the maximum amplitude of both the scattered and transmitted fields for the system. Results from the
approximate method are compared to the results from a fully coupled solution for the orifice system,

2. DESCRIPTION OF ACOUSTIC FIELD
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Flgure 1, Co-ordinate system for circular orifice in rigid wall.
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The resulting reflected and scattered velocity potentials are given by

(Dr (r,¢,z)=el'kzmsﬂ E ime (krSlnB) em ,

m=—a

dﬁ’ (r.¢.2) Ze”’"’jdf (¢) 7.{¢ r) €°CdE. (2)
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where the scattered wavenumber, k = ,/kz -{? . Inside the orifice the field is given over the depth d, by

@’ (r,0.2)= Ze’"’“’Z[ "sink, (z+d)+c] cosk (z+d):| J,. (k1) (3)

n=—se n=—x

where the wave number in z-direction, &, = ,,fk’ -k . Aésuming a rigid wall surrounding the orifice, the

velocity potential gradients may be summed for the orifice area and regions outside. Applying a Hankel
transform to the two expressions determined from the summed velocity potential gradients, yields the
following expressionsz:

b (£)= i k, (~crsink,d +B7 cosk,d) I (,.0) @
in which "
kz CZ [k"']mﬂ (k R) m (CR)_CJM (knR) ‘Im+1 (CR)] kn # ‘:,
I"(k,§)=1 ®)
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Also by equating the velocity potentials on the incident side of the orifice, it may be shown that?,

(crcosk,d +b] sink,d )1 Ezk (b5 cosk,d- ¢ sink,d) Iy = 2i"I" (ksin8,k, )
n=l1
) ()
where I = [x7'1" (k,.0)1" (k,.£ )¢S (7)
0

and (m,n) is the mode of interest and (m,p) is any other higher mode of the duct. Equating velocity
potentials and gradients of velocity potential, respectively, on the outlet side of the orifice, gives in
accordance with Ref. 2,
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c:'I'"(kp,kp) Ztkz bl = (8)

n=1

Thus Egs. (6) and (8) must be solved for p number of modes in order to determine the coupled in-duct
wave amplitudes b”and ¢”. Previous work® has shown that at the cut-on wavenumber (£ =k,
andksing =k ) the contributions from other higher modes are zero due to the orthogonality of
functions 1" (k,,¢) (Ean 5). As I" (k,.{) is zero at all cut-on wavenumbers other than the mode of
interest, then the only contribution to the amplitude of the scattered field (Eq. 4) at the wavenumber,
k, =¢ , is the single (m,n) mode. At wavenumbers other than a cut-on wavenumber, the function
1" (k,,¢) is non-zero and all cuton modes contribute to the scattered and transmitted fields.
Therefore, if equations (6) and (8) are solved for a single uncoupled (m,n) mode, assuming § =k, ,
thenb and ¢ are given by

bm _ I"" (kn'kn )Yr:" , cm lkzl;:')’n

- 9,10
n A n A (9,10)

FA ]

2
where A= (kzl”' +17 (k, ok, )) sink, d+2ik 51" (k, .k, )cosk.d  and
yr =2i"I" (ksin8,k,).

Thus to calculate simply b™and ¢ it is necessary to evaluate the forcing terms, I, I” (k,.k,) and
y™ at the cut-on wave number of the mode of interest.

3. FORCING FUNCTIONS " (k,.k,) AND " (ksin8,k,)

Using a Hankel transform approach, allows the three dimensional problem of scattering from an orifice
to be reduced to a two dimensional one, were the system may be considered to be driven in thez -0
plane. Thus the function I” (k,,{ )represents the excitation as a function of the recoil wavenumber, §
and the function 7” (ksin8,k, )represents the excitation as a function of the projected wavenumber,
ksin® . if both functions are plotted against normalised wavenumber (Figure 2), it may be seen that
she functions are identical for each {m,n) mode. Previously an expression was determined for the peak
value of the forcing function using simple curve fitting and was found to be’

I"(k,l)=aRk,™ (1)

where: a=0.30, b=098
0

> 1
a=025 b=1.1 =1

n
n
The modes where n =1, those with no circumferencial nodal lines, peak at a wave number greater than
{ =k, (Figure 2) and the peak value is controlled by different constants®,
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4. FORCING FUNCTION "

The torcing function, I; is determined from the integral given in Eq. (7) and represents the contribution
of a mode (m,p) to the 'driving field' for the scattering of the mode of interest (m,n). Thus when fully
considering the resulting scattered field for the (m,n) mode, a contribution must be incutded for every
other mode. When calculating a single mode contribution, I, the mode of interest (m,n) only is
considered.

Figure 3 shows the real part of I:", plotted against n for the m =1 set of modes, n =1 to 10. Other
values of m were investigated and the following observations hold for all m values. For the set of data
shown, the radius B = 1.0m and the duct length d = 0.1m. This particular aspect ratio of duct was
chosen to allow a significant number of modes to propagate in the duct. In Figure 3, shown as
logarithmic data to indicate differences, the curve represents the values of I, the real par of the
forcing function with only a single mode contributing to the field. The other data points represent the
ninety values of I, the real part of the forcing function for a mode {m,n) with a contribution from
another mode (m,p). It can be observed that the I data set is some three orders of magnitude greater
than the I data set. Also it can be observed that the /] data set forms a curve reducing in magnitude
as n increases. From examining the values of the real part of I, for other aspect ratios and mode
numbers, it is found that for each m set, curves could be plotted through the real part of I”. By
applying simple curve fitting techniques to various sets of data for the real part of I, it is possible to
establish the following empirical relationships. It should be noted that there are three different governing
relationships depending on the mode number.

For m=0, n> 1 set of modes:

Re(10,) =4.00x 107 R* n'* (12a)
For m=0, n=1 set of modes:

Re{I]) =4.86x 10° R® (kRY"" (12b)
For m=0, n# 1 set of modes:;

Re(],:’;) =2.54x 107 R* m™™n*, where o = -1.08 m®* (12¢)

Table 1 shows the relative error between the real part of I, calculated using Egs. (5) and (7) and the
real part calculated using Egs. (12a - 12c). For this example A = 0.6m and d = 0.2m, to ensure cut-on
of higher modes. Note that it is not possible to determine the real part of I for the (0,1) mode using
Eq. (12) as k, = Q. As the amplitude of this mode is simple to predict, it is no disadvantage to the
proposed method. Also it may be observed that the relative error increases with increasing modal
wavenumber. Application of a more complex curve fitting routine may result in reducing this error at
high modal wavenumbers.
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Mode Error in Real Part of 17 (%)
0,2 0.4
0,3 -3.8
0.4 0.03
0,5 6.7
2.1 3.4
2,2 3.6
23 4.0
2.4 57
2,5 35

Table 1: Relative error in Real Part of I

Examining the imaginary parts of I , shows that it is always two orders of magnitude smaller than the
real part of the function, for a free field situation. As the real part of the forcing function I, dominates, it
is assumed that only the real part needs to be evaluated for an approximate solution. Also, it is
assumed that the real part of /__ represents the propagating part of the scattered field. In the following
section, the error introduced by this approximation will be examined.

5. PREDICTION OF MAXIMUM IN-DUCT WAVE AMPLITUDES

Egs. (9) and (10) are expressions for the amplitudes of the in-duct waves uncoupled from any other
mode. In previous investigations®, it was found that at the cut-on wave number of the mode, only the
mode of interest contributes to the in-duct amplitude. The function 1" (k,,{), Eq. (5), is a maximum at
§ =k andis zero at { = k,. Thus in the expression for the amplitude of the scattered field, Eq. (4),
only the (m,n)} mode will be non-zero at { = & . Thus at recoil wavenumbers other than those equal to
. modal wavenumbers, all modes contribute to the system response. At recoil wavenumbers that equal
modal wavenumbers, only a single mode contributes to the total response. As cut-on for a mode occurs
when there is coincidence between the driving wave number and the recoil and modal wavenumbers,
then the three forcing functions will be a maximum. Thus it is possible to predict the maximum of the
three forcing functions using Eqs. (11) and (12). Once the three maximum forcing functions are known,
it is possible to substitute the values into Egns. (3) and (10) to predict the approximate maximum in-
duct amplitudes.

Tables 2 and 3 show the comparison between the approximate and fully coupled solutions of the in-
duct wave amplitudes at cut-on for the mode of interest. Approximate values were determined using
Eqns. (9) - {12) and are shown as a ratio of the response at cut-on from a fully coupled solution using
Egns. (5) - (8). For this comparison the radius A = 0.6m and the depth d = 0.2m. The fully coupled
solution used ten modes to calculate the modal sum. From observation the fully coupled calculation
appeared stable after five modes were added to the sum. The driving wavenumber was setto k = 50m’”
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for all modes. Each table provides the ratio of both the real and imaginary paris and the modulus and
phase of the wave amplitudes. Thus a unity value represents full agreement between the approximate
and full solutions.

bm ( Approximaze ] Cm [ Appmxim!e]
| Fullycoupled " | Fultycoupled
Mode Modulus Phase | Real Imaginary Modulus | Phase | Real Imaginary
0,2 1.02 0.98 0.98 1.03 1.01 1.00 1.00 1.01
0,3 0.97 0.99 0.89 0.98 1.00 1.00 1.00 1.01
0,4 1.05 098 | -1.14 1.05 1.04 1.00 | 1.04 1.04
0,5 1.1 0.98 1.17 1.10 1.03 1.00 1.03 1.04

Table 2: Ratio of approximate - fully coupled solutions for modes (0,2) - (0,5) (Rounded to 2dp)

Table 2 is for the set of modes (0,2-5). The mode (0,4) appears to have an error of -14% in the real part
of b . This particular mode, for this example, had a maximum real part of almost zero, and the
approximate solution resulted in a smali negative number rather than a small positive number. The
imaginary part of the same wave has a difference of 10% or less. When comparing the modulus and
phase for the two solutions of 57 mode (0,4}, it may be observed that the error is acceptable, being 5%
for the modulus and 2% for the phase. The opposing wave, ¢, , may be observed to yield smaller
differences than the b wave for all four modes.

M [ Approximate m roximate
b" [ﬁ;&:ﬂ] Ca (?:;ymupkd ]
Mode | Moduius | Phase [ Real Imaginary Modulus | Phase | Real Imaginary |
2,1 0.98 1.04 0.92 1.00 093 | 082 0.93 1.00
2,2 1.13 1.02 1.04 1.14 1.03 1.03 1.03 1.01
2,3 1.10 1.02 0.21 1.10 1.04 1.04 1.02 1.00
24 1.09 1.02 1.18 1.07 1.01 1.01 1.02 1.00
2,5 1.13 1.02 1.16 1.06 1.01 1.00 1.01 1.00

Table 3: Ratio of approximate - fully coupled solutions for modes (2,1) - (2,5) (Rounded to 2dp)

For Table 3, the m number is increased, to show the results for the modes (2,1-5). Apart from the real
part of b” of mode (2,3), the error is again within acceptable bands. For the b wave for mode (2,3},
the difference appears to be some 80% of the fully coupled calculation. On inspection of the data for
this mode, it was found that the real part of b”, determined from the full calculation, was about an order
of magnitude smaller than the real parts of other modes, with the wave amplitude being almost wholly
imaginary. The approximate method also yielded a small real part for this wave, but some 80% in error.
The imaginary part of 5" (2,3) mode has an acceptable 10% error, leading to the modulus of the wave
amplitude of the (2,3) mode to have an error of 10%. For both the real and imaginary parts of the ¢’
wave the error is small with the (2,1) mode having an error of approximately 7% and the other four
modes having an error of less than 3%.
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The two data sets were selected to show cases where apparently large errors in the real part of the
solution fram the approximate calculations lead to acceptable errors in both the modulus and phase of
the amplitudes. It can be observed from the data sets, that the errors in the calculation of ¢ are
always smaller than the errors in the calculation of &7 . |

6. DISCUSSION

In previous investigations it has been established that at the cut-on wave number for a higher mode in a

duct only the mode of interest contributes to the field at that wave number. By following a Hankel

transform solution for the fields resulting from the impingement of a wave on a circular orifice in a hard

wall, it is possible to obtain an expression for the uncoupled higher mode wave amplitudes in the duct.

These wave amplitudes depend on the dimensions of the duct, the modal and axial wave numbers and |
three forcing functions. The forcing functions can be considered to consist of a driving term in the radial |
plane, a driving term in the axial plane and a term describing the coupled driving field for the scattered |
field. By investigating each of the driving terms individually it was found that simple approximate

expressions could be obtained for the peak load, at cut-on, for each (m,n) mode. For the radial and

axial driving terms, the approximate expression was a function of duct radius and modal wave number.

Although the modal wave number may be considered to only drive the radial field, the axial and radial

forcing functions are identical at cut-on and hence both may be described using the same expression.

The approximate expression for the driving term, dependent on the scattered field, is a function of both

(m.m, duct radius and the modal wave number.

When the maximum values for the three driving terms are substituted into the expressions for the
uncoupled in-duct wave amplitudes it is possible to obtain an approximate complex amplitude for a
particular cut-on mode. As the amplitude of any mode will be greatest at cut-on, the approximate value
represents the maximum possible amplitude. Comparison of the approximate solutions with the
solutions from a fully coupled calculation shows good agreement. The maximum error occurrs in the
forward wave.

The advantage of the method presented above is that it allows easy calculation of the maximum
possible in-duct modal wave amplitudes for a system. By obtaining maximum values for each mode, it
is possible, for a particular driving wavenumber, to establish the dominant contribution. It shouid be
noted that the method only works for modes that are cut-on in the duct. If the duct mode is not cut on, it
would not be possible to generate a reflected wave in the duct and the in-duct expressions would be in
eror.
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Figure 2. /" (« ,¢) and I” (ksin#, k, ) for various modes.
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Figure 3. Real part of the Forcing Funclion
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