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1. INTRODUCTION

In many modern signal and image processing applications, the availability of limited data, whether of one-dimensional (1-D) or
multi-dimensional (m-D) form, can make it extremely difficult to resolve the ambiguities inherent in the analysis of spectra
produced by the discrete Fourier transform (DFT) algorithm, given in 1-D form by the expression

N-1
X[K] = Zx{n]w;,k (L1)
where
Wy =exp{-i2n/N} .{1.2)

the primilive N-th complex root of unity [6,14].

Ambiguities can arise in the analysis of conventional DFT-bascd spectra, such as via the periodogram {4], through the presence of
parrowband signal components, for example, with centre frequencies lying between consecutive DFT outpuis, as well as through the
often 'rough’ appearance of the spectrum resulting from the lack of sufficient spectral resolution from the available data. Two
techniques have traditionally been used to deal with such problems : zero-padding of the DFT input {6], and the chirp Z-transform

{CZT) algorithm [2].

The zero-padding technique, which is discussed in some detail in Section 2, involves interpolating the DFT output by appending a
sufficient number of zero-valued samples to the input data sequence, with an increasing number of zero-valued samples producing a
DFT spectrum with increasingly fine spectral resolution. The arithmetic complexity of this approach for the case of M samples and
an interpolating factor of P, i.e. the appending of (P-1)xM zero-valued samples, is given by O(PMxlogy {PM}) complex operations,
via the application of a fast Fourier ransform (FFT) algorithm, although a number of pruning techniques, using an FFT algorithm
which disregards redundant data paths in the flowgraph, have managed 1o reduce this figure to O(PMxlogy{M}}, this being
genetally achieved at the expense of a loss of regularity of the algorithm structure.

With the CZT algorithm, which is a filtering proccss, the spectral output is produced by means of M complex pre-multiplications,
PM complex post-multiplications, and in between, the application of one complex finite impulse response (FIR) filter, the impulse
response of which is that of a chirp filter. The filtering operation can be carricd out as a circular convolution of length PM,
assuming as before an interpolating factor P, which can be efficiently carried out by means of an FFT algorithm to yield an
arithmetic complexity figure of O(PMxlogy{PM} complex operations. In certain applications its computational efficiency can be
considerably improved, but it requires increased memory and remains a far more compiex algorithm lo implement than the
conceptually simple FFT pruning approach.

A new approach to the spectral interpolation problem is discussed in this paper which carries out the computation of a zero-padded
DFT via the prime factor algorithm (PFA) [2,14,17]. It is referred to as the Sino spectral interpolation algorithm, because of its
reliance on the Chinese remainder theorem (CRT) [10] for the data reordering. The computation is carried out by means of a
modified form of the row-column method, as discussed by the author in a previous paper [8], whereby the row-DFTs are processed
coefficicat-by~coefficient, rather than DFT-by-DFT, with each row-DFT possessing at most one non-zero input sample. The idea
generalises very simply 1o the case of m-D interpolation, although this is not pursued in this paper.

The row-DFT processing decomposes into a number of simnple dual-node processes, the output of which feeds directly into the
column-DFT process, which comprises a set of radix-2 FFTs. The processing thus decomposes into a number of independent Sino

Proc. .0.A. Vol.17 Part § (1995) 285




Proceedings of the Institute of Acoustics

A NUMBER-THEORETIC SPECTRAL INTERPOLATION AL.GORITHM

computing engines, where each compuling cogine comprises one dual-node processor and two scrambled-output, radix-2 FFT
routines. Unlike most other pruning lechniques, the solution achicves a reduced arithmetic complexity figure, in this instance
O(PMxlog, {M}), whilst at the same time achieving an clegant, regular computational structure, leading to a highly-efficient,
parallel implementation. A performance analysis of the Sino algerithm is carried out, dealing with both the arithmetic complexily
and communication complexity requirements, which emphasises the attraction of the Sino approach, with ils inherent parallelism,
when realised with very-large-scale integration (VLS]) technology.

Finally, it is scen how the Sino spectral interpolation algotithm can be applied to the problem of conventional beamforming [13],
which lies at the heart of many high-performance signal processing systems. It is of particular relevance in the computationally
demanding sonar signal processing field [15), where for the case of straight-line towing, a long towed array of hydrophones can be
decomposed into a number of approximately-linear sub-apertures, cach of which can be used to produce far-field frequency-domain
beam patterns via the computationally-efficient Sino algorithm, prior to their coherent or incoherent combination.

2. EFFECT OF ZERO-PADDING ON DFT SPECTRUM

[n this section it is seen how thc DFT may be modificd to produce interpolated transform values between the original N transform
values by means of a process already referred to as zero-padding. Suppose that N zero-vaiued samples, x[N],x[N+1],...x[2N-1), are
appended to the available data samples x[0},x[1},....x[N-1], i.c. an interpolating factor of two is to be used. Then the DFT of the
2N-point augmenited data sequence is given by

IN=-1

Xfk]= Y x[n]WjK -{2.1)
o

- };x[nlw.;]‘f, {22)

where the range of summation has now been adjusted to reflect the fact that the last N samples are zero-valued.

Putting k = 2m in equation 2.2 gives
N-1
X[(m] = ZXIH]W:&'“ A2.3)
L]

for m=0,1,...,N-1, which represents the even values of X[k], so that the ZN-poiat DFT of the augmented data sequence reduces to
that of the N-point DFT at the even-valued indices. The odd values of the index k represent the interpolaled DFT values between
the original N-point DFT values. This result gencralises in an obvious fashion to interpolation by a factor P, where P = 2, simply by
augmenting the input data sequence with a sufficient number of zero-valued samples, prior to taking the DFT.

There is a common misconception that the technique of zero-padding improves the inherenl resclution in the spectrum because it
increases the length of the sampling interval. This is not the case, however, as zero-padding simply provides an interpolated DFT
spectrum with a smoother appearance, thereby facilitating greater accuracy in estimating the true frequency and amplitude of the
spectral peaks and valleys.

It should be noted that the zero-padding technique can also be applied to the dual problem of interpolaling the input data sequence,
rather than that of its DFT spectrum. This is achieved by first placing zero-valued samples in the centre of the DFT spectrum, as
required for preservation of the symmetry of the spectral waveform, prior to taking the inverse DFT of the augmented spectrum. The
resulting data sequence will be a band-limited, interpolated version of the original data sequence, with the even-valued terms
corresponding to the original data sequence, and the odd-valued terms representing the interpolated samples.

Finally, for computational efficiency, an FFT routine can be used for performing the spectral interpolation. The pruning of the

associated FFT flowgraph is generally referred to in the literature as imput pruning; for the dual problem of band-limited
interpolation of the data sequence, the pruning of the associated inverse FFT flowgraph is generally referred to as owtput pruning.
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The algotithm discussed in the following sections of this paper is an input pruned version of the PFA, although it does not actually
require the input data to be physically padded out with zero-valued samples.

3. 2-D FORMULATION OF DFT VIA CHINESE REMAINDER THEOREM

The ubiquitous Chinese remainder theorem, so called because it was koown to the ancient Chinese, plays an importanl role in many
modern signal processing algorithms, and in particular the DFT. The theorem was first stated and proved in its general form by Chin
Cliu Shao [10], in 1247, and briefly stated, it provides a unique solution to a set of simultancous linear congruences [16]. It is thus
able to gencrate 1-D to m-D aod m-D to 1-D index mappings for the DFT, which are both unique and cyclic in every dimension,

Ihus. apphication of the Chinese remainder theorem to DFT indexing ensures :

¢1+  the original DFT can be recovered in its correct form, and

+21  the comect periodicities are obtained for each of the small DFTs that constitute the m-D form,
and 2isen the importance of the m-D formulation of the DFT for the resulls to follow, it is worth seeing al this point how, via such
iwiex mappings, the m-D formulation can be achieved. ‘

suppsre firstly that the length N of a 1-D DFT can be wrilten as

N=N;xNy -{(3.1)
where My and N are relatively prime factors [16). Then by applying the relatively prime modulo (RPM) and CRT index mappings
(14

n = |N2ﬂ1 + Nlnzl mod N & k= [Nzlzkl + Nltlkzl mod N (32)
tr the input data and output data, respectively, foray =0,1,..N;-1 and ny =0,1,...N3-1, where 14 and to are given by
Nilz E11 mod Ny & Ny =1 mod Ny -{3.3)
the 1471 can be written in a 2-D form as
Ny-1 [N;-1
- n,k nk,
X[kq.ky] = 20 2 x{ny,ng JWRe Wik {(3.4)
ny=0 |nza0

with Wy and Wy, the primitive Ny-th and Ny-th complex roots of unity respectively.

Cquation 3.4 thus reduces the N-point DFT, for the two-factor case of interest, to a true 2-D DFT, without twiddle factors [17],
consisting of just two partial-DFT processes. Generalisation to the m-D case is a straightforward task, with the resulling expression
being more commonly known s the PFA, as referred to in Section 1 above. The same result can be achieved by reversing the order
of the RPM and CRT index mappings or even by applying the CRT index mapping to both the input and the output data, although it
is not necessary to do so.

4. PARALLELISATION OF 2-D DFT VIA MODIFIED ROW-COLUMN METHOD

Returning to the 2-D DFT formulation of equation 3.4, it is now seen how this can be compitted in a highly-paralle] fashion to yield
high-throughput solutions to the original DFT algorithm, and hence to the Sino spectral interpolation algorithm.

Firstly, by putting
Ny-1
- k.
¥iny.ko] = x[nl,uz]wﬁz 2 .(4.1)
ny=0

equation 3.4 can be wrilten as
Ny-1

Xlk1 ko] = EYlnpkz]Wﬁ:k‘ -{4.2)

n =0
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This shows that the first partial-DFT, as given by equation 4.1, can be computed by means of Ny independent Ny-point DFTs,
referred to hereafter as the row-DFT process. Similarly, the second partial-DFT, as given by equation 4.2, can be computed by
means of Ny independent Nj-point DFTs, referred to hereafter as the column-DFT process. This decomposition of the DFT into
row-DFT and column-DFT processes is known as the row-column method [17], with the 2-factor decomposition being, as shown in
Figure 4.1.
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Given the independence of the small DFTs in the row-DFT and column-DFT processes, high-throughput solutions can be simply
obtained for the 2-factor decomposition via paralle] computation of the Ny-point DFTs in the row-DFT process, followed by parallel
computation of the Ny-point DFTs in the column-DFT process. However, before the column-DFT process can be carried out, the
matrix containing the row-DFT output data must first be transposed. An alternative apptoach [8] to implementing the row-column
method is now discussed, which is particularly appropriate to the speciral interpolation problem, climinating the nced for matrix
transposition of the row-DFT output.
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From the expression of equation 3.4, it is seen that cach Ny -point column-DFT is carried out upon a set of Ny outputs from the row-
DFTs, where cach Ny-point output set comesponds to the same N,-point DFT coefficient. Therefore, the first column-DFT can be
processed as soon as the individual No-point zero-frequency components are output from the row-DFT processor. The remaining
Nj-point column-DFTs can be similarly processed as soon as the individual componcats of the corresponding DFT coefficicnt set
are computed,

Thus, by processing the row-DFTs coefficient-by-coefficient, rather than DFT-by-DFT, as is conventionally done, the transposition
of the row-DFT matrix output can be eliminated, as scen in Figure 4.2, with the output from each row-DFT coefficient gencrator
feeding directly into a corresponding column-DFT. This idea is now applied to the spectral interpolation problem where particular
simpifications resulting from the choice and ordering of the index mappings lcad to an attractive, computationally-efficient solution.
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5. SINO SPECTRAL INTERPOLATION ALGORITHM

The algorithm described in this and the following sections is based on the direct DFT interpolation technique, discussed in Seclion
2, where the number of input samples (o the interpolalor is denoted by M and the interpolation factor by P. The number of spectral
outputs, N, produced by the interpolator, referred o hereafter as the Sino algorithm, is given by

N=P=xK .{5.1)
where P is 1aken lo be an odd integer and K is an integral power-of-two such that M <K, i.e. P and K are relatively prime.

By choosing the interpolation parameters in this way, it is possible to carry out the N-point DFT required by the interpolation
algorithm as a row-DFT process, comprising the computation of K independent P-point DFTs, followed by a column-DFT process,
comprising the computation of P independent K-point DFTs. If, in addition, the input index mapping is taken as the RPM mapping
and the row-DFTs are processed coefficient-by-coefficient, rather than DFT-by-DFT, as discussed in Scction 4 above, then the
resulting algorithm can be represented by the flowgraph of Figure 5.1, where each P-point row-DFT possesses at most one non-zero
input sample, i.e. M row-DFTs possess one non-zero input sample and K-M row-DFTs possess no non-zero input samples.

=1
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Thus, the row-DFT process can be decomposed into a single zero-frequency process and %(P-1} dual-node processes, as carried oul
by the dual-node processor of Figure 5.2, where each dual-node processor computes two P-point DFT coefficicnts from the same
non-zero input sample via the relationship

WE - (Wp Py’ {5.2)
for p=0,1,...,P-1, where Wp is the primitive P-th complex root of unity and where "+" stands for complex conjugation.

The output from the zero-frequency and dual-node processes can be fed directly into the K-point DFTs of the column-DFT process,
which can, if required, be carried out by any conventional radix-2 FFT algorithm [2,6,17]. A further simplfication can be achicved,
however, by selecting a K-point radix-2 FFT algorithm with naturaily ordered input and bit-reversed [6] output, i.c. a decimation-in-
frequency (DIF) algorithm (6], as the bit-reversal index mapping can be removed from the FFT algorithm and combined with that of
the CRT index mapping, as required by the PFA for reordering of the output data, 1o yicld a composite index mapping for the
reordering of the interpolated spectral output,

Thus, by regarding the zero-frequency process as a special case of the dual-node process, the N-point DFT reduces to a very simple,
elegant computational structure, comprising ¥(P+1) identical, independent processes, with each process being carried out by the
Sino computing engine of Figure 5.3, which comprises one dual-node processor and two scrambled output, K-point FFT modules. It
should be noted that for the case where M is sufficiently small, i.e. M < 32 say, the value of K could be chosen such that the K-point
DFTs of the column-DFT stage could be carried out by means of a theoretically optimal (in the sense of reduced arithmetic
operations) small-DFT module, based upon Winograd's complexity theory results [18], thus yielding a reduced-complexity solution.
For M = 32, however, a computationally-efficient implementation of a radix-2 FFT algorithm, such as that based upon the split-
radix algorithm [3), would prove a better-approach, ¢nabling the regularity of the FFT structure to be fuily exploited.
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Finally, the Sino algorithm provides a very flexible approach to the spectral interpolation problem, as the same computational
building block, namely the Sino computing engine, can be used to construct spectral interpolators of arbitrary precision, with cnly
the input and output index mappings needing to be recomputed, together with the Fourier matrix clements required by each dual-
node processor. Also, the Sino algorithm docs not require the input data to be physically padded out with zero-valued samples, so
that the memory requirement, for both input data and input index mapping, is kept to a minimum, whilst the memory requirement
for the output data buffer is proportional to the number of interpolated spectral outpuls to be produced, i.e. upon the interpolation
accuracy required.

6. PERFORMANCE ANALYSIS OF SINO SPECTRAL INTERPOLATION ALGORITHM

To properly assess the performance of the Sino spectral inicrpolation algorithm, it is necessary to consider the arithmelic
complexity, communication complexity and structure of the aigorithm for the particular implementation concerned, whether it be on
a von Neumann ugi-processor machine [1,11], or a high-throughput, parallel implementation using an array of processing clements
to pipeline the computation, as for example with a systolic array [12].

The performance, in terms of throughput, of a particular implementation can be expressed in terms of its time-complexity [1], which
comprises components corresponding 10 :

(1) its arithmetic complexity, i.e. total pumber of arithmetic operations, and

(2) its communication complexity, i.c. total number and length of data routing operations,
with each being cxpressed as a number of time units, where one arithmetic time unit corresponds (o the lime taken to carry out a
basic arithmetic operation, and one routing time unit corresponds to the time laken to move a sample of data one distance unil,
where one distance unit is the distance between consecutive processing elements.

6.1. Arithmetic Complexity of Sino Algorithm

As far as the arithmetic complexity is concerned, which would be the prime performance melsic for a uni-processor implementation,
an appropriate measure is given by the total number of complex multiplication/accumulation operations required, as this operation
forms the major computational load of any technique based upon the FFT algorithm. One arithmetic time unit therefors comesponds
to the time taken to carry out one complex multiplication/accumulation operation.

For a data sequence of length M, with a corresponding PFA factor K, and an interpolaling factor P, the arithmetic complexity, S, ,
of the Sino algorithm can be expressed as
Sp= WP-1)M + %PKxlogy{K}
~ ¥%PKxlogs{K} (6.1)
arithmetic time units.

For the direct DFT solution, using an FFT algorithm but without pruning, the arithmetic complexity, D 4, involves
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DA = %PKXIng{PK}

= 1PKxlogy{P} + ¥%:PKxlogy{K} ..(6.2)
arithmetic time units, which implies that the Sino algorithm involves
~ %PKxlogs {P} .{6.3)

fewer time units than that of the direct DFT solution. Using an input pruned FFT algorithm, however, the arithmetic complexity,
P, , reduces to just

Pp ~ ¥%PKxlog,{K} .{6.4)
arithmetic tine units, which is of the same order as achieved by the Sino algorithm.

Similarly, for an efficient CZT soilution, i.e. one exploiting a pre-computed FFT for use in the circular convolution operation, the
arithmetic compelexity, C4 , can be written as
Ca=2PK + M + PKxlogy{PK}

~2PK + PKxloga{P} + PKxlog,{K} ..{6.5)
arithmetic time units, which implies that the Sino algorithm involves
- PK x(2 + log, {P¥K}) (6.6}

fewer time units than that of the CZT solution.

Thus, from these figures, it is evident that in terms of the arithmetic complexity alone, the Sino algorithm looks an attractive
candidate for performing spectral interpolation, when compared to both the direct DFT and the CZT solutions, with its relative
computational efficiency improving as the interpolation factor P is increased. Its arithmetic complexity is similar to that achieved by
other FFT pruning techniques, but it has the additional attraction of possessing an tlegant, regular structure, making it an ideal
candidate for VLS] implementation, as now discussed.

6.2. Communication Complexity and Structure of Sino Algorithm
The Sino spectral interpolation algorithm decomposes into an input index mapping, a number of independent and identical
processing modules, and a composilte output index mapping. Such a decomposition lends itself paturally to a parallel
implementation, where the parallelism can be achieved in one of two ways :
{a) assigning up to Q+1 computing engines, where Q = %(P-1), for camrying out the processing, these operating in
parallel; and
(b) building parallelism into the design of the computing engine, with the two colurnn-DFTs, for example, being
carried out in parallel,
with maximum throughput being achieved by assigning Q+1 parallel implementations of the Sinc computing engine to the
processing, although in practise a trade-off would bave 1o be made between hardware size, cost and performance.

Given the independence of the Sino processing modules, the communication complexity of the Sino implementation is limited to
that of an individual computing cogine, which is dependent upon how each of the K-point, scrambled-output FFT modules is to be
implemented. For a parallel, radix-2 solution, comprising %K processing elements, for example, where the processing element is a
complex butterfly operator [6], the maximum distance that data samples must travel to reach their required processing clement is
YK distance units, whereas for the conventional input pruned FFT solution, comprising %¥PK processing elements, the maximum
distance is given by %PK distance units.

Since the time-complexity associated with the routing, of data over d distance unils is Jd routing time unils, the time-complexity of
the routing operations for the input pruned FFT algorithm, P, is given by

Pc ~O(WPK) (6.7
routing time vnits, whilst that for the Sigo algorithm, S(~, is given by _
Sc - O(VK) .(6.8)

routing time units, with the result that the communication complexity of a parallel implementation of the input pruned FFT

algorithm, i.e. one involving %PK complex butterfly units, is approximately VP times greater than that of a parallei implementation
of the Sino algorithm, i.c. one involving %K complex butterfly units for each K-point FFT.
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For the case where M is sufficiently small, i.c. M= 32, the value of K can be set to M and each K-point DFT carried out in a fully- |
pipelined, systolic fashion by means of a linear array of K processing elements {8], where each processing element carries out the |
same operation of complex multiplication/accumulation. The row-DFT output from the dual-node processor can be pipelined into \
the two lengih-K linear arrays at a constant rale, to give a time-complexity for the Sino computing engine, and hence for the Sino |
speciral interpolation algorithm, of O(K), with each computing engine producing all 2K outputs in just K time units.

Thus, the Sino spectral interpolation algorithm possesses a number of properties, not found in more conventional solutions, which
make it an ideal candidate for VLS implementation. The regularity of its structure, i.e. the repelilive use of a single building block
- the Sino computing engine, makes it very easy to design spectral interpolators of arbitrary precision. This, combined with the
relatively simple communication requirements, which are dependent purely upon the implementational complexity of the compuling
enginc itself, lead lo a cost-cffective solution when implemented with VLS technology.

7. APPLICATION TO CONVENTIONAL BEAMFORMING WITH ARRAY OF HYDROPHONES

Modern towed array sonar systems are being built with an increasing number of channels in order to achieve the desired acoustic
aperture length. Such systems, which can comprise up to a thousand channels, possess tremendous throughput requirements which
have to be met by the available processing cquipment. Thus, there is an ever-present need for improved processing, algorithms and
processing strategies [15], not only to fully exploit the size of the aperture, but also to overcome the limitations imposcd by the
excessive computational demands of many conventional solutions.

A sub-aperture beamforming strategy, for example, can offer a number of advantages over a single aperlure scheme, both in terms of
processing gain and computational efficiency, c.g. case of partitioning, Where the spatial cohcrence of the incoming signal is
limited by the environment, a number of sub-apertures may each be coherently processed and then appropriately combined to yield
the full beamformer output. If the prevailing propagation conditions permit the use of a large aperture, then the sub-aperture
beamformer outputs may be coherently combined to yield the optimum gain from the array. If conditions do not permit this,
however, they may be incoherently combined to yield the best possible result under the prevailing conditions.

For towing conditions where the sub-apertures may be assumed to be approximalely linear, the beamforming may be efficiently
carried out via frequency-domain techniques, as they offer a number of computational advantages over the more conventional time-
domain approach, in terms of both reduced sampling rates and, in certain applications, increased computational efficiency [13]. This
is particularly so when Lhe oumber of hydrophones and the numbet of beams to be generated is large, or when only a fairly limited
region of the frequency-bearing space is of interest, as for example with a trials system where one has control over the target
parameters of interest. Adaplive processing algorithms and acoustic array shape estimation algorithms, which are curreatly receiving
some attention [7], might also dictate a preference for highly-directional frequency-domain beamformer output.

By applying the Sino spectral interpolation algorithm to the sub-aperture hydrophone data at a given temporal frequency (ie.
following transformation of the hydrophone data from the time domain to the frequency domain via a real-to-complex FFT
algotithm), with an appropriate choice of inlerpolating factor P, the far-field beamformer outputs can be generated sufficiently close
together in frequency-bearing space as to ensure (hal one of the interpolated outputs corresponds, to a specified accuracy, to any
desired beam steering angle. Wideband time-series data, if required, can be reconstrucied from the frequency-domain beamformer
output by passing the corresponding beam set through an inverse, complex-lo-real FFT algorithm, as shown in the towed array trials
system of Figure 7.1. This must be done, however, in accordance with either the overlap-add or overlap-save technique [17], as the
ends of the data segments need to be correcily treated to account for edge effects due to cyclic wrap-around of the inpul time-series
resulting from channel phasing {15].

For each sub-aperture, an index mapping can be defined which maps the required subsct of Sino outputs from thal sub-aperiure to
the set of beam steering angles. This mapping is periodically updated to take account of the changing crientation of the sub-aperture
with respect to the coordinate axes in which the array position is defined, or to cater for changes to the speed of sound in the water.
The mapping may be combined with the Sino output index mapping, however, so that changes may be simply catered for by
modifying the composite output index mapping, the other components of the beamformer remaining unchanged.
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For applications where the steered beams are equally spaced in the sine of the steering angle, the CZT algorithm could equally well
be used, as far as arithmetic complexity requirements alonc are concemed, as its arithmetic complexity, for the generation of N
beams from N hydrophones, reduces to just

Cp = 2N(3 + logy{N}) .{7.1)
arithmetic time units, with the length of the associated circular convolution being only of order 2N. This compares well with the
Sino complexity figure of

Sa = ¥P-1)N + ¥%PNxlog, {N} A{72)
arithmetic time units. In fact, for parameter valucs of N = 256 and P = 5 (i.¢. corresponding to hydrophone data from a 128\ array,
with a spectral interpolation factor of 5), the arithmetic complexity figures of the CZT and Sino algorithms arc identical. However,
it should be stated that the CZT only achieves this reduced-complexity figure at the expense of an increased memory requirement,
for the storage of pre-computed cocfficicnts, and a considerably more complex algorithm structure.

Finally, another fast solution to the conventional beamforming problem, which is little knowe in the sonar signal processing
community, is via the Arbitrary Frequency Fourier Transform (AFFT) algorithm [9], as used by the author some years ago for the
design of a compact, frequency-domain implementation of the BAe Active Towed Array Sonar (ATAS) syslem. This solution, which
involves an approximation to the Z-transform over an arc of the unit circle, requires less arithmetic operations than the CZT
approach, but like the CZT, is somewhat complex, relying beavily on the generation and storage of pre-computed coefficients for
each temporal frequency of interest,

8. Summary and Conclusions

A novel signal processing algorithm has been described in this paper for the ¢fficient computation of an interpolated DFT spectrum,
and hence of a spatial spectrum, as required by a conventional beamformer. The algorithm, which is based on the conventional
zero-padding approach, involves a modified row-column implementation of the prime factor DFT algorithm, and reduces to a
number of independent processing modules whick can be implemented in parallel to yield computationally-efficient, high-
throughput solutions to the spectral interpolation problem, and to its dual, the problem of band-limited interpolation.

The computation is carried out by means of a modified form of the row-column method, whereby the row-DFTs are processed
coefficient-by-coefficient, rather than DFT-by-DFT, as is conveptionally done, with each row-DFT pusscssing, at most one non-z<ro
input sample. This enables the row-DFT computation 1o be decomposed into a number of simple dual-node processes, where each
such process involves the computation of two P-point DFT coefficients, where P is the interpolation factor, from the same non-zero
input sample.
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The outputs from the dual-node processes feed directly into the column-DFT process, comprising a set of DFT modules, which,
given sufficient input data, are best implemented as radix-2, decimation-in-frequency FFTs. The processing thus decomposes into a
number of independent Sino computing engines, where cach computing engine comprises onc dual-node processor and two radix-2
FFT routines, the output of which can be left in scrambled form, as the bil-reversal mappiog can be simply combined with the CRT
index mapping, as required by the PFA for reordering of the Sino output data.

The Sino algorithm provides a very flexible approach to the spectral interpolation problem, as the same compulalional building
block. namely the Sino computing engine, can be used to construct spectral interpolators of arbitrary precision, with only the input
atd vutpul index mappings needing to be recomputed, together with the Fourier matrix ¢lements required by each dual-node
provessur - Also, the Sino algorithm does not require the input data to be physically padded out with zero-valued samples, so that the
memaory requirement, for both input data and input index mapping, is kept 10 a minimum.

kinally, the Sino algorithm achieves the same reduced arithmetic complexity figures as other computationalty-cfficient pruning
tes hunques hased upon the FFT algorithm. However, unlike other approaches, it does so whilst maintaining an clegant, regular
vomputatinal structure, with minimal communication requirements, as the communication is local within each of the Simo
wmputing engines, which operate independently of each other to yield highly-cfficient, parallel implementations, particularly with
ViShicchnology in mind.
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