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1. INTRODUCTION

Acoustic propagation in shallow water oflen results in repeated interaction with the sea bed,
especially during the summer when surface heating can lead to strong downward refraction. As a
Fain, forward and inverse acoustic modelling have been the subject of much research interest
-6.

This article is concerned with reflection of plane waves from a sea bed comprising a sediment layer
overtying a uniform half-space. Equations for the reflection coefficient are reviewed briefly in
Section 2 for cases of varying complexity. first for a fluid sediment layer and then for a solid. This is
followed by an analysis in Section 3 of the conditions necessary for high losses resulting from the
%eneration of interface waves at the sediment-substrate boundary. A solid substrate is necessary

r an interface wave to occur. but in Sec. 3 important additional effects due to sediment rigidity [ ]
are mostly ignored for simplicity.

2. REVIEW OF EQUATIONS FOR THE REFLECTION
COEFFICIENT

2.1 Coherent Reflection Coefficient for a Fluid Sediment

The effect of layering in the seabed on the reflection coefficient has long been the subject of
research interest [1-4]. Good agreement between theoretical predictions and propagation
measurements is reported by Hughes et al [7] and by Tollefsen [8], demonstrating the need in
eneral to model the sea bed as a ayered solid medium. This Section reviews published equations
r the reflection coefficient for scenarios of increasing complexity starting with the simple fluid

model illustrated by Fig. 2.1.

first. mime.

 

Fig 2.1 — Ray paths for geometric series Fig 2.2 - Proliferation of ray paths (solid
(fluid sediment) sediment). The dashed lines indicate

shear waves
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The reflection coefficient for this case is given by the geometric series [9]

n

r = "12 + ‘12r23t21 2(r23r21) (2-1)
n=o

= r12 + t12"23‘21 (2.2)
1— rzarm

where ril- and ti]- are the usual Rayleigh reflection and transmission coefficients defined in the obvious
way. except that r23 must include a two-way phase centribution so that (for example)

 

(2.3)  r12 =

(2.4)

where Cu- is the impedance ratio expressed in terms of the densities pi and vertical wave numbers yi

P'Yi
g,- = ‘—. (2.5)

Pin

The intuitive ray derivation of Eq. (2.2) makes it easily generalised to more complicated cases. For
example it applies to a solid substrate provided that Eq. (2.4) is replaced with the appropriate fluid-
solid reflection coefficient (see Sec. 3.2). If the sediment itself is layered this can be dealt with
either by treating it as a continuously varying medium [10, 11] or by recursive application of Eq.
(2.2) on a stack of uniform layers [9].

2.2

Another advanta eof Eq. (2.2) is that it can be averaged analytically over frequency to provide an
incoherent formu?a useful for broadband applications [10]

      
    

   

Incoherent Formula

 

    

 

    

      
   

T12R23T21 + 2R23R=R —~—R ' t ' 2.612"'.l__R23RZ1 1_R23R21 efi21(r12t12+12r21)] ( )
  

  where upper case symbols are used to indicate the power reflection and transmission coefficients
2

Rij = Irijl (2-7)

and

Ti,- =1—Rij. (2.8)

     
The first two termsof Eq. (2.6) are analogous to those of Eq. (2.2) and can be derived by incoherent
addition of multipaths {10]. The third term is a systematic interference residual remaining after
averaging over a full cycle. This term is usually small and reduces to zero at high frequency or for
an isovelocity sediment.
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2.3 Solid Sediment

For a solid sediment, the exponentiation of ray paths due to p—s and s-p mode conversion at each
boundary means that keeping track of all rays appears to become an intractable problem (Fig. 22).
Nevertheless Eq. (2.2) still applies in the following matrix form [12]

r = '12 +t12(1— I'2:9"21)_1'23t21 (2.9)

where

r5" rt“r. = (2.10)
" [’5’ rat“

and

M t?“
In =[t'ip tit]- (2.11)

51' ii

The left hand side of Eq. (2.9) is a 2x2 matrix whose‘tOp left element is the reflection coefficient for a
compressional wave. The other three elements involve either an incident or reflected shear wave
and are of no interest here because the upper medium is a fluid (water).

A slight modification to the coefficients r09” and tfi‘” allows for treatment of rough boundaries [13].
Equation (2.9) can also be applied to problems involving porous media although r.-, and ti then
become 3x3 matrices to cater or the additional slow wave [14]. Even anisotropic media can be
treated in the same wa , albeit requiring a generalisation of the unit matrix to allow for different
properties of upward an downward travelling waves [15].

2.4 Interface Waves

An interface wave or boundary wave [16] is a form of wave motion whose amplitude decays
exponentially with distance away from the boundary between two media. A long wart‘ya from the
boundary the field decays effectively to zero and under these circumstances the inte oe wave,
once generated. can exrst in isolation — without the need for an incident field. The combination of
zero incident field and non-zero total field leads to the paradoxical (though correct) conclusion that
the reflection coefficient must be infinite [17]. There is no conflict with the principle of energy
gonsgrvation because the evanescent wave carries no energy either towards or away from the
oun ary.

For example a plane wave travelling at the appropriate phase speed can excite a Stoneley wave at
the lower boundary and this happens when the denominator of r23 is zero (ie cm —> -1). A second
kind of interface wave. associated with a resonant behaviour in the whole sediment layer (rather
than with either of the two boundaries) arises in the limit rzsr21 —> +1 , corresponding to a zero
denominator in Eq. (2.2). The conditions required for both types are considered further in Section 3.

2.5 Finite Beams and Spherical Waves

The scope of this article is deliberately restricted to lane waves, and thus excludes important
effects such as beam displacement [18] and caustics FIG] which result from the reflection of finite
geagnslagld spherical waves. A comprehensive text on this subject is provided by Brekhovskikh and
o in .
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3. EFFECT OF INTERFACE WAVES

3.1 Description of Sea Bed Layering

Consider a sea bed based on that of Fig. 2.1, comprising a fluid sediment layer of sound speed c2
but overlying a solid substrate of compressional speed c and shear speed cs. The sediment is
assumed to be sufficiently thin to neglect refraction within the layer. It is further assumed that c2, cp
and c8 are all larger than c1. the sound speed in water. so that the corresponding critical angles oi
are given by

case. = c110. (3.1)

where i = 2, p or s. For a plane wave of angular frequency in and grazing angle 9, (in water) the
vertical wave numbers are

vi = (m/c.)sine. (3.2)

where the angles 9; are related by Snell's law in the obvious way. Finally it is assumed that energy
dissipation occurs either in the sediment or substrate. but not necessarily in both.

It is well known that under these conditions, and if the critical angles are sufficiently large, it is
Possible to excite high amplitude evanescent waves in the sediment resulting in high reflection
osses when the acoustic wavelength is comparable with the sediment thickness h. These losses
result from two types of behaviour. a Stoneley wave excited at relatively high frequencies, and an
evanescent resonance excited at low frequency and near grazing incidence. The conditions giving
rise to the high losses are investigated by Hovem and Kristensen [20]. Their analysis is extended in
Sec. 3.2 below, clan ing the conditions required for high losses generally and the low frequency
resonance in particu ar. Section 3.3 calculates the reflection loss vs angle at resonance and
investigates how this function varies with the sediment critical angle 0:2.

3.2 Criterion for High Loss

3.2.1 Reflection Coefficient

fl:)ortl[i1eoiproblem in hand it is convenient to rearrange Eq. (2.2) for the reflection coefficient in the
rm

r = r12 “23 (3.3)
1+r12r23

where nj are given by Eqs. (2.3) and (2.4). For the fluid-solid (i.e.. sediment-substrate) boundary
the impedance ratio becomes

 

2 - 2£23 = p312 [cos 265 + sm 29,] (3‘4)

92 79 75

It is clear from Eq. (3.3) that a necessary condition for high loss is

{r12 + r23| << 1. (3.5)

The present interest is in grazing angles 9, less than the smallest of the critical angles (denoted etc)
so that all waves in the sediment and substrate are evanescent ones. with imaginary vertical wave
numbers. Equation (3.5) can then be written
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1+ 42: g ie—zmm, (3.6)
1— €23 r12

the left hand side of which is real (ignoring for now the small imaginary part of :23 due to
attenuation). Equation (3.6) can therefore only be satisfied if the right hand side is either also real

(r12 #11) or very small (6 2W" «1). The r12=+1 solution is associated with a non-evanescent
resonance at infinite frequency and is not considered further. The other two options are examined
below. Before this is done in detail an example from Hovem and Kristensen [20] is considered
which includes featuresresulting from both see of interest. Figure 3.1 shows reflection loss (—20
log r1) versus frequency and angle for the parameters of Table i, with two different values for the
s iment attenuation [$2. The Table i values are referred to as “HK' parametersand unless
otherwise stated they are used in all subsequent graphs. The sediment thickness h is 10m. In the
following it is shown that the high loss features marked S and E correspond respectively to a

Stoneley wave (small 8'41"") and a resonant evanescent wave excited when r12 ’3—1, the
frequency of which depends linearly on the sediment thickness and sound speed and logarithmically
on the impedance ratio :2, .

 

Table .'— Hovem-Kristean (HK) sea bed model

er ens compressions compressmna s ear 5 ear
Mgrcmit) speed attenuation speed attenuation

(mls) (dBlA) (rn/s) (dB/It)
W3 1' . I I

2 (sediment; 2.0 1700 . -
3 substrate 2.5 4700 . 0.15
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Fig. 3.1 — Plane wave reflection loss vs angle 6, and frequency for HK parameters with a) 132:0.8

dB/A, b) 192:0. Gontourleveis are 1-10 dB in 1 dB steps

3.2.2 Stoneley Wave

The hih frequency case (large lyzlh) leads to the condition

1+ C23 z -2— e41."zlh
r12 . (3.7)
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Subsfituling for :23 using Eq. (3.4) and multiplying through by (pzyplpsyz)sec49‘ this becomes 1

l

2 112 U2 1/;

Li + vzc‘ fl 1- 29“!” = 1_i 1-2: (3.6) i
c,2 pacs“ 1—o'2 lcz2 r12 of G;2 {

where o’ is the Snell invariant goose? At high frequency Eq. (3.8) reduces to the condition for a ‘
Stoneleyutype interface wave of speed a at a fluid-soiid boundary [16]. Substituting for the HK
parameters in this limit gives o=1550 mls corresponding to an angle of 16“, and this shows up as
tseture S in Fig. 3.1. (Fig. 3.1b in particular).

Consider a frequency near the centre of feature S lS100 Hz). Figure 3.2 shows the vector intensity
see Appendix A) plotted as a function of depth an incident grazing angle for this frequency. The
toneiey wave travels horizontally at the sediment-substrate boundary so a large tangential

component at this depth is expected, as confirmed by Fi . 3.2a. By contrast the normal component
has decayed almost to zero at the same depth (Fig. 3.2 ). Notice also that the normal component
varies continuously (and monotonically) with depth such that dizle < D. as required by conservation
of energy. The tangential component is discontinuous at both boundaries because of the step
changes in density. .

The field as a function of depth 2 in the sediment is given by Eq, (A10) which for the high loss

condition (r23 =41?) becomes

ex — z »- r ex + zq;(z) =fiwfifl (39)
P2 1— I'12

so at high frequency (I y; | h >> 1) the field increases exponentially towards the lower boundary. the
amplitude being limited (in this simple model) only by attenuation in the sediment or substrate; in the
absence of attenuation such a wave is trapped at the lower boundary and, once generated, can
exist without the need for an incident field. At any finite frequency though. even without attenuation
For?! of this energy is re-radiated into the upper medium and the interface wave is a “leaky‘ one
17 .

   
.1 ~-

E
2 o-
3 '2‘

a t
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t
(a)

Angie (degrees) Angle (degrees)

Fig. 3.2 - Normalised vector intensity at 100Hz illustrating the effects due to the Stoneley wave:

a} tangential component normalised by dividing by the factor -a1’p,mr2; and b) normal component,

normalised by +aJ7p1y/2. Contour levels are a) 0.3 to 3.0 in steps of 0.3 and b) 0.09 to 0.9 in steps
of 0.09.
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Fig. 3.3 — Normalised vector intensity at 48 Hz illustrating effects due to the evanescent resonance:
a} tangential and by normal components. Contourfevels are as Fig. 3.2.

(a)

  

3.2.3 Evanescent Resonance

The alternative option (r12 =—1) implies a wave close to grazing incidence, for which Eq. (3.6)
becomes

 

co_h_ Co-1 3102c2—cotot2ln§°+1 (. )

where ego is the impedance ratio Q23 evaluated at 61:0. For the HK parameters. Eq (3.10) gives a

resonance frequency (denoted f5) of 48Hz, in agreement with Fig. 3.1. At angles of interest here
(up to about 5°) we see a gradual dissipation of the normal component as before (Fig. 3.3b). but no
particular concentration of tangential energy as there was for the Stonele wave (see Fig. 3.33).
Figure 3.1 (3.1b in particular) illustrates the narrowband nature of this e ct, visible only in the
immediate vicinity of the resonance frequency, contrasting with the broadband Stoneley wave which
extends over an octave or so.

The field at resonance is again given by Eq. (3.9) but this time the frequency is prescribed by Eq.

(3.10). Putting r12 = —1 in Eq‘ (3.9) and substituting for the resonance frequency we find

_ P i Co ‘1ip(z) & jcosth in[ Ca 44]] (3.11)

 

which is clearly bounded, with a maximum at z=h. With the exception of the limiting case Co a «1
(that is, an infinite resonance frequency). the field resulting from an evanescent resonance is always
a leaky wave.

3.2.4 General Requirement

It is obvious by inspection of Eq. (3.10) that a real solution is possible if and only if

:0 < —1 (3.12)

and this same inequality guarantees a solution to Eq. (3.7) at high frequency because for the
assumed conditions (c:p>ca>c1 and cz>c1) :23 increases from coat e1=o to a non-negative value at
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91:05:. Assuming that this increase is monotonic it follows that inequality (3.12) is a necessary and
sufficient condition for the existence of both features.

From Eq. (3.4) we find that

Plam—42mm up —4tar12bis sec2 u,(cosec as —cosec 119)]. (3.13)
P2

Cc:

It follows that (3.12) can be expressed as a lower limit either on 0:2

(p21p3)OOSeC (12 < 4tan2 115 sec2 u,(cosec as — cosec ct”)—cosecoip (3.14)

oron up

wseca < “anus sec-a 0‘: ‘(Pz [Palmsec ‘12 . (315)
p —

titan2 as sec2 as +1

Figures 3.4 and 3.5 illustrate these two inequalities in graphical form and can be used to predict
whether a particular combination of parameters will result in high losses for a fluid sediment Figure

3.4 shows threshold values of (Dz Ipaksosecc:z as a function of 0050.3 and «(E cosap. For a given
combination of top and cs we can read off a threshold (2.3 for HK as marked). High losses arise

unless this threshold is exceeded. The actual HK value for the parameter (92 I'pfioosac a2 is 1],
less than the threshold and consistent with observed high losses. Also of interest is the value of
oosas giving a threshold of 1.7 with cosonp fixed. The value (marked with a cross) is 0.72,
corresponding to c5=2080 rni's in agreement with the critical value quoted by Hovem and Kristensen
[20]. Hi her (lower) substrate shear speeds than this critical value result in high (low) losses for a
fluid s Iment as demonstrated by Fig. 5 of Ref. 20. Notice that the white region of our Fig. 3.4
indicates combinations of up and as for which high losses cannot arise for the mechanisms
considered here. increasing darkness levels indicate an increasing likelihood of high losses. The
shaded region above the diagonal is forbidden on physical grounds. corresponding to a negative
value of Poisson‘s ratio.

For the condition on up it is convenient to rewrite Eq. (3.15) as an upper limit on 0082129 in the form

cos2 a, < [4tanots sec: as -(p2 Ip3)oosec uzlz —(4tan2 as sec2 or, +1)2‘
cos’ as [4tanms sec2 mi;—(p2i'p3)coSo:scosecd2]2

 

(3.15)

Figure 3.5 shows threshold values of 20032up16052u5 plotted as a function of cosoi5 and

1)(p3 Ipflsinc2 . It is similar to Hovem and Kristensen‘s Fig. 7 except that here any combination of

pa, p2 and CE is allowed (their Fig. 7 is restricted to cplcs=2 and pa/p2=5/4), with the transition region
between hig and low losses shown explicitly.

Also apparent from Fig. 3.4 are absolute upper limits on cosch and (:05th of 0.618 and 0.955
respectively (see Appendix B) for which high losses are possible due to interface waves. For a
water sound speed value of 1500 mls these limits translate to

op > 2430 rrv's (3.17)

and

c5 > 1570 mls. (3.18)
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Low Loss
‘ ALWAYS

0.5 0.5 ‘ 0.7 0.8 0.9 —1'
case,

Fig. 3.4 - Contours of( pajoosecrzg threshoid for use with inequaii (3.14 . Contour revels are 0
to 5 in sieps of 0.5. he white region on the right marked ‘LO LO S ALWAYS” Indicates
conditims for which if h iosses cannot arise from the generation of interface waves, irrespective of
sediment properties. he biack region indicates that high iosses are likely but notinevitabie.

1 H

0.9

 

i i
o 0.1 ' 0.2 0.3 ’ 0.4 ‘ 025 ' 0.5 0.7 0.8

costars
Fig. 3.5» Contours of mos/op)? threshold for use with inequality (3,16). Contourieveis are 0 to 1 in
steps of 0.1. The white region on the right marked “LOW LOSSALWA YS” indicates conditions for
which high iosses cannot arise from the generation of interface waves. Conversely, in the black
region high iosses are inevitable, in'especirve of the substrate sound speed 9,
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3.2.5 Critical Frequency

High losses due to interface waves are generated in a well defined range of frequencies, the lower
limit of which is the evanescent resonance frequency fa The highest frequency that can satisfy Eq.
(3.6) is determined by the imaginary part of :23, which depends in turn on the imaginary parts of oz,
c, and c,. Assuming that the interface ane attenuation is dominated by absorption in the sediment. i
the impedance ratio evaluated at the Stoneiey angle becomes

i52

lsin2 82'

 

g" =_1+ (3.19)

 

where a, is the sediment absorption coefficient (in nepers per wave length). The upper frequency
limit is then found by identifying the magnitude of the left and right sides of Eq. (3.6) which can only
be equal at frequencies less than f3 where

2sin2 6
marriage = In I 21 (3.20)
c2 2

and 62 is the (imaginary) sediment grazing angle satisfying the Stoneley condition:

lsin62| = (oz2 for: —1)1I2. (3.21)

This critical frequency for the Stoneley wave f5 is the highest frequency for which perfect
cancellation can occur, and the interface wave amplitude is at its highest around this frequency.
resulting in very high reflection lossss. Above it the substrate interaction is reduced and losses
become negligible at significantly higher frequencies. A practicai upper limit is about Zfa.

Combining both limits results in the overall condition fE< f < 2 f5, that is:

com” ‘04 < 1E1! < 22.. —“2| w (322)
2 Cut-1 C2 62 52 I -

3.2.6 Examples

To test inequality (3.12) four examples (in addition to HK) of fluid sediment types with properties
similar to those of Table l have been identified from recent publications [8,11]. The important
properties of these sediments are summarised in Table II. showing the value of go and. where
applicable. the evanescent resonance frequencny. Also included are the Stoneley wave speed c
and critical frequency fs for each of the five sea beds. Notice that Tollefsen's Site I does not satisfy
Eq. (3.12) and this explains the low losses observed for this case in his Fig, 1. In all other cases the
criterion is satisfied and the predicted resonances are clearly visible at 15 Hz (Ainslie et ar‘ [11] Fig.
4b), 12 Hz (Tollefsen [B] Fi . 5a) and 125 Hz Tollefsen {8] Fig. 6a). Tollefsen’s sites | and Il
parameters are marked as l and TH on Figs. .4 and 3.5. The remaining two parameter sets
(columns 2 and 5 of Tabie Ii) are both close to HK.

 

The Ref. 11 results (column 2) are actually for a layered sediment with sound speed ratio increasing
from 1.091 at the top to 1.194 at the bottom. The czlc:1 value quoted here is an effective sound
speed ratio required to reproduce the same resonance frequency as the original profile, calculated
from the equation

(czlciia = i1+(01¢n lmhizl"” (3.23)
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where on is calculated using Eq. (A18) of Ref. 11 for the phase difference between top and bottom of
the sediment. and evaluated at grazing incidence. For an evanescent wave this “phase difference"
is an imaginary number whose magnitude is the logarithmic decrement of the wave’s amplitude.

Table II — Summary of sea bed properties

     

     
     

 

  
    

 

   
  

   
    

Ainslie at a.‘

[11] (32)
Kristensen {20]
and this paper
(Table l)

Tollefsen {8]
(Site I)        

Tollefsen [8]
(Site II)           

Tollefsen [8]
(Site ill)

  

      

 

      

_
1450.0

[11 II II _

c1 (mls) 1500.0 1500.0 1470.0 .
f (Hz) 482 15.5 MIA .7 124.9
a- s .l . '- - a

f(Hz) 101.3 62.3 44.9 46 0 301.6

3.2.7 Sediment Rigidity

The introduction of a small amount of sediment rigidity results in a train of shear waves generated at
the lower b0undary and travelling up through the sediment layer [21] and these can be modelled as
described in Sec. 2.3, At low frequency these waves can contribute significantly to the reflected
field and have been identified with a series of resonances at regular intervals in requency [7, 22].
Interference between these additional multipaths and the evanescent compressional wave results in
a shift in frequency of the evanescent resonance peak compared with Eq. (3.10) above. This point
is illustmted by Tollefsen’s Fi . 5 which shows the resonance frequency reduced from 12 Hz for a
fluid sediment to 9 Hz for a so id.

  

   

3.3 Behaviour of Reflection Loss at Resonance

Consider reflection loss vs angle evaluated at
the resonance frequency f; for different values
of go. with particular attention to behaviour close

 

.. “’- "-' to Q,=—1. The value of go is controlled by
5 7° “17 varying c2, keeping all other parameters fixed at
g N 4-5 their HK values. Figure 3.6 shows reflection
:r In 4.2;” loss vs angle 91 and critical angle (12 at
g m .u resonance. For large critical angles
g 30. H (a: >40°,q° <—1.3) the expected peak can be
g" . r m seen near gazing incidence. For slightly

in N 5.“ smaller critical angles this peak broadens and at
a . . in the same time moves to steeper angles; this
D 2 ' éuiémim'ém'fi “ " 1" effect reaches a maximum around a2=25". For

Fjg' 3'6 "' Pia”? wave reflscmrf, loss at smaller critical angles still (a: <20",§o >-1)
resonance V5 granny ang'le 91 and my“, 5'79” there is no resonance and the predicted losses
a2. Contouri‘evels are as Fig, 3.1 are low; for illustrative purposes Fig. 36 uses a

nominal resonance frequency of
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= c1 50" 324
f5 4flhSInCt2 Re[ln[go+1]] (I )

for all values of 0:2, A detailed examination of
the behaviour near u2=25° (c2 = 1655 mi's)
shows that the value of C23 passes through —1

(the Stoneley wave condition) at 91 = 12°. More
significantly it stays clues to -1 for all grazing
angles up to about 20° and this explains the
broad feature in Fig. 3.6. in other words the
Stoneley wave and evanescent resonance

; i coalesce into a single feature. This is
s " n 10 1: 14""ii;""ii"“io demonstrated in Fig. 3.7 by plotting BL(6,,f) for

_ “m” A""“,‘"9"“’ c2 = 1655 mis. The nominal resonance
F'Q- :37 — Plane wave fefiecm" I055 V5 angle 91 frequency is 66 Hz but the influence of the broad
afld fiEguency (€2=T555 W8} COMOUI' I'EVeIS band Stoneley wave results in high losses over
6’9 as 19- 3-1 a wide range of frequencies.
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4. SUMMARY

Reflection of plane waves from a layered sea bed is considered. Simple equations for the reflection
coefficient, in the form of a geometric series, are reviewed and shown to apply with surprising
generality. The equations are used to derive a condition for high reflection loss resulting from the
generation of interface waves in the sediment: the sediment and substrate critical angles must first
be large enough to satisfy inequality (3,14); and sec0nd the acoustic wavelength must be of the
same order as the sediment thickness such that inequality (3.22) is satisfied, It is shown that a
necessary condition is for the substrate compressional and shear critical angles to exceed minimum
Values of 52° and 17" respectively, regardless of the sediment parameters.
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APPENDIX A - VECTOR INTENSITY CALCULATIONS

The purpose of this Appendix is to specify the calculations required for the intensity ptots of Figs.
3.2 and 3.3. The derivation is for a solid medium and appropriate limiting cases are taken for the
fluid sediment considered in the main text. Consider the time-averaged intensity vector 1_ [23]

1: —%Re(g'. 2) (A4)
where the particle velocity 1 and stress tensor ‘I.’ are given as a function of the displacement g and
Lame parameters (Lu)

1 = agiat (A2)
1”- = 15i12-§+u(5i2j+8isl) (A3)

§=E¢+Eny (A4)

and my are the usual potential functions. For the three—layer solid medium of Ref. 22, with a p
wave incident from above we have
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exp(iyfz)+ r” exp(—iy1”z) (z s 0)

¢(X.zt)e“'°‘*“" = m + q)_ (o < z s h) (A53)

I” eMOWER - h)1 (2 > h)

r” exp(-i7$z) (2 s 0)
w(X.Z.t)ei“°“°"" = w. + w- (0 < z s h) “‘5'”

9” expliv§(z — h)] (z > h)

where

m = A: exp(ii722) (Asa)
w: =A: exp(iiv32) (A6b)

and the scalar w is the y-oomponent of the vector potential y; by symmetry the x and 2 components
are zero. The reflection and transmission coefficients r03. tml1 are derived in Ref. 22. Applying the
same method for the amplitudes A,” we obtain

AZ =d'1h;(1—<rr>“)+t‘p§ <rr>‘p] (A7a)

A: = I‘m: < rr >9s +11”;(1— < rr 99)] (A.7b)

IAE = d'1{t1p§&1-<rr >“)r§§+ <rr >pa r15; +t$;[<rr>sp r5; +(1— <rr >9” 2]} (Ah)-

A3 = d“{t$g[(1— < rr >“)r;;+ < rr 9“ rgg]+t$;[< rr >3p r2”; + (1— < rr >PP)r;§]} (Md)
Where

d=[(1—<rr>”")(1-<rr>")—<rr>”s<rr>‘°] (AS)

and

M
In the main text the water and sediment layers are both fluids, so that r95. up, and w. are all zero. In
this limit the sediment field simplifies, dropping superfluous superscripts. to

 

«2) = ‘12 [exp(iy22)+ r23 exp(—'ry,z)] (o < z s h). (A10)
1 + r12r23
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APPENDIX B - CONDITIONS ON SUBSTRATE CRITICAL ANGLES

In the main text it is shown that high losses can only occur when the substrate critical angles up
and as exceed certain minimum values regardless of the sediment sound speed. The purpose of
this Appendix is to derive these minimum values.

3.1 Shear Critical Angle as

The lower limit on as is determined from Fig. 3.4 by the intersection of the x-axis (cosmp = 0) with
the zero contour, i.e.

cosecctp +4tan2 as sec2 as(cosecap —cosecas)=0. (3.1)

The result is a cubic equation in sin as

sin3 a, +sin2ms +35inu3-1=O (B.2)

the solution of which is [24]

Sinus = —‘/3§(A"3 —A‘"3)—% ‘ (3.3)

A = 2:...— (BA) l

8J5

The lower limit on as for high losses is therefore

cosots < 0.9553 ((13 >17.2'). (8.5)

B.2 Compressional Critical Angle up

The lower limit on a, is determined by the intersection of Eq. (8.1) with the diagonal

case:s = Jimsap , from which we obtain a quadratic in c052 up

cos‘a, —3cos’ ap+1=ol (3.6)

The solution for cos up is the golden ratio (J3 —1)I2 so that the lower limit on up is

case: <0.6180 (u >51.8°).p p
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