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1 INTRODUCTION

Passive acoustics have proven to be a useful tool in the study of sperm whales (Physeter macro-
cephalus) [1–4]. A number of methods have been proposed for the passive acoustic localisation of
vocalising animals in general [5–7] and specifically for localisation of vocalising sperm whales using
sea floor mounted sensors [8–10] and hydrophone arrays towed behind a vessel [11,12].

Utilisation of towed hydrophone arrays is particularly common as deployment and transportation costs
are relatively low. For bioacoustic applications, towed hydrophone arrays consist of a 100-400 meters
cable with as few as two elements separated by a distance of up to 3 meters. The use of a line
array leads bearing estimates between 0◦ and 180◦ with an ambiguity if the source lies to the left or
the right. Estimates of the range of a target animal from these bearings only measurements can be
obtained by plotting lines from the measured bearings to the animal and observing the range at which
they intersect over time in the order of minutes. This process can be subject to considerable errors
and requires manual intervention.

Estimating the position of a target using bearings only measurements is a classical tracking problem
in passive sonar and heat signature tracking to which a number of Bayesian solutions have been
proposed [13–18]. Such solutions are based on derivatives of the Kalman filter [19, 20] and particle
filters [18, 21]. Further to this White and Hadley [8] utilised a particle filter to track a single vocalising
sperm whale in a Cartesian based coordinate system using five sea floor mounted sensors.

It is proposed that Bayesian tracking algorithms can be utilised to automate the task of estimating
the range of sperm whales from an observing vessel and provide automated range updates. Two
Bayesian tracking algorithms are reviewed with both being applied to range and bearings tracking of
simulated data with known statistics. These algorithms are then applied to tracking the range and
bearing of a single sperm whale from an observing vessel.

2 TRACKING ALGORITHMS

Tracking algorithms are recursive Bayesian estimators where the current position of a target relative to
an observer is estimated from the previous estimate and a related noise contaminated measurement.
Tracking is a state estimation problem where the state of a tracked system (the target), x, which here
represents the animal’s position, at time k can be defined as:

xk = f (xk−1,uk−1) + vk−1 (1)

where the function f (. . .) models the process by which the system propagates from state xk−1 to
state xk, which here is the animal’s change in position. A noise term, vk accounts for parameters
not modelled by f (. . .), such as the animal accelerating. A control vector, uk−1, accounts for the fact
the observer maybe making measurements from a moving platform. The transformation by which the
system state, xk, becomes a measurement, zk, a bearing in this case, can be modelled as:

zk = h (xk) + wk (2)
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where wk is a noise term accounting for processes not modelled by h (. . .).

The task is to obtain the posterior distribution of xk given z0:k using Baye’s rule [21]:

p (xk|z0:k) =
p (xk|zk) p (xk|z0:k−1)

p (zk|z0:k−1)
(3)

It is then possible to use (3) to construct a minimum mean squared error (MMSE) estimate of the
system state:

E {xk|z0:k} =
∫

xk · p (xk|z0:k)dxk (4)

If the noise processes vk and wk are Gaussian and f (. . .) and h (. . .) are linear then (3) is optimally
calculated by the Kalman filter [18, 22, 23]. However these restrictions aren’t met in tracking appli-
cations where the noise process distributions can not be accurately represented by first and second
order statistics and f (. . .) and h (. . .)are non-linear. The unscented Kalman filter and particle filters
are solutions that estimate (3) when the restrictions for the Kalman filter are not met. As discussed
below, in section 3, f (. . .) and h (. . .) are both non-linear functions in this application which eliminates
the Kalman filter as a tracking solution.

2.1 UNSCENTED KALMAN FILTER

The unscented Kalman filter (UKF) applies the unscented transform [24] to the Kalman filter frame-
work [19]. A set of 2N +1 sigma points, Xk−1, are strategically selected around the previous estimate
x̂k−1|k−1, to represent the system state. The sigma points lie at the mean and ± one standard de-
viation in each dimension of the N dimensions. The sigma points are then propagated through the
system function (1) and a prediction of the next system state x̂k|k−1 is made. Each sigma point is then
transformed by the measurement function (2) to acquire a set of measurement sigma points, Zk|k−1,
which predict the measurement vector. The points Zk|k−1 and the latest measurement zk are used to
calculate the adjustment needed to the prediction x̂k|k−1 to give the final estimate x̂k|k.

2.2 SAMPLING IMPORTANCE RESAMPLING PARTICLE FILTER

Particle filters differ from the UKF by replacing the small number of strategically selected sigma points
for a large number of particles made up of randomly drawn samples with supporting weights. The
Sampling Importance Resampling (SIR) particle filter [21,25] is the simplest form of functional particle
filter. A set of particles x1:N

k is drawn from the prior distribution p
(
xk|x1:N

k−1

)
with weights calculated

from the evidence term w̃i
k = p

(
zk|x1:N

k

)
. After the weighting process has been completed the

weights are normalised so they sum to one: wi
k = w̃i

k∑N

i=1
w̃i

k

. A MMSE estimate is then computed from

the particles: x̂k =
∑N

i=1 w
i
kx

i
k. The final step is to resample the particles so that the less likely ones

are replaced with duplicates of those that are more likely.

3 APPLICATION TO SPERM WHALE TRACKING

Application of tracking filters to tracking the range and bearing of sperm whales requires definition
of xk, zk, f (. . .) and h (. . .). In the literature the measurement zk is typically a single bearing mea-
surement [13–18]. These publications typically assume that the observer is able to out-manoeuvre
the target and a complete and accurate knowledge of observer’s own position and motion is avail-
able. If this is true the range of the target can be resolved from bearing measurements acquired
by the observer. Unfortunately in bearings only sperm whale tracking this is not always true. The
observing vessel’s manoeuvres can be derived from GPS data, however the array cable length is
typically of the order of hundreds of meters so is slow to respond to manoeuvres which makes out-
manoeuvring the target animal extremely difficult. Range can be roughly measured using pairs of
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Figure 1: True bearings and range, unfiltered range estimates generated using the sine rule, and
bearings and range tracking results from the UKF and SIR particle filter for simulated data

bearing measurements and the sine rule. The tracking filter will then estimate a range with less error.
The measurement vector can now be defined as:

zk = [θk, rk]T (5)

where θk is the measured bearing and rk is the measured range. Although it’s knowledge of the
animal’s range and bearing from the observer that is desired, it has been reported that tracking in a
modified polar coordinate system, where the reciprocal of the range is tracked, leads to more stable
filtering equations [13]. The system function, f (. . .), requires the rate of change in range and the
angular velocity of the target animal to be incorporated into the state vector to account for the animal’s
motion. The state vector can now be defined as:

xk =
[

1
rk
,
ṙk
rk
, θk, ωk

]T

(6)

where rk is the estimated range, ṙk is the estimated rate at which the range is changing, θk is the
estimated bearing and ωk is the estimated angular velocity. The control vector uk for the array can be
estimated by delaying the observing vessel’s GPS data.

3.1 SIMULATION DATA

It is extremely difficult to obtain accurate positioning information for dived sperm whales, therefore it
is useful to test the proposed tracking filters on simulation data so that a ground truth is available for
results comparison. Data is generated using the system function, f (. . .), and measurement function,
h (. . .), utilised in the tracking filters. Gaussian noise samples are generated for vk, with variance
σ2

v = 0.28 derived from figures reported by Whitehead [3] and Wahlberg [1], and wk with variance
σ2

w = 0.005.

Figure 1a) shows the true bearings of the target from the observer and the results from both tracking
filters. It can be see that the UKF diverges from the true bearings whereas the particle filter closely
tracks the true bearing. Figure 1b) shows the true range of the target, the range estimates that have
been back calculated using pairs of bearing estimates and the sine rule - used as a range measure-
ment input to the tracking filters - and the range estimation results from each filter. In keeping with how
the system would be initialised in practice, the filters are initialised with the first range measurement.
Both range estimates converge towards the true range from the initial range estimate.
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Figure 2: Unfiltered bearings estimates and range estimates generated using the sine rule, and bear-
ings and range tracking results from the UKF and SIR particle filter for sperm whale data

3.2 ACOUSTIC SPERM WHALE DATA

Figure 2 shows the bearing and range tracking results for 5 minutes of acoustic sperm whale data.
Although no ground truth is available the performance of the two tracking algorithms can be evaluated
on how they follow the general trend of the noisy measurements data without diverging. Despite
positive early results (>100 seconds), Figure 2a) shows the bearing tracking results from the UKF
diverge from the range measurements. The bearings tracking results from the SIR filter appear more
sensitive to small variations in bearing, however the SIR filter does not diverge from the general trend
of the bearing measurements.

Figure 2b) shows the range tracking results in comparison to the range measurements. Again the
UKF shows good early tracking results until it starts to diverge between 50 and 100 seconds before
becoming unstable at 125 seconds. The SIR filter range estimates seem to better follow the general
trend in the range measurements and remain stable.

3.3 RESULTS ANALYSIS

The characteristics of how the UKF and SIR particle filter function are reflected in the way each re-
sponse to erroneous measurements. Figure 2a) shows a bearing measurement of 24◦ at 30 seconds.
The UKF maintains the general trend in bearing change and estimates the bearing as 45◦ when the
SIR estimate is 39◦. The UKF deviates less from the general trend in bearings until 100 seconds
where upon it departs from this trend. At 150 seconds the variance of the noise on the bearing
measurements increases, i.e. the signal to noise ratio (SNR) decreases, for a period of 50 seconds.
During this period the bearing measurement noise increases and the range measurements derived
from the bearings become zero. This causes the UKF to become unstable and diverge, however
the SIR filter remains stable and is able recover to continue tracking when the bearing measurement
noise decreases again. This is because the SIR filter is better able to model higher order statistics in
the posterior distribution and therefore is better able to adapt to changes in the measurement noise.
Performance gains may be made from improved modelling of the system and measurements noise
distributions, rather than using a simple Gaussian approximation. Such improvements could include
limits on animal swim speed or modelling the measurement noise with a Cauchy distribution.
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4 CONCLUSION AND DISCUSSION

The results presented in section 3.2 demonstrate the applicability of tracking filters to tracking marine
mammals using towed hydrophone arrays. Tracking performance is affected by the SNR of the mea-
surements made which is dependent on hardware, software and environmental factors. False sperm
whale click detections result in erroneous bearing measurements being made leading to increased
measurement noise variance. This can be a consequence of an algorithmic failure or the result of
other noise sources in the water. In the work presented the range measurements are made from
pairs of bearing measurements, therefore any erroneous bearing measurements also result in noise
on the range measurements. Both these problems may be reduced by increasing the number of array
elements. This would allow more robust bearing and range measurements and beam-forming which
could further improve the SNR. Heading sensors on array elements would allow more accurate results
from the system function model (1) because uk would be more accurately known.

Particle filters have also been proven to be applicable to tracking multiple targets [26] which is very
difficult with the UKF. The ability of the particle filter to model any distribution and readily available
access to the modelled distribution provides a potential solution to the left-right ambiguity problem
associated with passive acoustic tracking with towed hydrophone arrays. Adaptation to tracking with
different configurations of hydrophones is relatively simple as it would simply require modification of
measurement function. These factors as well as the results presented here make the SIR particle
filter an appropriate method for tracking sperm whales from towed hydrophone arrays.
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