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1. INTRODUCTION

Active noise control (ANCY) is realised by artificially generating secondary (cancelling) source(s)
of sound through dclecting the primary (unwanted) noisc and processing it by a suitable
. electronic controller, so that when the secondary wave is superimposcd on the primary wave the
two destructively interfere with one another and reduction of the unwanted sound occurs.
Theoretical and practical investigations have shown thal, generally, due to the broadband naturc
of the noise emitted by practical sources, the control process is required to realise suitable
continuous frequency-dependent characieristics so that cancellation over a broad range of
frequencics of the noise is achieved [1-4].

In practice, sources of noise can broadly be classified as compact or distributed. A compact
source of noisc is theoretically modelled as a point source with contours of equal pressure levels
forming spherical surfaces around the source. A distributed source of noise, on the other hand,
can be modelled as a set of point sources distributed around the surface of the source. In
cancclling the noise of @ compact source, a single detector is gencrally sufficient 1o obtain the
required signal information needed to gencrate the cancelling signal. This leads (o the realisation
of a control structure incorporating a single input signal. However, in cancelling the noise of a
distributed source, to obtain sufficient signal information, 2 multiple set of detectors will be

required. This will lead to the realisation of a multi-input control structure. Similarly, at the
'~ output ¢nd, the performance requirements of the syslem as related 10 the physical cxtent of
cancellation in the medium, will lead (o the realisation of either single-output or multi-output
" control structures. Therefore, depending on the application a suitable control structurc
incorporating the required number of inputs and ocutputs can be cmployed. In cither case, the
dependence of the required controller characteristics on the geomelric arrangement of sysicm
components ¢an lead to design consiraints under certain conditions.

This paper presents a cohcrent method of design of ANC systems for compact and distribuied
sources of noise in a three-dimensional non-dispersive propagation medium (free-field). An
analysis of single-input single output (SISO), single-input multi-output (SIMO) and multi-input
multi-output (MIMO) control structures is given. Conditions for the robust operation of such
systems on the basis of optimum cancellation, in relation to controller design, arc determincd.
These conditions ate interpreted as constraints in the geometric compositions of the system. The
controller design relations arc developed in the frequency-domain. These can, cquivalently, be
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thought of cither in the complex frequency s—domain or the z—domain allowing the practical
realisation of the comresponding controller in cither the contituous-time or the discrete-lime
using analoguc or digital techniques accordingly.

2. ACTIVE HOISE CONTROL STRUCTURE

A schematic diagram of a general ANC structure, namely the MIMO fecdforward control
structure (FFCS), is shown in Figure 1(a). A set of n (gencrally independent) primary point
sources cmil unwanlted acoustic signals (noisc) into the medium. These are detected by a set of
n detcetors, processed by the MIMO controller and fed to a sct of & sccondury sources. The
secondary signals thus generated are superimposed upon the unwanted noise 5o that the noise
level is reduced at a sct of &k observation points. The corresponding frequency-domain
cquivalent block diagram of Figure 1(a) is shown in Figure I1(b) where E (axn), F (kxn), G
(nxk) and H (kx k" represent transfer characteristics of acoustic paths between the primary
sources and the detectors, the sccondary sources and the detoctors, the primary sources and the
obscrvers and the sccondary sources and the obscrvers respectively. M (nxn diagonal), M,
(kxk diagonal) and L (kxk diagonal) represent the uansfer characieristics of the detlectors,
the ohservers and the sccondary sources respectively, € (nxk) represents the transfer
characweristics of the controller. U, (Ixn) and U, (Ixk) are the primary and secondary
signals at the sources whereas Yo, (1<) and Y, (1xk) arc the corresponding signats at the

ohservation puint respectively, Uy, (Jxna) and Y, (1x&) represent the detected and observed
signals respectively. As secn in Figure 1(a), each detcctor gives a combined measure of the
primary and sccondary waves that reach the comesponding detection point. The secondary
waves thus reaching the detectors form closed feedback loops that can cause the system: 1o
become unstable. Therefore, a stability analysis of the system to lead 10 a robust design is
necessary at a design stage [S).

The objective in Figure 1 is to reduce the level of noise 10 zero at the obscrvation puints. This
corresponds to the minimum variance design criterion in a stochastic environment, This requires
the observed primary and sccondary signals at cach observation point 10 be equal in magnitudes
and have a phasc differcnee of 180", Synthesising the controller within the block diagram in

Figure I(b) on the basis of this objective yields the required controller transfer function as

C=M"'A"'GH™'L" n

where A is an # % matrix given by

A=GH'F-E )

212 Proc.l.O.A. Vol 16 Part 2 {1994)

1
|



Proceedings of the institute of Acoustics

GEOMETRY CONSTRAINTS IN THE CONTROLLER DESIGN OF ANC SYSTEMS

Equation (1) represents the required controller design relation for optimum cancellation of noise

at the observation points.
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(a) Schematic diagram,

{b) Block diagram.

Fizure 1: Aclive noise control structuer.
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3. CONTROLLER DESIGN CONSTRAINTS

It follows from equation (1) that for given detectors and secondary sources with necessary
electronic components, the controller characteristics required for optimum cancellation is
dependent on the characleristics of the acoustic paths from the primary and secondary sources
to the detection and observalion points. In particular, if the set of detection and observation
points are such that the determinant of A in eguation (1) becomes zero then the critical silation
of infinite gain controller (IGC) requirement arises. The locus of such points in the medium (as a
practical limitation in the design of the controller) is therefore of crucial intercst, Under such a
situation, equation (2) can b wrilten, for periodic waves, as

[AGiw)] =|G{jw)H™(jw)F(jw)- E{jw)|=0 3)

where E(jw), F{jw), G{jw} and H(jw) represent the frequency responses of the
cormresponding acoustic paths in Figure 1, j is the unil imaginary number and ® is the radian
frequency. These, for the propagation medium under consideration are given by

E(jw) = {e (jo)} = {—e ""}. F(jw) = { (o)} { e "’}. i=1L2,...n
Yo e p=12...n 4

G(J'm)={g;.(j0))}={:A_—e-j%""}. H(jw) {h (Jm)} {—g ":"‘}, g=12,...k

Thee

where A is a constant and 1, 7, 1, and 1, are the distances of the acoustic paths with

transfer characteristics e, (jw), f,(jw), g, (jw) and h_(jo) respectively. Note that equation
(3) is given in terms of the characteristics of the acoustic paths in the system. This implies that
the IGC requirement is a geometry-related problem in an ANC sysiem. Therefore, an analysis of
cquation (3) will lead Lo the identification of loci of {detection and observation) points in the
medium for which the IGC requirement holds. To obtain the solution of equation (3 a SISO
sysiem is considered first. The results obtained arc then used and extended to the SIMO and
MIMQO ANC systems.

3.1. Single-Input Single-Output System
Let the ANC system in Figure | incorporate a single primary source {n=1) and a single

sccondary source {(k=1). Thus, subsliwting for E(jo), F(jw), G(jw) and H(jw) from
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cquation (4) into cquation (3) with the associated distances denoted as Yo by 1, and £, and
simplifying yiclds
(r, ] -Jfr;-r,);g (’}) -i{n-',)f
- e =L e
./ A

This cqualion is truc if and only il the aniplitudcs as well as the exponents (phascs) on cither
side of the equation are equal. Equating the ampliudes and the phases, accordingly, yiclds

L

I

=d o, n~h=n—-F N &)
rf e

where a is a positive real number representing the distance ratio. Equation (5) defincs the locus
of points for which [A( jm)]:() and the coniroller is required 1o have an infinitely large gain,

Note that this.equation is in terms of the distances r, Iy, rand g, only. Therefore, the critical

situation of the IGC requirement is determined only by the locations of the detector and
observer relative to the pimary and secondary sources.

Manipulating equation (5) further yields the locus of IGC requirement as

-r-'-=i=1 for a=1 (6)
r &

r I,
Loy and Loyl or Lol for azl (7)
oo T LA

Equations (6) and (7) give the lecus of detection and observation points in the medium relative

te the primary and sccondary sources for which the IGC requirement holds. Analysing these in a

three-dimensional space coordinate system (assuming the primary and secondary sources arc

located at points P and § respectively) will reveal that, in particular, equation (6) defines the
locus as a planc surface that perpendicularly bisects the line joining poinis £ and §. Equation

(7), on the other hand, defines the locus as a circle (IGC circle) with centre along the line PS

and on a plane that is parallel with that defined by cquation (6). The radius of the IGC circle is

given by the distance betwecn the detector and the line PS [6]. :

Note in Figure 1(a) that if the observer and the detector coincide with one another then the

" feedback contral structure (FBCS) is obtained. In such a process |Al=0 will resull which

Proc.l.0.A. Vol 16 Part 2 {1994) 215



Proceedings of the Institute of Acoustics

GEOMETRY CONSTRAINTS IN THE CONTROLLER DESIGN OF ANC SYSTEMS

will always require a controller with an infinitely large gain. With a practically acceptable
compromise belween system performance and controller gain, and careful consideration of
system stabilily, reasonable amounts of cancellation of noise can be achieved with this structure,

3.2. Single-Input Mulii-Output System

Let the ANC system in Figure | incorporate a single primary source (n=1) and & sccondary
sources. Thus,

c={e,}. E=[e} F={t}, i=l2..&

' . (8)
G={gj}' H={hﬁ}' J=12, .k

Substituting for E(jw). F(jo), G{jo) and H{jw) from cquation (8) into equation (3), using

cquation (4) with the associated distances denoted as 7,, r,, r,, and 7, respectively and
simplifying yields '

s i=0L2,..,k o

T TR T S T S Sy

and

_rﬂ_ = Nt - rﬁlz = = r!gil =a
S = =4,
Y Tt Tamz Fimt

o= L2,.k

;o om=L2,...,k (o

Fon 7 = ot ~0ait =z~ Taiz oo it —hhie 3 1+m

fm

where g; and a,, are positive real numbers representing distance ratios. Equations (9) and (10)

definc the loci of detection and observation points for which |A( jm)| =0 and the conwroller, for

optimum canecllation of noise at the observation points, is required to have infinitely larpc gain
in cach sccondary path. In paricular, equation (9) describes the locus of detection and
obscrvation points relative to the location of the primary source and sccondary source i

(i=1,2,...,k), i.c. k pairs of sources, whereas equation (10) describes the locus of delection
and observation points relative (o secondary sources i (i=1,2,...,&) and m (m=1,2,...,4),
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=1
ie. Z:’ pairs of sources. Thus, using the results obtained in the previous sub-section, assuming
=l
the Iwo sources in question are located at points X and ¥, the following two situations lead to
the IGC requirement

fa) When the detector and all observers are equidistant from points X and Y. This defines the
locus of detection and obscrvation points as a plane (the IGC planc) that perpendicularly
bisects the line XY .

b} When the distance ratios from point X to the detector and observer m {(m=1,2,...,k) and
to each pair of observation points as well as the distance ratios from point ¥ to the detector
and obscrver m (m=1,2,,..,k) and (0 each pair of observation points are each equal to
unity. This defines the locus of detection and observation points as a circle (the IGC circle),
with centre along a straight line passing through points X and ¥, on a plane that is at right
angles with thig line.

3.3. Multi-Input Multi-Ouiput Systcm

Let the ANC system in Figure 1 incorporate n primary sources and & secondary sources. Thus,
the transfer characieristics E(jo), F{jo), G(jw) and H{jw) arc defined as in equation (4).
Substituting for these functions from cquation (4} into equation (3) and simplifying yields

rfml_rnnZ,_, _rm_rl""_’}"ﬁ_ _rl'""_a
e eE—,,SE—m—=—, ==
.
i a2 P T Pt
_ - - _ _ (1)
Feit = Feml = Vet ™ Femz S0 e= Tt " loww T ht ™l =gt ™y Seee Tl =Ly

Temt _ Temd _ _ Fomn _ Temi _ Tymz Do a
T T T ET S e— .. =a,
oo Taz T Ta Taa Pk
Sy o= o - - - (2
Tt~ Temt = T = Femz Too = Py ~log =l — N = hhia T gy TS N ey
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Do T2 T e e T,
veas T el o = =aq,
m  Tm oo  Tit Thiz A

(13)

Ty = Tom = Tar = P oo™ Py~ Tpny = Tt Tt = Thiz = Thom2 == Tht ™ T

i=L2,0.0k 3 m=L2,...,k 3 i#m

where a,, a,, and g, are positive real numbers representing distance ratios. Eguations (11),
(12) and (13) dehne loci of detcction and obscrvation points relalive to the locations of the
sources in the medium for which the IGC requirement holds. In particular, equation (11} defines
the lecus of such points relative to the locations of primary sources § and m, cquation (12}
defines the locus with respect to the locations of primary source m and secondary source § and
cquation (13) defines the locus with respect to the locations of secondary sources i and m.
Thus, the locus of detecion and observation points leading to the IGC requircment is, in this
case, defined in relation 10 the locations of all possible pairs of sources, cach pair considered at
a time. In this manner, {or a sysiem with n primary sources and & sccondary sources a Lotal of

k=1 n=1
Zi+zm+nk pairs of sources can be identificd. Among these, thc primary sources

ml m=|

a~l
considercd with onc another lcad loz m pairs, the secondary sourccs considered with one

mz}

k-1
another lead to E:‘ pairs and the remaining mk pairs are formed by considering each primary
fal
source with the secondary sources. [t follows from the analysis presented in the previous sub-
scctions that, in each case, assuming the Iwo sources in question are located at points X and Y,
the following two situations lead to the IGC requirement

fa) When all the detectors and observers are equidistant [rom points X and Y. This defines the
locus of detection and observation points as a plane (the IGC planc) that perpendiculary
bisects the linc XY

{b) When the distance ratios from point X to cach pair of detcction points, to detector §
{i=1,2,...,n) and observer m (m=1,2,...,k) and to cach pair of observation points as
well as the distance ratios from point ¥ to cach pair of detection points, (o dewctor {
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each cqual to unity. This defines the locus of detection and observation points as a circle
(the IGC circle), with centre along a line passing through points X and ¥, on a plane that is
aLright angtes with this line.

4, CONCLUSION

An analysis and design procedure for ANC systems in a three-dimensional non-dispersive
propagation medium on the basis of eptimum cancellation of noise has been presented, The
relation between the transfer characteristics of the required controller and the geometrical
arrangement of sysiem components has been studied and conditions interpreted as geometrical
constraints in the design of ANC systems have been derived and analysed.

The dependence of controller characteristics on the characteristics of the acoustic paths in the
system, arising from gcometrical arrangement of system components, can sometimes Icad 1o
practicat difficulties in the design of the controller and to instability problems in the sysiem. In
particular, there are specific arrangements of system components, identified as loci of detection
and observation points relative 1o the sources, which lead to the critical situation of infinite-gain
cantroller requirement. In an ANC sysiem with n primary sources and k secondary sources, the
locus is defined in relation to the location of all possible pairs of sources, each pair considered at
& ime. In this manncr, assuming (he iwo sources in question arc located at points X and ¥, the
following two sitvations lead to the IGC requirement

{7} When all the detectors and observers are equidistant from points X and Y. This defines the
locus of detection and observation points as a plane that perpendicularly bisects the line
XY.

(2} When the distance ratios from point X to cach pair of delection points, to detector i
(i=1,2,...,n) and observer m (m=1,2,...,&) and lo each pair of observation points as
well as the distance ratios from point ¥ to cach pair of detection points, to detector .
(i=12,...,n) and cbserver m {(m=1,2,...,k) and to cach pair of obscrvation points are
cach cqual 10 unity. This defines the locus of detection and observation points as a circle,
with centre along a straight line passing through points X and Y, on a plane that is at right
angles with this line.-

In a FBCS, where both the detection and observation points coincide with one another, the
situation leading to the IGC plane corresponds to the detection paint(s) being on the 1GC planc.
In a FFCS, however, this corresponds to the sitwation when the detection as well as the
observation points are on the 1GC plane. With the siation leading to the IGC circle, on the
other hand, a FBCS always satisfies the requirement. In a FFCS, however, it is possible 1o
minimisc the region of space occupicd by the IGC circle by a proper geometrical arangement of
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