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1 INTRODUCTION  
In porous materials the dominating nonlinearity is associated with the growth of flow resistivity with 
flow velocity. It leads to an excess sound attenuation inside the material which has been observed 
in highly porous fibrous materials and porous ceramics1,2. An equivalent fluid model of Johnson3 
with effective flow resistivity values dependent on Reynold’s number was first employed to explain 
the nonlinear behaviour of rigid porous materials assuming constant flow through the sample4. 
Thermal effects were included by means of the complex compressibility function introduced by 
Champoux and Allard 5 and Lafarge 6.  The present paper offers a development of the 
“nonlinearisation “of the equivalent fluid model but allows for particle velocity variations within the 
sample.  The resulting nonlinear model enables prediction of the acoustical properties of hard 
backed porous single and multiple porous layers at high intensities of incident sound. 
In Section I A of this paper the model for nonlinear impedance and reflection coefficient of a single 
hard backed layer is described. As a result of this an analytical expression for the dependence of 
the reflection coefficient and surface impedance of a layer on the incident pressure amplitude is 
obtained.   
In Section I B the model is extended to an arbitrary number of porous layers. The resulting system 
of nonlinear algebraic equations requires numerical solution to give the dependence of surface 
impedance and reflection coefficient on incident pressure amplitude. 
In Section II, results are compared with data. Surface admittance and reflection coefficient of a 
single layer have been measured at different levels of continuous acoustic excitation for hard-
backed layers of lead balls and porous concrete. Data are compared with the nonlinear model 
predictions at different frequencies, particularly those near the layer resonances. 
The model for multiple porous layers has been tested on triple layers of lead shot with different 
particle sizes in each component layer. 
The main results of the paper are summarized in Conclusions. 
 
 
2 MODEL FOR SURFACE IMPEDANCE AND REFLECTION 

COEFFICIENT DEPENDENCE ON SOUND AMPLITUDE 

2.1 Single hard backed rigid porous layer  

By introducing the dimensionless complex tortuosity ( )ωα and complex compressibility )(ωC of the 
fluid contained in a rigid porous material, the equations for pressure p and particle velocity v 
variations in the plane sound wave of angular frequency ω  can be written in the following form: 
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here  is the adiabatic sound speed and 0c 0ρ  is the density of air  . 

The dynamic (complex) tortuosity ( )ωα  is approximated by the following function 3: 
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where ∞α  is the tortuosity, σ  is the flow resistivity, Λ  is the characteristic viscous length, φ  is the 
volume porosity and η  is the coefficient of dynamic viscosity for air. Similarly, the dynamic 
compressibility )(ωC  is approximated by 5,6: 
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where γ  is the adiabatic constant,  is the Prandtl number,  is the thermal permeability, and 

'  is the characteristic thermal length. The number of parameters necessary to model sound 
propagation in granular materials can be reduced by using a similarity relationship between 
complex density and complex compressibility functions 

prN '0k
Λ

7.  
It is assumed that flow resistivity grows linearly with the particle velocity amplitude in the sound 
wave:  

( vξφσσ += 10 )        (4) 

where ξ  is Forchheimer’s nonlinearity parameter which can be measured in standard flow 
resistivity tests. The factor of porosity in equation (4) allows for the difference between the particle 
velocity in the pores and the flow velocity measured outside the material. 
Expression (4) is substituted in (2) to get the velocity-dependent complex tortuosity ( )v,ωα . 

 The solution of equations (1) with a velocity-dependent complex tortuosity ( )v,ωα  is performed by 
the method of slow varying amplitudes. First the dispersion relation is found in linear approximation 
i.e. 
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Then a solution of nonlinear equations is sought in the form  
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where  are the slow varying amplitudes of particle velocity in the forward and backward 
propagating waves. Expressions (6) are now substituted into (1) and the second derivatives of 

are neglected to give a pair of first order nonlinear differential equations describing spatial 

changes in : 
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To determine the normalised surface impedance of the layer
)0(
)0(1
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=  equations (7) have 

to be solved with conditions of flux continuity and pressure continuity at the material surface 
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and the condition of zero particle velocity on an impervious hard backing: 
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where d is the porous layer thickness. The reflection coefficient follows from 
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The solution of equations (7) has been performed using the mean-field approximation 8. This leads 
to the following relationships between the velocity amplitudes on both sides of the layer: 
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By combining this with boundary conditions (7)-(9) the following transcendental equation for the 
dependence of surface impedance on incident pressure amplitude has been obtained: 
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2.2 Multiple hard backed rigid porous layer 

The schematic representation of the studied multilayered absorber is shown in Figure1. 
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Figure 1. Schematic representation of multiple rigid layers 
 
 
The equations for the pressure p(n) and particle velocity v(n) variations in the plane sound wave of 
angular frequency ω  propagating in layer n (n=1…N, where N is the total number of layers) are 
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similar to (1) with ( ) ( )ωα n  and  being the complex density and complex compressibility 
respectively. 

( ) )(ωnC

The complex tortuosity  of the n -th layer is approximated using the equivalent fluid model 

again with following parameters: 

( )ωα )(n

( )n
∞α  is the tortuosity, ( )nσ  is the flow resistivity,  is the 

characteristic viscous length,  is the volume porosity of layer n material and 

( )nΛ
( )nφ η  is the coefficient 

of dynamic viscosity for air. The complex compressibility function  is determined using the 

parameters  (thermal permeability), and 

)()( ωnC
( )nk '0

( )n'Λ  (characteristic thermal length in the nth layer.  
It is assumed that the flow resistivity of the nth layer material grows linearly with particle velocity 
amplitude in the sound wave:  

( ) ( ) ( ) ( ) ( )( )nnnnn vφξσσ += 10          

where  is the Forchheimer’s nonlinearity parameter in the nth layer. The velocity dependent 
flow resistivity is substituted into the equivalent model expression for complex tortuosity in the same 
way as in Section 2 A. 
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Solution of the resulting nonlinear equation for each layer is sought in the form:  
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where  are the slow varying amplitudes of particle velocity in the forward and backward 
propagating waves in the nth layer. 
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A pair of first order nonlinear differential equations similar to (7) describe spatial changes in ( )nv± : 
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In the following consideration velocities on each layer top and bottom are denoted as  and ( )nV±
( )nV±

~
 respectively.  

On the impervious hard backing, the boundary condition of zero velocity means that 
( ) ( ) 0~~ =+ −+

NN VV . 
Another 2(N-1) equations result from the flux and pressure continuity at the boundaries between the 
layers: 
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where m = 2..N.  
At the top layer boundary with air, the pressure and flux continuity equations can be written by 
introducing reflection coefficient R (defined previously): 
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The relationship between  and ( )nV±
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~
 can be found by approximate solution of (13) using mean 

field approximation and is defined by the following transcendental equation 
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Equations (19) have to be solved numerically to determine the reflection coefficient for multilayered 
absorber at different values pi of the incident pressure amplitude.  
 

3 COMPARISON WITH DATA  
The main result from the model for single hard backed porous layer is that the reflection coefficient 
of the layer at resonance can experience either growth or decrease followed by subsequent growth 
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with incident pressure amplitude depending on the material parameters and layer thickness. 
Reflection coefficient measurements have been carried out on a layer of lead shot with 3.8mm 
particle diameter using a vertically installed impedance tube. A horizontal impedance tube has been 
used for similar measurements on a layer of porous concrete. Both materials show strong 
dependence of their flow resistivity on flow velocity (Figure 2 (a,b)).  
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Figure 2. The dependence of flow resistivity on flow velocity and its straight line approximation, a- 3.8mm lead 
shot, b – porous concrete 
 
The parameters of lead shot used in modelling have been either measured ( 385.0=φ , 

, 2
0 /1373 msPa×=σ ms /7.3=ξ ) or estimated using cell model 9 ( ) and 

empirical formula 

m4105.5 −×=Λ
10 ( 6.1=∞α ). The complex compressibility function was estimated assuming 

identical spherical particles 7. The reflection coefficient at resonance changes non-monotonously, as 
the incident pressure amplitude grows, in agreement with model predictions. This is illustrated in 
Figure 3 (a,b) 
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Figure 3. Predicted and measured behaviour of the reflection coefficient of  a 10cm layer of lead shot (3.8mm 
particle diameter). A- Data (points) and Johnson/Allard/Lafarge model predictions (line) for frequency 
dependence at low amplitude sound (white noise). B – data and nonlinear model predictions for incident 
pressure amplitude dependence of the reflection coefficient  at layer resonance (415Hz). 
 
A different type of behaviour has been observed for a 10cm sample of porous concrete. The 
porosity, flow resistivity and Forchheimer’s parameter of the material have been measured 
( 3.0=φ , , 2

0 /3619 msPa×=σ ms /3.8=ξ ). Other parameters have been adjusted to fit low 

intensity (linear) data with equivalent fluid model predictions ( ,m4102.2 −×=Λ 8.1=∞α ). 
Spherical particles have been assumed again to estimate complex compressibility function. In this 
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case the reflection coefficient at resonance (500Hz) grows with incident pressure amplitude, as 
shown in Figure 4 (a,b). 
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Figure 4. Predicted and measured behaviour of the reflection coefficient of a 10cm layer of porous concrete. 
A- Data and Johnson/Allard/Lafarge model predictions for frequency dependence at low amplitude sound 
(white noise). B – data and nonlinear model predictions for incident pressure amplitude dependence of the 
reflection coefficient  at layer resonance (500Hz). 
 
Experiments on multiple layers have been carried out on triple layers formed from lead shot with 
different particle sizes. The top layer was made from 3.8mm lead shot, 2.1mm lead shot was used 
for the intermediate layer ( 385.0=φ , , 2

0 /3496 msPa×=σ ms /3.2=ξ , , m4108.2 −×=Λ
6.1=∞α ) and the smallest (1.25mm) size lead shot was used for the bottom layer ( 385.0=φ , 

, 2
0 /6818 msPa×=σ ms /2=ξ , , m4101.2 −×=Λ 6.1=∞α ). The total thickness of the triple 

layers was always the same and equal to 14.7cm. The thicknesses of the individual layers have 
been changed (so that intermediate and bottom layers always had equal thicknesses) to study their 
influence on the overall absorption performance of the multiple layers. Three configurations with top 
layer thickness of 4.7cm, 7.7cm and 9.7 cm respectively have been studied. The resonant 
frequency for low intensity sound (395Hz, 405Hz and 410Hz respectively) changes only slightly with 
the first layer thickness. Both predicted and measured dependences of the reflection coefficient on 
the top layer thickness at different levels of incident sound of frequency 400Hz (close to resonance) 
are shown in Figure 5. For low amplitude sound the minimum reflection and consequently the 
highest absorption is obtained when the top layer thickness is close to 7.5cm. As the incident sound 
amplitude grows this configuration ceases to be the optimal one. 
 
4  CONCLUSION 
 
New models for predicting the impedance of single and multiple porous layers at high levels of 
incident sound have been presented. For a single layer it is predicted that, depending on the layer 
parameters, both growth and decrease followed by subsequent growth of the reflection coefficient at 
resonance can be observed when the amplitude of incident sound increases. This result has been 
confirmed by experiments with different types of rigid porous materials. It has been shown both 
theoretically and experimentally that multilayered porous absorbers designed to perform well at low 
intensity sound may not continue to have the optimum configuration as the sound level increases. 
The results suggest that both sound amplitude and the Forchheimer’s nonlinearity of the material 
should be taken into account when estimating porous layer absorption properties. 
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Figure 5. Reflection coefficient at 400Hz as a function of the top layer thickness l1 at different levels of incident 
sound amplitudes ,l1+l2+l3=14.7cm, l2=l3. Points – data, lines – predictions. 1 – low intensity sound (linear 
model), 2 – Pi=580Pa, 3 – Pi=1kPa 
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