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ABSTRACT

By using signals from force transducers at the terminations ofa bowed string. it is possible to reconstruct the velocity
of the string at the bowing point and the force exerted on the suing by the bow in the plane of the string's motion. The
theory of the reconstruction is pmented. as well as some methods of realizing the theory in practice with sampled data.
Examples using simulated data and data from a bowed E string are given.

I. lNTRODUCl'ION

From the beginning of serious analytical studies of the bowed string. the frictional force between bow hair and string
has been assumed to be a function only of the relative velocity of how and hair. with coefficients of fiiction
representing the relation between the normal force and the frictional force. The only empirical justification for this
assumption has been a measurement Lazarus [l]. referenced by Crerrter [2]. that was not made under the dynamical

conditions of a bowed suing. In this report. we describe a technique for inferring the transverse force the bow exerts an
the string during bowed string motion. We describe the requirements for practical implementation of the theory; for
verification, we apply the technique to a simulation. We also show an application to real data. and discuss the
experimental requirementsfora reliable extraction of the frictional bow force.

2. THEORY

In our expo-intent we attach force transducers to both ends of the string of a violin E string mounted on a monochord.
The transducers measure the AC component of the transverse force exerted on them by the string. The force the nut

exerts on the string is given by

fair: (l)= Z [-u. (N!) + tnut(t)'uo (NM; = Z [-6(!)+rnue (01”. (N?!) (l)

where the bow is assumed to be at x=0. and u.(x.t) is the velocity of a disturbance at (x.t) traveling away from the

bow. towards Ihe nut at x=N. Z is the string's characteristic or wave impedance; its reciprocal. Y=lrL. is the string's

characteristic admittance. The notation nu means the convolution of the function r(t) with u(t). The quantity rnmm

is the reflection function of the nut termination. and the reflected wave is the second term in eq. (l). 60) is the Dirac
delta function. and 6(t)‘u,(N,|) = u. (NJ). We will henceforth use the notation E for r(t)—6(l). A similar expression to

eq. (1) descibes the force exerted by the bridge.

Our objective is to write the force the bow exerts on the string in terms at the force given in eq. (I) and its equivalent at

the bridge. That force f for waves on the nut side of the bow is

fill!) =21 u.(0.l) - u. (0.0] = Hit. (0.!) - “— (NJ-13] (2)

where in eq. (2) u. and u. are waves travelling away from and towards the bow. respectively. The speed of a

transverse disturanee on the string is taken to be c. A similar expression of course applies on the bridge side. Equation

(l)can be solved for u. (NJ):
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“.(N.t)= Y Inv (2) ‘ 2mm (3)

whine the aqxeuion lnv(!‘) indicates deconvolution: (lnv(!:) ‘2)(I)=6(t). By using (3) and its equivalent at the bridge.

onemaywrltethetetalforeeasthelumoftheeonh'ihutionsfrnmwavesoneaehlideofthehowas:

Y PMGFIHV (rat ) . tent; (why—L) - rm - fm (Halt—H]

+ Inv (1&9) *[tbro (Hick) ‘ nix-e " fbro("'e&)] (4)

whae In" lsthereflecdon function atthehtldge. B mdeistaneeafromhow tohridgeandnuttespetaively. with

L=N+B. Nilfll. and B=flL By a similar calmlation the velocity ofthe string at the how. no.0) = u.(t) + u_(t).

from continuity. an equation that holds manly for the string on each side of the how:

2mm) =Inv (rut: ) damn-9451:) + rm « fauna-Egan
- = Inv no.) «to, (t+%) + rm * emu-4%)] (5)

Equations (4) and (5) are the principal theoretical results of this investigation. They ms one We inxoaaible

quantity. 2....(t). in team of easily measurable quantifies. the forces on transducers at the suing terminations. The string

velocity at the how. eq. (5). has long been measttred hy the standard magnetic induction technique. In the next section

we explore three mahotia for experimental reconstruction of the how foroe and velocity from the lamination transducer

data.

3. HPERIMENTAL REALIYATION

3.l Basic Requirements.

The fundamental differeaee between the formulations of equations (4) and (5) and the actual attainment of a how foree

maulemertt is that the data from the force txnnstittm is necessme sampled. The accuracy of delay and advance

times of the nut and bridge force. as expressed by their arguments, is subject to the quantization of time lntavals as

dmmined hy the sampling rate. in units of the sampling period. the expansion flu: is neemarily an integer, it is half

the round trip time from the how, he'e assumed to be applied at a point. to thehridge and huk. Thus fl 211a must he an

even integu'. as must (l-fi) file. The validity of the extrusions (4) and (5) lo rqiresent how force and velocity does in

fact dqrend with great sensitivity on the precision of the relative phase of reflection signals from the bridge and nut as

given by the arguments of the forces on the right hand sides of these expressions. In general one cannot ever expect.

given normal commaeial sampling rates. that the tinting conditions can both be utilfied. One possibility is the use of a

continuously variable sampling rate. with the rate chosen to satisfy the timing erita-ia. Anntha possibility is resampling,

tale'ng advantage of Nyquist's theorem that if certain bandwidth crite-ia are satisfied the initial analog signal can be

reconstructed from the sampled data at any time whatsoevu' during the duration of the data set. We have used

mampling in an exploration of fclee and veloetiy reconstruction presented below,

A second barrier to solution of equations (4) and (S) for real data lies in the evaluation of the deconvolution of 1'. Time

are at least three approaches:

(1) If the data are taken on a monochord. e. g. with an 5 string as in the glass how investigations that stimulated the

prsent work [3], then it is tetnpting to assume that the reflection functions at bridge and nut aredelta functions:

r(t)=-p 50). wherep S L Then equations (4) and (5) become algebraic. since luv (1‘) = (p - 1 ) ‘1.

(2) The deconvolution can be done by the standard Fouriu transform technique. Using the convolution theorem.

Fnlnvu‘) mm = F(w)lfl(u). what: FT [.1 indicates Fouria' transform of the argument. and the capitol letta's are the
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(2) The deconvolution can be done by the standard Fourier transform technique. Using the convolution then-em.
Fl'[Inv(EJ rfl(t)= Emmet), where Fl' [.1 indicates Fourier transform nithe argtmtent. end the capitol letters are the
Fourier transforms of their lower case equivalents. The image transform of the RHS then gives the required result in
the time domain.

(3) The circulant matrix method. "the convolution. y. of two M—petiod‘tc lists. say pm and W). when q(i+M)=q(i)
and p(i+M)—“p(i). cart be written

ytn)= it; p (in q (n-i). n=o.1,....M-1. (a)

or, in vector notation. y-Pn]. where P is 1"circulanl" matrix. constructed as follows: The rust row is “1(0). [)(M-l).
p(M—2).,...p(l)}. Subsequent rows are ntanufiactuted by shitting each element one plane to the right with wrap-around,
so that the first element of the second row, for example. is pfl). (See reference [4)]). The inverse nf [1 is "min

calculated numerically. All that is necessary to implement method (3) is to choose a section of the data of length such
diet the last entry ties seamlessly onto me first. thus imposing a pseudo-periodicity on the bridge and nut :11an
data. although they may in fact not be really periodic at all. Obviously. the more nearly periodic it is. the better the
tesuhs will approximate the true (but unknown) how three. Th3! goal is better attained for a segment of the real data if
the data is tesan'tpled so that each the timing criteria discussed above are met. The goal here is that each period have an
integral number of samples. and particularly that ti selection of several periods have an integral number of samples. A
practical way to achieve this is to shifl the selected subset of the ditto by half the data's length so that any discontinuiti
fmm min": to impose paladin boundary conditions show up more visibly in the middle of the plot of the shined data
set, The required delays must be accomplished by shifting to left or right; widt wrap-around.

In fret, methods (1) and (3) are basically the same. since the Discrete Fourier transform method implicitly imposes a
periodicity M on a data set excerpt of length M. If the data set is carefully constructed with periodic boundary
conditions, methods (2) and (3) yield identical results. in both eases. ifthe various requirements of timing and pseudoe
periodicity are not adhered to, the results are completely spurious.

3.2 Reconstruction of a simulation.

Figure 1 shows the bow force (dark lines) and the velocity at the bow of a simple simulation, done without
consideration oftotational motion. The units of the forces are the some its velocity because the simulation used reduced
units: 22:1. The bow and bridge reflection functions were identical Gaussian functions with their maxim: four
samples beyond their inception. so the period of oscillation was longer than the ostensible length. N+B. ol' the string.
Figure 2 shows the bridge force and nut force waveforms - waveforms thatare not normally generated in simulations.
The simulation had achieved Helmholtz motion. but not complete periodicity. Figure 3 it the meted version of
Fig. 1. using the waveforms of Fig. 2. Figure 4 shows superimposed three quantities: the bone is the F(v) function. a
hyperbolih used for the simulation. The light points are (V.F(v)) obtained from the simulation. Note they fall exactly

of F(v). (The complete form: curve of course would include a vertical line at abscissa position vm :1. the bowing

velocity). The dark points are from the reconstruction, as described above. using the circuisnl man-ix method.  
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Figur: ]

 

Euw force (dark) and bow velocity (light) from a simulation.   

   

 

Figure 2. Bridge (dark) and nut (light) waveforms from simulatiun. Hmimnial axis in units of sample period, vertical

Axis uniu same, as figure 1.

  

  
Figure Reconstructed force and velocin waveforms Same axes as in figure 1.

thlll'li 4. Force vs. velocily. Curve is PM in slipping mgioni Lighl palms as calculaled by simulation, Dark poinls as
calculaled by ruonslruciinn. {mm Fig. 2.

Wu nut: that [he monslruclmn diacs nm clupliculc llm wuvel‘nrms cxuclly (compute figures I and .1). and does nnl
cxuclly reproduce [in as men! l'rlcliunul form: during slipping (figure 4), We helich ihcsc cmlm arc llIc incviiahlc
mum nl’ imposing punod ny nn wavcl'ul'ms‘ in lime cusc un six pcl'indli ol'lhc oscillulion, [hill arc nni exactly periodic.

Uth-r luwms we learned by [lying in mpmdum a simulated wavcl'crm‘ ll' llle liming rcquircmcnls am nnl mcl in llm

il'uummlcliun. Illc buw [HIGH during slianng can wry I'mm decreasing With lime in incmmiug Willl lime. depending (In
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the direclitm of the tuning ermr. The result Is an RV) VS- V Plot that is an open loop. with the time-ordering of the
pains traversing the loop clockwise or counterclockwise. depending on the Sign of the timing error. An mm of a
single saurpling [mind in the specification ol‘ the travel time from bridge to how. or nut to bear. results inan open loop.

Figure 5 shows an attempt to reconstruct bridge force and velooity from real date. taken wtth a glass bow on an E string
on a umochord. in order to measure the frictional force during slipping as a filtration of velocity, Bowing hello-Ital
distance ,9 was about 1/6, the bowing velocity was 22 mils, and vertical haw fume about 0.5 N. The reflection
fitmions at nut and bridge and transducer calibrations were obtained by a separate experiment. in which the string was

plucked at midpoint by looping a very thin copper wire around the string and pulling it to the side until it breaks“ The
appmximale axes scales in the figure are derived from these measurements. The delay: correspond to the correct value

om ferritesedata and their sum adds tohall'the resmtplod period DHZSamples.

   
Figure 5. Reconstructed velocity at how (light) and how force (dark) from E string bowed with mined glass bow.

Ahscissa is in units of the (rehampling period. 21 us. the ordinate in curls for string velocity, and grams force for the

bow fame. ‘

Other comhinations of delays adding to the correct period gave similar bow forces. but rather implausible velocity

during sticking. it would he very desirable to measure the velocity II the how as well as the force transducer signals,

but Lhe ability to rrteaaure three signals is not yet available to us. Figure 6 shows PM vs. v. Note that since the

transducers record only the AC component. the average reconstructed bow force is zero. The loop during slipping is

trasvcraed clockwise in time.

Lacking the necessary udduannal Velocity data. we cannot set the delay between the lruluduccrs with canfidcncc, Thus

the openness ot'thc loan tn the F(v) vs. v plnlmay h: an artifact. Later studies will include measurement of the velocity

of the String. AI Ltuunltty than may an munmlmCle [as in figures l and 3). using the some l'unt'tittns or the hridgc and

that are used in gcncmttng the lure: :n the twi (compare cquutiam (4t und [5}. the illlt uiuuut experimental

 

Ilut I'urt

inl'nnmttinu will lit-In mmth the uncertainty in hailing the delays.
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Figure 6. Hv) vs. v, data um: as fig. 5. Velucity units In cmls. fume units in grams fume. AC nole unly.

4. CONCLUSION

We have developed I method to reconstntc‘l the force exerted on the string by the bow and the velocity of the string at

the bow. using fume tnnstlucers at the string terminations. The method requires knowledge of the propagation delays
from how to bridge and nut. With the aid of a measurement of the string velocity at the bowing point we expect that we

can reconstruct the friction force as a function of relative bow-suing velucity. a pmpttt'tyessential to pmper modelling

of vioiin acoustics.
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