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TOWARDS AN ANALYTICAL MODEL OF WAVE PROPAGATION IN

SANDWICH BEAMS
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MWL, Daparrmant Vehicle Englneering, KTH, 100 44. Stockholm. Sweden

1. INTRODUCTION

Sandwich materials find numerous applications where high strength and low-

weight are important criteria. The main obstacle which holds back the other-

wise anticipated growth in the utilization of sandwich materials is the lack of

a general theory concerning its acoustical and dynamical behavior. The main

aim of this work is to develop an analytical model for prescribing the wave

propagation in sandwich constructions, whether subjected to external excita—

tion or not, and thus increase the optimizing possibility of constructions in

very early stage during design process. A model describing wave propagation

in sandwich beams is developed. Measurements have been carried out on a

sandwich beam. The agreement between predicted and experimental results

have been found to be satisfactory.

2. ANALYTICAL FORMULATION

The geometry of the sandwich beam treated and the notations for the dis-

placements are shown in Fig. 1. Stress components acting on laminates and

core can be found in the same figure. Both laminates and core are assumed

to be isotropic. The displacement of laminates is according to propagation of

bending and longitudinal waves only, in other words—Euler beam theory is

used. The following differential equations can then describe the motion of the

laminates:

a 1'gm) — em) = gm + K?..En(z) = (1)
On the other hand the wave propagation in the core will be described through

the general field equations (see [1]). Thus bending, rotation and shear as well

as longitudinal deflection are included through a combination of longitudinal

and transverse waves:

gm...) + 3:1,“; 1/) + Ké¢(z.y) = o. (2)
Plocaodlnga oI lnlamolso 98 1349

 



 

Sander Tova/lacy-

 

@ mmZfi

av: 1’,"

Core

1; Wu 47",,
h 0mg TE 1
t Laminate 1

  

 

   

   

   

 

   

    

  

   

gm+ $142.11) + Kw“) = 0-

time dependence omitted:

nag.) = “(506”; En(z) = Bn(a)efl=; ’3 = 1,3;

«so. u) = e" cow + Dune-m ;
WI. :1) = 9” Harlem + “008"” ,

where [7,, =i‘laa+K,’,; [ix-=i‘la3+K},.

aty=t1 atu=£1+h

so) — firm) = owl): out + h) = on) +
MI) = 02(2, t1); Mac, t1 + h) = MI)-
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equations:
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The continuity of displacements between laminates and core requires:

Fig. 1: The notations for the displacements and geometry of sandwich beam.

(3)

The fact that, the coupling/boundary conditions between laminates and core
(tie, continuity in displacements and stresses between layers) and the whole
sandwich beam with two free surfaces must be satisfied atevery instant of
time, requires that all propagating waves in structure have the same time
dependency, here assumed as em. But these coupling/boundary conditions
must also be satisfied at all locations between layers and free surfaces. There-
fore it is assumed that all propagating wave types in the sandwidi plat'e have
the same propagation constant along :-axis. The following expressions are
then solutions of equations of motion in laminates and core (Eqs. 1- 3), with

Moreover, using the continuity of stresses in the adjacent plates and insert-
ing the assumed solutions in Eqs.l—3 leads to the following system of linear

(4)
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where

U,“ = (—1)”; u‘fh +uf,_ V.“ = (vfln +ufi_)

Uri: = £4)”; “in. “'13.; V“ = ' ("an “51)
u", = - ((—1fi‘q," + ugh) v". = — w,“ _u;«,_)

UM = (Mfr? «a. — «.2.) VM = - (v5. - vs.)
for n=l.3 for n=2,4

The functions u and u can be found in the Appendix. There is only one

non-trivial group of solutions for the above presented system of equations.

This is when the determinant of the system matrix is equal to zero. This

requirement leads to the so-called dispersion equation. Solving this equation

gives wave propagation constants for the structure. The numerical method

used for solving this complex-valued equation was based on so—called argument

principle (see [2]). But despite the efliciency of this method one should not

underestimate the numerical problems caused by, for instance, ill-conditioned

matrix and complexity of the system of equations.

3. MEASUREMENTS

For this research, proper modal analysis of the sandwich-beams is vital. In or-

der to determine the natural frequencies and the modal parameters accurately,

modal analysis was performed on a sandwich-beam, its core and its laminates.

The sandwich-beam was made of glass-reinforced plastic laminates, abbrevi-

ated to CE? laminates and PVC core material. The transfer functions com-

__’__——’—-
p _ E t L h 5 II

(kg/m3) (N 702) (mm) ("1) ("1’") (93)
Laminates 1509 843E9 2.5 2.0 115 1.1 0.4

Core 109 96136 50 2.0 115 1 0.12

Table 1: Dimensions and material parameters.

puted by the spectrum analyser were given as input data to the modal analysis

program, STAR, and the natural frequencies, corresponding mode shapes, and

half power bandwidth damping ratio were determined. The material properties

and dimensions of sandwich-beam are listed in Table 1.

4. RESULTS

Solving the dispersion equation, Le. the determinant of the system matrix

$4), the wave propagation constants for the sandwich beam will he obtained.

igure‘ 2 depicts these solutions for the sandwich beam in question and its

dimensions and material parameters can be found in Table 1. As expected, the

character of dispersion curves are similar to the ones found by Nilsson [3].Bnt
the newness of our findings are in the heavily damped propagating evanecscent

solutions. Although the comprehension of these kind of waves’ properties is

still limited. but one can ensure that the importance of these waves increases

at bounderies. The measured wave propagating constants follow closely the
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Fig. 2: Predicted and measured
propagation constants for the

beam. — propagating waver,
_—— evaneoscent waves, . .- heavily

damped waves, _-_._ asymptotes
for the first propagating mode,
I I )1 measured propagating wave
constants.
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APPENDIX

We use the same notations as in Figure 1 concerning the geometry of sandwich construction.
Furthermore if Eu. [3,. and flu denote E-modulus, density and Poisson’s ratio respectively,
then we can define shear modiolus, bending stiffness. longitudinal-, transversal- and bending
wavenumher as:

E .o_ . _Enzs. _ a ,Orr—m. Dm— :12", Kin—($27 .
l .s j .25

Km= (or) ; ~«=(%::—)
E..(1+I'J,.) ifn=1,3

E“ = 1+v . . __En1+yn112ufl(1+l6n) 1fn—2

By introducing the following parameters:

    

the functions u and u are defined as:

“:1. = Lin + "02) 5””? “*2. = I3L (0" — "D ea”;
“:1. L2" (1 — V) "firefly"; “:2. = a ("4 ‘ “5-) 9”":
{or n = 1, 3,

u,i,_ = (1(a): +K,=(,,_,)) ((—1)? Lug—up, e 1) 2*!”
of, = 2arLs,(,._,, (—18“? aim

  

II?“ = (a7 + Kf‘MU) (—1)? 4—1"? a7 4:37) cg”

ya = 52("_”(_1)’-i-2 (a; _ ‘12);an
for n=2,4,

where

_ h ifn=1,2
9‘ :,+h ifn=3,4
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