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1. INTRODUCTION

This paper is concemed with examining sound field from a quadrupole

source near an impedance boundary. This problem is of some importance

since noise generated by jet flow and general unsteady fluid flow are

quadrupole in nature.” All the discussions so far have concentrated on
the quadmpole field in an unbounded medium or near a rigid solid

surface.
In this paper we discuss the sound field of an albitrarily-oriented

quadrupole above an impedance surface. We will derive the Green's

function of the Hankel transform tor a quadrupole. We will also derive an

asymptotic expression for a quadrupole field above a rigid porous ground.

We will compare the two models with superposition of two out of phase

dipoles.

2. GREEN'S FUNCTION REPRESENTATION

Sound pressure due to a point monopole source can be written in an

integral form as:

PM = i¢m(zyk.)lo(rk,)k.dk. m

where J,() is the Bessel iunction of zero order and q)", is the range-

independent Green's function. The form of the Green's function for a

monopole source in a homogeneous medium above a boundary with an

admittance of B is well known:
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1 it Iz-hl k 'kofl 1 it (z+h)=—e ‘ +J—x—e I (2)
mu "1 kz+kofl k:

where h is the source height, kl=+‘/k&—k,2. Here the first term

represents the direct wave and the second term the reflected wave which
is the product of the image source term and the plane wave reflection
coefficient. The pressure field for a dipole and a quadrupole field are
defined as"1

Pdipol: = (d'vymnopole (3)

P11ka = (m ' VXd ' V)Pmnmpol£ (‘)

where d and m, may be regarded as direction cosines of the dipole and
the quadrupole axes respectively. A dipole can be thought of as
superposition of two closely-spaced, out-of-phase monopoles. Similarly, a
quadrupole Is a superposition of two out-of phase dipoles, Depending on
whether the axes of the two constituent dipoles are parallel or
perpendicular to one another. the quadrupole can be a longitudinal or a
transverse one. The axes of a quadrupole is defined to be parallel to the
direction of its constituent dipoles for longitudinal quadrupole and normal
to the dipole axes for transverse quadrupole.
Performing the differentiation on the direct wave term of the dipole field.
the Greens function of a dipole source (can) is given as

chit-hi

lk 
(pd. = (-i) {sigll(z - h)”:z cosu + k, sin pause} (5)

where u anda are the polar and azimuthal angles defining the direction
cosine vector. d. The field of a quadrupole is then defined as

‘94} '=(m‘v)l’dl (6)

where m: (sinAcosy.sinAsiny,cos A). A and 1 being the polar and

azimuthal angles of the quadrupole axis.
The explicit expression for q). in cylindrical coordinates can be determined
by substituting eqn. (5) into eqn. (6) to give:

emu—'4 2 1
(kZ cos pcosl. —k, sinpcosesinlcos'y

kl <7)
+sign(h — z)k,lrz[cosu mucus-y — sin pcose cos k]

 

rqu =

The quadrupole field can be divided into three components. The first
term In curly brackets represents an axial vertical quadruple component.
the second term represent an axial horizontal quadrupole and the third
component is a radial quadrupole component. Therefore an arbitrary
quadrupole is sum of these three components with appropriate scaling
factors due to the orientation of the quadrupole. The reflected wave term

546 Proceedings of Intemolse 96



   is evaluated in a similar fashion resulting In an image source term

multiplied by the plane wave reflection coefficient.

Once the Green's function is calculated for a given geometry. the

Integration can be carried out by the Fast Field Program (FFP) method. In

FFP, the Bessel function In the integrand is approximated by Its large

argument asymptotic form. This transforms the Hankel integral to a pair

of Fourier Integrals. These in turn are approximated by Discrete Fourier

sums which can be evaluated very efficiently by Fast Fourier Transform

(FFT) method. To avoid the pole In the integrand. the Integration path is

deformed and a correction term is added“. This ensures a stable solution

free of the so—called Gibbs oscillations“.

  

       

    

  

 

     
      
  

     

   

      
      

  
     
    

 

3. ASYMPTOTIC EXPRESSIONS FOR QUAD FIELD ABOVE

AN IMPEDANCE GROUND

The integral representation of a quadrupole field derived in section 2 is

normally evaluated numerically by FFT method or other numerical

schemes”. In this section we will derive asymptotic forms for the

quadrupole field above a rigid porous ground by differentiating the

corresponding field for a dipole as described before and using known

approximate forms for the resulting terms. Here we give explicitly the

evaluation of the first component In the quadrupole Green's function which

is the vertical longitudinal term.

The vertical longitudinal component of a quadrupole. ignoring the

directional scaling. Is:

  

_ k ' 1‘05 z E'I‘mh)
Pv.quud 'J[¢ql ‘Wsz x kl J0("kr)krdkr (a)

The reflected term can be rearranged to give
ik [z—hl it (m)e l 1

PM“: =i —k}——-k3 ‘ +I: kl

 

z
(9)

} Jo (rk, )k,dk,
25 er'kl(z+h)

_ - i _ 2 2 2 2[ZikoBQkocosf-I) 21:03 +k°B case-HS k:

where cose = "IA; .is the, possibly complex. angle of incidence. It can

be seen that the integrand consists of five terms. The first and second

terms have well known closed form solutions and are identified as direct

and image quadrupole source terms. The third term represents an image

dipole source"l multiplied by a constant coefficient (2M3). The fourth term

is an image monopole term with a coefficient (ZKB’). Finally. the last term
represents the boundary wave term"“"‘ which has a closed-fon'n
approximate solution. The resulting expression for the sound field of an
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longitudinal quadrupole positioned vertically above an impedance
boundary is:

“URI
pvlm, = {130 — ikoR1)— 231212]ch a, — [1 — i'rrort,]}‘R—13 +

ikok
{13(1—r’koR2)— fireflcos’ez —[1—rkoka]}‘R—3’+ (10)

2

eikokz

“2
where R, and R, are the distance from the source and the image source to
the receiver respectively and 6, at 0, are the polar angles of the lines
icining the source and the image to the receiver. The term F(w) is known
as the boundary loss factor. given by:

F(w) = l + 13/1?we‘”2 erfc(—iw) (u)

+_J""oR2/2
nose; + D

be taken in calculatin the numerical distance to ensure that the correct
phase has been used‘ ". The form for w given ab0ve with the positive real
root of the square root ensures that this is always the case. The other two
components of the quadrupole can be evaluated in a similar iashicn.
Li & Taherzadeh"" have given a more rigorous derivation of the
quadrupole field and arrived at the following compact term lor sound field
of an arbitrarily-oriented quadrupole:

 

. . ' 2%,“ 2 2mkofl(l—rkoR2)—-Rrxcm92 —2k9fl [C0692 +[SF(w)]
2

and wis the numerical distance defined by w: . Care should

  

+;—::{[(d' fiIX'“ ' ii)“ +(d'fi'xm'fi'xl_ R'Wwfl 2:1": }
more, — 1 x a”!

R1 RI
“032

R2

(11)

 

+fi[(d-m)-3(d-li‘Xm-ill)]x

 

+#[(d-m)—3(a-fi,Xm-fi,)]x%ix '

where RP =fifi—E is the plane wave reflection coetiiclent. and the
2

vector ti, s(sinu, cose,,a‘nu,sine,.cos u,), may be regarded as the unit

vector that characterises the direction oi the ground wave term. The
complex angle [1,. is deterrnlned by cos p, + B = 0.

648 Proceedings of Internalse 96



    

   

  

   

 

   

       

      

Teherzadeh & Li

The vector quantities R, and R, represent unit vectors polntlng radially

outward from the quadrupole source and image source to the receiver.

4. DISCUSSION AND NUMERICAL EXAMPLES

In what follows. the admittance of the rigid porous ground is modelled
by a two-parameter impedance model“" given by:

%= 0.436(1 + + 19.4s{°‘—f'] (13)

where o, and a, are the effective flow resistivity and effective rate of
change of porosity with depth respectively. The values for these
parameters. used in the following calculations, are 40 kPa s rn‘ and 20 m"

respectively and f is the frequency.
The sound field from a longitudinal quadrupole positioned horizontally

above an impedance plane is similar to that 01 a monopole source and

attenuates at the same rate. except at short distances comparable to the
source and receiver height above the suriace. 0n the other hand, the

same quadrupole placed vertically behaves diflerently.
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Fig. l transmlselou Loss ole vertical quadrupole (solid line), vol-dell
dlpole (dotted line) and a manual: (dashed line). Frequency In 500
Hz, and source and resolve:- height are 1.5 and “In respectively.

Figure 1 shows plot of Transmission Loss of a vertical longitudinal
quadrupole field. The source and receiver heights are 1.5 and 1.0m
respectively and the frequency Is 500 Hz. Also plotted are the
Transmission Loss oi dipole and monopole sources. It indicates that a
quadruple field attenuates very last while the dipole source attenuation
rate tends to that oi a monopole at long range. The Transmission Loss
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values are calculated with reference to field at 1.m range. Figure 2 shows
prediction of excess attenuation spectre of longitudinal quadrupole (solid

lilne). vertical dipole (dotted line) and monopole (dashed line) sources and

receiver close to a porous ground 2.0m away. The source and receiver

heights are 0.1 and 0.025m respectively.

 

10' Ic’ 10' 10‘
haw-nyan

Fig. 2 Ema: Attenuation of W due to I vertical quadrupole
(sollld llnc), a ventral dlpole (dotted llnc) uni I mmpole (dashed

line) above In lmpcdlnu ground. The source and receiver heights

. Ire 0.1m and 0.025nl rupecflvely Ind their separation ls 2.0m.

It can be seen. in this geometry, that the predicted ground wave

contribution due to a longitudinal quadrupole is lower than that due to a

vertical dipole but it is still higher than that of a monopole.
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