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Abstract

A consistent framewark is presented for the calculation of the optimal performance of
feedforward and feedback control systems. In both cases the optimisation problem is
transformed into a quadratic form using an internal model of one part of the physical system
under control. This appreach to feedforward control is fairly well known, but the controller
architecture required for active control using feedback has only been recently recognised. It is
known as Internal Model Control (IMC) in the control literature and is widely used in He
control. The optimum performance of a feedback control system can thus be readily calculated
using techniques already developed for feedforward control. The robustness of such a
feedback controller can then be separately assessed using a generalisation of the
complementary sensitivity function found in He. control theory. The robustness of a feedback
controller can be improved by using various forms of effort weighting, which are already used
for adaptive feedforward controllers. By way of example, the performance is calculated of both
feedforward and feedback controllers in actively attenuating road noise in cars.

1. INTRODUCTION

In this paper two methods of implementing active control systems are compared: using
feedforward control and using feedback control. Feedforward control relies on the existence of
some prior knowledge of the disturbance to be controlled, which is contained in the reference
signal. Examples of applications in which such reference signals are available are the control of
periodic disturbances, in which case the reference signal may be obtained from a tachometer,
or the control of random noise in ducts, in which case the reference signal may be obtained
from a sensor upstream of the secondary source [1]. In the latter case the prior estimate of the
primary disturbance obtained from the reference sensor may be corrupted by acoustic feedback
from the secondary source, which complicates both the theoretical estimate of the optimum
performance and the adaptation of the controller in practice. The effects of such acoustic
feedback can be removed by incorporating a model of the feedback path within the controller
to cancel the effects of the physical feedback path. This technique is similar to that of acoustic
"echo cancellation”, widely used in telecommunications. For a purely feedforward control
problem the performance of an optimal controller can be calculated, before implementation,
from a knowledge of the statistics of the primary disturbance, and the response from the
secondary sources to the error sensors. In order to regularise the least squares sclution it is
often advisable to incorporate an effort term as well as an error term in the cost function being

Proc.l.0.A. Vol 16 Part 2 (1994) 255




Proceedings of the Institute of Acoustics

FEEDFORWARD AND FEEDBACK CONTROL

minimised. Several ways of achieving this are presented below, together with their effect on
the formulation of the adaptation algorithms used in practice.

When the primary disturbance is caused by a large number of uncorrelated sources, it
becomes impractical to use feedforward control methods because of the very large number of
reference signals which would have to be used. Under such circumstances feedback control
may be envisaged, in which the residual error signals, measured by the error sensors, are used
to drive the secondary sources, usually via an electronic controller. There is a large body of
literature on feedback control theory [2,3] but it is not clear how much of this could be usefully
applied to the active control of sound and vibration. In this paper we discuss one formulation
of the feedback control problem, called Internal Model Control (IMC}, which uses an electrical
model of the plant to transform the feedback control problem into a feedforward one. This
allows the theoretical performance limitations of a feedback control system to be determined
using the mathematical tools developed for feedforward control.

The emphasis of this paper is on the consequences of the IMC formulation for feedback
control, and particularly on the balance between good performance and robust stability. Some
example calculations are also presented of the performance limits of a feedforward and a
feedback control system when used to control road noise in cars.

2, FEEDFORWARD CONTROL
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Figure 1. Block diagram of a multichannel feedforward control system with feedback from secondary
sources to reference signals.

The optimal performance of a multichannel feedforward control system with a finite-
dimensional causal controller will be reviewed in this section. Figure 1 shows the block
diagram of such a control system, in which H denotes the M x K matrix of responses of the
electrical controller, G the L x M matrix of electrical responses from each secondary source
input to each error sensor output, which a control engineer would refer to as the plant, and F
the K x M matrix of responses of the feedback paths from secondary sources to detection sensors.
The effect of the feedback paths is to complicate the design of the controller, and in extreme
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cases, to cause instability. If, however, the controller H is implemented as shown in Figure 2, in

A
which an accurate electronic model of the feedback path, F, is implemented within the
controller, the effects of the feedback path can be largely removed. The set of signals feeding

the feedforward part of the controller, W are now estimates xof the original reference signals x,
A

and the two become equal if the feedback model is perfectly accurate, ie., F=F.
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Figure 2. Block diagram of multichannel feedforward control system with feedback cancellation

controller, in whichF is a model of the feedback path F implemented, within the controller, H, (a), and
P

equivalent block diagram if F=F, (b),

This condition can be assumed to hold for the purposes of calculating the optimum
performance, which now becomes a quadratic optimisation problem if the feedforward part of
the controller, W, is implemented as an array of FIR filters with coefficients wmy; [4]. The plant
responses can also be modelled as an array of FIR filters with coefficients Eimj. so that the
sampled output of the )-th error sensor can be written

M 1
em)=diin}+ T T gimjumin-j ' 21
m=1i=0

where d(n} is the primary disturbance at the I-th error sensor. The input to the m-th secondary
source can also be written as
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K I-1
uminy= ¥ T wmki xkin - i) 22
ks1i=0

where xx(n) is the sampled version of the k-th reference signal. Using equation (2.2), equation
(2.1) can be written as

KI1M
e(m=diim+ ¥ T T wWmki IImk(n - i} 2.3)

k=1i=0m=1
where the filtered reference signals are defined as

1
Mmkin-i) =% gimj xk(n - jh (2.4)
j=0

Equation (2.3) illustrates the linear relationship between the error signal and the
feed farward controller coefficients, and may be re-written in matrix form as [4]

e(n) = d(n) + Rmw @5
The optimum values of the coefficients in the vector w depends on the cost function we

wish to minimise. The simplest cost function, J1, is the expectation of the sum of the squared
error

L
h= E[,z e;z(n)] = E[eT(n)e(n)] (2.6)
=1

which, using equation (2.5), can be expressed in the general matrix quadratic form (1] as
J=wlAw + 2wib + ¢ ) @7
where, in this cése,
A=ERT@Rm], b={RT{n}dm)] and ¢=E[dTm)dn).
The set of feedforward controller coefficients which minimises equation (2.7) is
Wiopt) = -A1b - (2.8)
which results in the residual cost function

Jmin =c-bA b (29
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The gradient of the cost function with respect to the vector of filter coefficients can also
be written as

a% =2{Aw + b} 210$)

which is equal to 2E[RT(n) e(n)] in this case. Updating each of the controller coefficients with
the negative value of the instantaneous value of this gradient leads to the Multiple Error LMS
algorithm [4.5)

A
win + 1) = win) - @ Rl{n) e(n) @11)

A
where @ is a convergence coefficient, and R(n) is the matrix of reference signals filtered by
estimates of the plant's response measured in practice. The algorithm will converge if the real

A
parts of the eigenvalues of the matrix E [RT(n) R(n)] are greater than zero. If the practical
estimates of the plant's response are inaccurate, however, the algorithm may become unstable

[6]. '

Because the optimal solution depends on the inverse of the Hessian matrix, A, in the
Hermitian quadratic form, the numerical stability of the solution depends on the conditioning
of this matrix. The conditioning may be improved by modifying the cost function to include a
term proportional to the sum of the squared values of the filter coefficients,

J2 = EleT(n)e(n)] + f wiw 212
which, when written in Hermitian quadratic form has a Hessian matrix A = E[RT(n) R(n) + pI].
The coefficient weighting parameter, B, acts in the same way as Tikhonov regularisation, and
improves the conditioning of the A matrix [7]. The addition of the sum of squared filter

coefficients in the cost function being minimised has the effect of modifying the appropriate
LMS algorithm to be of the form

win+ D) =ywin)-o RT(n) e(n) (2.13)

where v =1 - of <1isaleakage term. This algorithm converges if the real parts of all the

A
.eigenvalues of the matrix E[RT(n) R(n) + BI] are greater than zero. The effect of the leak is to

increase the real parts of all these eigenvalues by an amount B, which can stabilize the
algorithm even if errors in the estimates of the plant's response become large [6]. Other
potential methods of improving the conditioning of the optimisation are briefly presented in
the Appendix.
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3. FEEDBACK CONTROL

In applications where there are a very large number of partly incoherent processes
generating the disturbance, for which reference signals are unavailable, it becomes impossible
to implement feedforward control. An example is that of boundary layer excitation of the
sound Field in an aircraft cockpit [12], but other examples are boundary layer noise in aircraft
passenger cabins, and perhaps wind noise and road noise in cars. Under these circumstances
active control can still be implemented, but the signals driving the secondary sources now have
to be obtained directly from the error sensors, rather than from independent sensors. The
block diagram of such a feedback controller is shown in Figure 3. Note that a phase inversion
has been assumed in the summing junction of Figure 3, since we are seeking to implement a
negative feedback system.

a

+

Plant

H

Controller

Figure 3. Block diagram of a multichannel feedback controller.

Assuming the signals are in the frequency domain, the vector of errors in Figure 3 can be
expressed in terms of vector of disturbances as

e(jw) = (I + G H(w)]"! d(jw). <8}

There are two important aspects to the behaviour of feedback controllers: their performance
(the reduction obtained in the disturbance) and their robustness (the ability to remain stable
under changing conditions). In very general terms, good performance requires a high "loop
gain” (G(ka)H(jw)), whereas robustness requires a lower loop gain. Conventional feedback
control theory addresses this fundamental compromise in a number of ways. For an analogue
controller, various forms of compensator are typically used, and the robustness is assessed in
terms of the resultant gain and phase margins [1). "Modemn™ control theory using state space
models generally does not directly address this compromise, but it is often noted that the
incorporation of effort weighting in the cost function being minimised in optimal or LQG
control tends to make the control system more robust [13]). Recent developments in Ha control
theory have brought the balance between performance and robustness to the centre of the
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design problem [14]. In this section we will describe an architecture of controller which is
widely used in Hw control, and which is very similar in philosophy to the feedback
cancellation architecture described above in connection with feedforward controllers.

A
Consider the controller illustrated in Figure 4(a), in which an internal model, G, of the
plant, G, is implemented, which is driven by the same signal as the plant, u. The controller
response is thus

A
H(jo) = [T + W(jo)G (jo) T W jeo) (3.2)

IS . B ‘ (a)

d
d +
= w q G e {b)

Figure 4. Block diagram of a muitichannel feedback controller implemented using Internal Model
Control (IMC), (a), and equivalent block diagram if G = G, (b).

There is again assumed to be a phase inversion as the output of the plant is added to the
disturbance to form the error, but now the output from the plant model is added to this

A
observed error to form the signal x. If the plant model is an accurate once, so thatG = G, then
the contribution from u in the error will be removed and the signal we are left with will be the
disturbance, so that x = d. Under these circumstances the block diagram for the feedback
controller (Figure 4(a)) can be re-drawn as in Figure 4(b), which shows that this controller
architecture transforms the feedback control problem into an entirely feedforward one, as can
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be seen by comparing Figure 4(b) with Figure 2(b). The optimal performance of the feedback
controller may thus be calculated using the formulation cutlined in Section 2. The difference
here is that whereas for a truly feedforward system, the performance depended on the cross-
correlation between the disturbance and the reference signal filtered by the plant response, for
feedback control the performance depends on the cross-correlation between the disturbance
and the disturbance filtered by the plant response.

The controller architecture illustrated in Figure 4(a) was suggested by Newton et af in
1957 [15] and is described in detail in the excellent textbook by Morari and Zafiriou [16], who
derive a number of its properties including the fact that it is internally stable. It is equivalent to
Youla parameterisation [16] for plants which are stable, and in the form shown in Figure 4(a} is
known as Internal Model Control, IMC. With this arrangement, the feedforward part of the
controller can be arbitrarily specified and the feedback controller will always remain stable; in
fact, the IMC architecture parameterises all stable controllers [16], and thus allows the
unconstrained design of W for optimum performance without the requirement that the design
be checked for stability in the first instance. This approach can be used [17] to provide a simple
derivation of the minimum variance contral strategy [18], and suggest a more general
formulation of this problem.

The obvious danger of IMC is that it may be horribly sensitive to the accuracy of the
plant model. This is equivalent to saylng that the feedback controller is not "robust”, since a
small error in the model could be regarded as equivalent to a small change in the physical
plant. Robust stability can be evaluated analytically for multichannel controllers using
techniques developed for Ho. control, provided a suitable model can be found for the plant
uncertainty. One such model is unstructured multiplicative output uncertainty, in which the
plant response is always assumed to be described by the relationship

Gjw) = {1 + A0 Gljo) 33)

where Gqlj®) is the nominal plant response, and Ag(jw)) is the fractional uncertainty, whose
norm is bounded by a real but potentially frequency dependent number B{w), so that

N AG () e < Bla ) (3.4)

For single channel systems this model of uncertainty appears to be a reasonable model for the
variations found in practical acoustic plants [17). Its applicability to multichannel active
control systems has yet to be established, but it does lead to a relatively simple expression
which has to be satisfied for robust stability [16], which can be written as

1 iTo(a)Blw) !l < 1 {3.5)

where Tg(mw) is the multichannel equivalent of the complementary sensitivity function for the
nominal plant,

Toljw) = GolioIH oM I + GjoyHje) (3.6)
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If the norm of the complementary sensitivity function is large, the bound on the
fractional plant error must then be small, according to equation (3.5), to maintain robust
stability. If a practical estimate of B{w) can be obtained, equation (3.5} thus provides a very
convenient method of monitoring the robust stability of the feedback control system, although it
might be burdensome to calculate Tg(gs) using equation (3.6). When the controller is
implemented using Internal Model Control, however, equatien (3.2}, the complementary
sensitlvity function reduces to

Toljw) = GoljwIW(jw) 3.7
and the robust stability condition is more readily calculated.

The full He, control formulation allows the design of feedback controllers which have
an optimum trade-off between performance and robustness. Unfortunately, the mathematical
and numerical machinery required to obtain this solution is rather involved, and the solution
depends on a number of rather structured assumptions which have to be made about the plant
and the disturbance. Another approach to the design of a feedback controller would be to use
the Intemnal Model Control architecture to design a controller which minimised the sum of
squared errors with an effort term (an Ha problem), and increase the weighting on the control
term until the robust stability condition is satisfied (an H.. condition). In fact any of the cost
functions described in the Appendix could be minimised with a similar effect, and it is not
clear which of these would give the very best compromise between performance and
robustness for a feedback controller in practice. The use of controller coefficient weighting to
make the feedback controller robust is described in the following section.

4. ACTIVE CONTROL OF ROAD NOISE IN CARS

In this section we will illustrate some of the properties of feedforward and feedback
control, using the active control of random road noise in a car as an example. The theory
outlined above provides a consistent formulation for the calculation of the optimum
performance of feedforward and feedback control systems from measured data. The ‘plant’ in
this case is from the input to a single secondary loudspeaker (u) to the output of a single error
sensor (e), so that the scalar versions of the general, multiple input multiple output, equations
derived above are used. The most important component of the response of the plant in
determining the perfermance of the control system, is its overall delay. This delay is partly due
to the physical propagation time from loudspeaker to microphone, but in a digital
implementation of the controller could also account for the processing delays and the delays
through the anti-aliasing and reconstruction filters.

The feedforward control of road noise using reference signals from accelerometers
mounted on the body near the suspension points has been described by Sutton and Elliott [19).
The A-weighted spectrum of the measured pressure inside a small car is shown as the solid
curve in Figure 5. The residual spectrum predicted after using a feedforward control system
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with reference signals derived from six accelerometers, is also shown in Figure 5. These
predicted results are similar to those achieved in a practical realisation of such a feedforward
control system reported by Saunders ef al [20]. The plant response was assumed to be a pure
delay of 1 ms or 5 ms in the calculations used to produce Figure 5, and it can be seen that in
this case the attenuations achieved with feedforward control are relatively insensitive to delays
in this range.
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Figure 5. A-weighted power spectral density of the pressure measured in a small car (solid line) and
predictions of the residual spectrum with a feedforward control system operating on a plant with a delay
of 1 ms (dashed line} or 5 ms (dotted ling).

Figure 6 shows the predicted residual pressure spectrum in the car after the
implementation of a feedback control system, in which no reference signal is used. The results
are again shown for assumed plant delays of 1 ms and 5 ms, and in this case the performance is
significantly degraded by the larger delay. The action of the feedback controller can be
understood, from Figure 4(b), in which the plant response (G) is a pure delay in this case. The
feedforward part (W) of the feedback controller must act as a predictor for the disturbance
signal d in order to minimise the error. The residual error is then the unpredictable part of the
disturbance signal, once the predictable components, over the timescale of the plant delay,
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the pressure signal, have been largely eliminated.

104

have been removed. For the 1 ms delay in Figure 6, the spectrum of the residual error is almost
flat, indicating that the residual error is almost white noise, which is uncorrelated from sample
to sample. With the 5 ms delay, the residual spectrum has a more 'coloured’ spectrum, but the
sharp peaks in the original disturbance, which correspond to more predictable components in

1075,

power spectral density

AR

1 ms (dashed line) or 5 ms (dotted line).

clear that the performance of the feedforward system is tolerant of plant

Proc..O.A. Vol 16 Part 2 (1994)

&

Figure 6. A-weighted power spectral density of the pressure measured in a small car (solid line) and
predictions of the residual spectrum with feedback control system operating on a plant with a delay of

The variation in the attenuation of the mean square value of the A-weighted pressure
with plant delay is plotted in Figure 7, for both feedforward and feedback control systems. Itis

delays up to about

3 ms, as also shown in Figure 5. The performance of the feedback control system is much more
dependent on plant delays in this range, with the overall attenuation falling to less than 1 dB
for a 5 ms delay. Notice, however, that for very short delays, the feedback controller can
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achieve a higher attenuation than the feedforward controller, although the microphone would
have to be so close to the loudspeaker to achieve these small delays, that the acoustic effect of
control may not be very widespread. Figure 7 provides a vivid illustration of the performance
limits of the two types of active control system discussed in this paper. It should be
emphasised, however, that the variation of attenuation with delay, as shown in Figure 7, is
very dependent on the statistical properties of the disturbance. If the disturbance were a pure
tone, for example, both feedforward and feedback control system could give infinite
attenuations at a single microphone, regardless of the plant delay. If, on the other hand, the
disturbance was white noise, the feedback system would be unable to achieve any attenuation
if there were any delay in the plant.

attenuation: dB

0 5 10 15 20 25
plant delay: ms

Figure 7. The variation of the attenuation in the mean square value of the A-weighted pressure with
delay in the plant for a feedforward control sysem (dashed line) and a feedback control system (solid line).
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Having determined the best possible performance of a feedback control system, we now
turn to the robustness of the feedback controller to errors or changes in the plant response.
This is most graphically illustrated by plotting the frequency response of the open loop system
in a Nyquist diagram. The open loop system is HG (see Figure 3) in which H is the complete
feedback controller enclosed by dotted lines in Figure 4{a). If the closed loop system is to be
stable, the Nyquist plot must not enclose the (-1,0) point on this diagram. The further the
Nyquist plot is away from the (-1,0) point at all frequencies, the more robust the feedback
controller is to changes in the plant response. 1f, in the example above, only the mean square
error is minimised in the calculations for the optimal feedback controller, the Nyquist plot
comes perilously close to the (-1,0) point, as illustrated in Figure 8(a), indicating that this
controller is not robust. Only part of the complete Nyquist plot is shown in Figure 8, for very
low frequencies and for very high frequencies, because the open loop response over the
remainder of the frequency range does not approach the (-1,0) peint and obscures the picture.
To improve the robustness any one of the methods described in Section 2 could potentially be
used. Figure 8(b) shows the Nyquist plot when the simplest of these methods is employed;
that of minimising the mean square error and P times the sum of squared filter coefficients
(equation {2.12)). It is clear from the Nyquist plot in Figure 8(b), for the value of p = 5 x 105,
that the feedback control system is more robust. A more quantitative measure of the
robustness, described in Section 3, is the complementary sensitivity function (Tg, equation
(3.6)). For a single input single cutput system, the maximum value of this function over
frequency is equal to the reciprocal of the upper bound on the frequency independent
multiplicative uncertainty which can be robustly tolerated in the plant (equation (3.5)). The
modulus of the complementary sensitivity function, Toljw), is plotted in Figure 9 for the
feedback controller optimised with B = 0 (error alone minimised) and B = 5x 10-5 {error and
sum of squared filter coefficients minimised). The maximum value of { Tg(jw) | is about 17 at
low frequencies for B = 0, corresponding to 2 maximum fractional uncertainty in the plant or
the plant model of about 6% before instability, whereas forp = 5 x 10-5, the maximum value of
I Toljw) ) is about 3 (at about 400 Hz) corresponding to a maximum fractional plant uncertainty
of about 33%. The feedback controller in the latter case is considerably more robust, and will
tolerate errors in the modulus of the plant or plant model response of about 2.5 dB and errors
in phase of about 20°, whereas with §§ = 0, the feedback controller is only robust to errors of
0.5 dB in amplitude and 3.5° in phase.

Although increasing the parameter P clearly improves the robustness of the controller,
the perfermance, in terins of attenuations in mean square values of the error signal, is degraded
as f is increased. As [ is increased, there is thus a trade-off between performance (attenuation
of error signal) and robustness {largest plant uncertainty, given by the reciprocal of the
maximum of the complementary sensitivity function, 1/Tmay), which is llustrated in
Figure 10. For P =5 x 104, the attenuation in overall error is about 6 dB, compared with an
attenuation of about 9 dB if § were zero. It is doubtful, however, whether a feedback system
designed with B = 0 would be useful in practice because rather small changes in the response of
the plant, due for example to movement of people in the car, could make the system unstable.
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Figure 8. Nyguist plots of the open loop frequency response for the feedback controllers designed to
minimise (a) mean squared error only, and (b) mean square error and P x sum of squared controller
coefficients (f=5 x 10r5).
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frequency: Hz

Figure 9. The complementary sensitivity function (Tofjw)) for the feedback control systems with the
controller designed to minimise mean square ervor (solid line) and mean squared error and f x sum of
squared controller coefficients (f= 5 x 10°9).
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Figure 10. The variation in the atfenuation in the mean square error signal, against the maximum
fractional plant uncertainty (1/Tmax), as the parameter B is varied for the feedback controlier.

5. CONCLUSIONS

A consistent formulation has been presented for calculating the performance of
feedforward and feedback control systems. The optimisation problem is transformed into a
quadiatic one, in both cases, by assuming an internal model of a part of the physical system
under control, which can be used to cancel its effects. The "feedback” path in feedforward
systems, and the "plant” response in feedback systems, is treated in this way.

To overcome ill-conditioning in the calculation of the optimal solution to this quadratic
optimisation problem, a number of methods of regularising the problein are described. These
include the incorporation of terms proportional to the sums of squared filter coefficients, or the
control effort, into the cost function being minimised. In adaptive feedforward control these
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modifications to the cost function are known to make the control algorithm more robust to
errors in the internal plant model used by the algorithm [7]. 1t is demonstrated in this paper
that the simplest of these modifications to the cost function also has the effect of making the
stability of a fixed feedback controller more robust to such errors.

Example calculations have been performed on internal pressure and accelerometer
signals recorded in a car travelling over a rough road. The performance of both feedforward
and feedback controllers was calculated, particularly with regard Lo their variation with delays
in the plant. For this disturbance, the potential performance of the feedback control system
was better than that of the feedforward system if the plant delay was smaller than about
1.5 ms,

APPENDIX: OTHER MODIFIED COST FUNCTIONS WHICH IMPROVE ROBUSTNESS

The physical effect of the leakage term in equation (2.12) is to prevent the digital
controller coefficients converging to large values, when similar reductions in the error could be
achieved with smaller values. Using the Wiener-Khinchin relationships, the cost function
given by equation (2.12) can be expressed in the frequency domain as

2
j2= | EleH(jmde(w) + B wHljmw(o)de (A1)
4}

where e(jw) is the vector of Fourier transforms of the error signals, and w(jo) is the vector of
frequency responses of the control filters.

The first term in equation (A.1) is thus the sum of the power spectral densities of the
error signals, integrated over the frequency, and the second term is proportional to the sum of
the moduli of the frequency responses of the filters in the controller again integrated over
frequency. The effect of the leak can be seen to be to discriminate against large values of the
frequency response of any of the control filters. It is sometimes desirable to discriminate
against large controller responses in certain frequency regions only. This can be achieved
using a generalisation of an approach previously suggested for single channel controllers,
which relies on deliberately mixing artificially produced measurement noise into the reference
signals. Widrow and Stearns [8] show that if the corrupting noise in an electrical cancellation
problem is white, the adaptive filter converges to exactly the same solution as it would if there
was a leak in the LMS algorithm. For a single channel active control system operating in a
duct, it is important to ensure that the controller does not eventually converge to a solution
with a large low frequency response, since this will overload the loudspeaker acting as the
secondary source. This low frequency overloading will be avoided if measurement noise with
a predominantly low frequency spectrum is present in the reference signal. Such measurement
noise is generally present naturally in a duct with flow, because of turbulence. Bitlet [9] has

270 Proc..O.A. Vol 16 Part 2 (1994)




Proceedings of the Institute of Acoustics

FEEDFORWARD AND FEEDBACK CONTROL

demonstrated that the same effect could be achieved by artificially mixing low pass filtered
measurement noise with the reference signal. It is undesirable if this artificial measurement
noise is injected into the physical system under control, and so an equivalent effect on the
update algorithm of a multichannel system could be achieved with the arrangement shown in

A
Figure 11, in which n denotes a vector of low pass filtered noise signals. If G = G, the
frequency domain cost function minimised by this arrangement is

Figure 11. Modification to the LMS adaplation algorithm to minimise a cost function which includes a
term proportional to the frequency-weighted control filter responses.

2n
Ja= j EleHGuke (o) + nHgoWHE)GH)G (oW ju)n(ju)lde (A2
0

where n(jw) is the K x 1 vector of Fourier transforms of the noise signals, W(jw) is the M x K

matrix of controller frequency responses, and G(jw) the L x M matrix of plant frequency
responses.

A cost function with more physical significance is obtained if a term proportional to the
sum of squared input signals to the secondary sources, the control effort, is included:

J4 = EleT(n)e(n) + p uT(m)u(n)}. . {A3)
The vector of input signals to the secondary sources can itself by written as

u(n) = X(n)w (A.4)
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where the matrix X(n) contains past and present values of the reference signals. Equation (A.4)
enables the cost function J4 to be again written in Hermitian quadratic form, this time with the
Hessian matrix ‘

A = E[RT(n) R(n) + p XT(n) X (n)]. (A.5)

The LMS algorithm which minimises J4 can be written
A
win + 1) = (I - & p XT(n) X(n))win) - & RT(n) en) (A6)

A

The algorithm converges if the real parts of all the eigenvalues of the matrix E[RT{n) R(n} + p
XT(n) X(n)] are positive [10]. Since XT(n)X({n) must be positive definite if the filters are
persistently excited, this term will tend to increase the real parts of the eigenvalues and thus
stabilise the algorithm even in the presence of errors in the estimates of the plant response. If
the properties of the reference signals are such that XT{n)X(n) = 1, then clearly equation (A.3) is
equal to equation (2.12) and the cost functions are the same. Generally, however, the behaviour
of the adaptive algorithms which minimise these two cost functions are not identical {11].

An even more general cost function could be defined to be the weighted sum of the
filiered error signals

P
filn) = Elalper (n-p) (A7)
p:

and filtered secondary source input signals
Q
Vm(n) = El bmp um(n - q)- (A.8)
q:

The coefficients of the two filters generating these signals could be chosen to emphasise
particular frequency components. Because these signals depend on past samples of the error
and secondary input signais, the definition of the vectors of these quantities must incorporate
these quantities, for example as

f(n}= A e(n,P} (A9)

where e(n,P) = [eT(n - 1, eT(n - 2) ... eT(n - P)T is an LPx 1 vector of past errors and A isa
sparse L X LP matrix containing the coefficients ajp. We can also define
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v(n} = Bu(n,Q) {A.10)

where unQ) = [uT(n - 1), uT(n - 2) .. uT(n - QT is MQ x 1 and B is a sparse M x MQ matrix
containing the coefficients bmg.

The most general cost function can now be written as
Is = EIfT(n) 8 £(n) + vT(n} ® v(n)] (A.11)

in which @ and ¢ are positive definite matrix which do not have to be diagonal. The
augmented vector of error signals can be written as

e(nP)=d(nP) + R(n,Plw {A.12)

where the definitions of d{n,P) and R(n,P} follow from that for e{n,P) above. Similarly, the
augmented vector of plant input signals can be written

uln,Q) = X(n,Qw (A13)
so that equation (A.11) can once again be written as a Hermitian quadratic function of the
vector of controller coefficients w, this time with the Hessian matrix equal to

A =E[RT(n,P)ATo A R(n.P) + XT(n,Q)BTo B XT(n,Q)] (A.14)

The LMS algorithm which minimises J4 can be written as

win + 1) =[1- 2 XT(n,QBTe B XT(n,Q) 1w} -  RTn,PATS fn) (A.15)

The various cost functions described here and in Section 2 are summarised in Table 1.
All of the adaptive algorithms which minimise a cost function with a term proportional to the

mean square controller response, or the mean square control effort, tend to be more robust to
errors in the estimated response of the plant.
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Table 1 - List of cost functions

L 2
=3 [ ENEge)?]do error only
I=1 0 J
|
L 2n M K n |
I2=% j ENE0)1)do+B ¥ ¥ j 1 Wink(w) 12 do error and controller .
=1 0 m=1k=1 0 {
L 2 L 2r
=% | EiEGINde+ 3 | El1OGm)i2) do error and weighted controller
='l =]
0 0
M K
where Ojljw} = 21 kE‘.l Gimjoo) Wink(jeo) Nic o)
m= =
L 2n M n
le=X [ EVEG0)IZIde +p I [ EllUmGe)l2ide error and effort
1=1 0 m=1 0
L 2o M 2
Is= % I E[|Fijo}12]do +p T I E[IVm(r)1?]de  filtered error and filtered effort
=1 m=l
0 0

where Filjo) = Afjo) Efj@) and  Vin(j) = B(jo) UG

274 Proc.l.O.A. Vol 16 Part 2 {1994)



Proceedings of the Institute of Acoustics

FEEDFORWARD AND FEEDBACK CONTROL

10.
n.
12
13.
14.

15.

6. REFERENCES
P.A. Nelson and 5.]. Elliott 'Active Control of Sound’. Academic Press, 1992

G.F. Franklin, J.D. Powell and A. Emami-Naeri 'Feedback Control of Dynamic Systems’,
2nd Ed. Addison Wesley, 1991,

RJ. Richards ‘An Introduction to Dynamics and Control’, Longman, 1979.

5.J. Elliott, M. Stothers and P.A. Nelson ‘A Multiple Error LMS algorithm and its
application to the active control of sound and vibration’. JEEE Trans. ASSP-35, 1423-
1434, 1987,

5.]. Elliott and P.A. Nelson 'Multichannel active sound control using adaptive filtering'.
Proc. ICASSP 88, 2590-2593, 1988.

C.C. Boucher, S.J. Elliott and P.A. Nelson 'The effect of errors in the plant model on the
performance of algorithms for adaptive feedforward control'. Proc. IEE Pt. F, 138, 313
319,1991.

$.]. Elliott, C.C. Boucher and P.A. Nelson ‘The behaviour of a multichannel active
control system'. IEEE Trans. SP-40, 1041-1052, 1992.

B. Widrow and S.D. Stearns 'Adaptive Signal Processing'. Prentice Hall, 1985.

L. Billett "Active noise control in ducts using adaptive digital filters'. M.Phil. Thesis,
University of Southampton, 1992,

5.J. Elliott ‘Tyndall Medal Lecture: Active control of structure-borme sound’, Proc. IOA
15, 93-120, 1993.

P. Darlington 'Stability and steady state performance of constrained output power
adaptive filters'. Proc. I0A 12, 735-742, 1990,

P. Darlington, P.D. Wheeler and G.A. Powell 'Adaptive noise reduction in aircraft
communications systerns’. Proc. [ICASSP 85, 716-719, 1985,

B.D.O. Anderson and J.B. Moore ‘Optimal Control, Linear Quadratic Methods'. Prentice
Hall, 1989.

J.C. Doyle, B.A. Francis and A.R. Tannenbaum 'Feedbuck Control Theory', Maxwell
Macmillan, 1992, .

G.C. Newton, L.A. Gould and .F. Kaiser ‘Analytical Design of Feedback Controls”. John
Wiley, 1956.

Procl.0.A. Vol 16 Part 2 (1994} 275



Proceedings of the Institute of Acoustics

FEEDFORWARD AND FEEDBACK CONTROL

16.
17.
18.

19.

20.

276

M. Morari and E. Zafiriou 'Robust Process Control'. Prentice Hall, 1989.
S.J. Elliott *Active control using feedback’. ISVR Technical Memorandum 732, 1993.
P.E. Wellstead and M.B. Zarrup 'Self-tuning systems’. John Wiley, 1991.

T.]. Sutton and S.J. Elliott "Active control of interior road noise’. Autolech 93,
Birmingham, 16-19 November 1993. LMech.E. paper C462/36/207.

T.J. Saunders, T.J. Sutton and LM. Stothers ‘Active control of random sound in
enclosures'. Proc, 2nd Int. Conference on Vehicle Comfort - Ergonomic, Vibrational, Noise and
Thermal Aspects. Bologna, Italy, 14-16 October 1992.

Proc.l.O.A. Vol 16 Part 2 (1984)



