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1. INTRODUCTION

Previous research into the propagation ol waves in structures has concentrated on understanding the
etiect oi discontinuities upon wave motion In simple straight beam elements. However. In many practical
structures wave propagation ocwrs In more complex curved and stillean elements. lherelore there is a
need to extend the analysis to thb class at stnrcture. In straight beam llexural and longitudinal
(extensional) wave motions are uncoupled. For a curved beam. however, there is interaction between
the longitudinal and bending deiomtatlons leading to coupled extensional-llexural propagation. In an
elementary theory. Love“) assumed that the centre-line remains unextended during llexural motion.
whilst llexural behaviour Is ignored when considering extensional motion. In the same reterence (1) Love
presented equations tor thin shells Mitch Include the etlects oi extension at the mld-surtace during
bending motion. Haggai?) has also derived equations tor thin shells which Include extension at the mid-
surtace during bending motion but has attempted a more carelul discard at higher order tem1s. With
some manipulation both these sets at equations can be reduced to expressions applicable to a curved -
beami3). Equations derived specifically tor a wrved beam are presented by Philipsonl‘l who included
extension at the central lIne In the llexural wave motion, and also rotary Inenla eltects. In a development
analogous to that to Tlrnoshenko tor straight beams. Marley‘s) Introduced a correction tor radial shear
when considering the vibration oi wrved beams. Graft later presented Irequency versus wave number
data for wave motion In a curved beam, tor simple bending“). and when Including higher order ettectsl7).

In this paper the results ol experimental studies at wave motion In a mild steel beam are reported, where
It Is assumed that the centre-line oi the beam tons a plane wrve ol constam radius ot curvature. In
section two the hamtonlc response at a 'semi-lnlinite' curved beam with a single Itexural stitiener Is
developed by considering the propagating and evanescent waves which travel In both directions along
the beam. This method has previously been used to analyse the ham'ronic response ol straight beams
on periodic“) and nortperiodic supports”). In sectbn three. the experimental apparatus Is described
and the measurement method outlined. Finally, In section tour, the theoretical predictions are compared
with laboratory measurements made on a curved and stillened mild steel beam.

2. THEORY

2.1 Wave motion In curved beams The Fmgge based analysis invoives small displacements ot thln
beams. hence the assumptions known as 'Love's tlrst approximation' In classical shell theory. can be ,
madeI‘I- These assumptions Impose the totiowlng linear relationships between the displacements ot a
material poim U.W in the beam and components at displacement at the undelorrned centre-line
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U(r.e.t)-u(R.s.t)+zo(s.t) I ' (t)
W(r.s.t) -vv(R.s.t) (2)

where u and w are the components at displacement at the centre-line In the clrcumlerentlal and radial
directions, respectively. and o Is the rotation at the normal to the centre-line during detormatlon. A
complete list at notation Is given In the Appendix. Using these assumptions the equations oi motion tor a
curved beam have previously been derived“): Solution ot the equations oi motions show that three
types ot positive-going waves can exist and dispersion curves tor these waves are-shown In Fig 1. The
trequency range Ie expressed In terms ol the non—dimensional trequency fl - (DR/Cg. where c, Is the

phase velocity at extensional waves in a straight bar. whilst the wave number range is expressed In
terms at the ncndimensional wave number. kR, From the dispersion curves and associated extensional

to tlexttrai wave amplitude ratios. two ditterent trequenq regimes can be identified. above and below
the ring trequency, n =1. Above the ring trequeno/ three wave types can exist: tlexural travelling wave.
tiexurai near tleld wave and extensional travelling waver Below the ring trequenc'y the tlexural travelling
and near tleid waves still exist. however. the extensional wave is now evanescent:

2.2 v Point response ot an 'Inilnite' curved beam By analogy to the lntlnlte 'system point response
functions tor straight beams presented in (9) consider now an lntinite curved beam subjected to an '
harmonic tome Fae“ acting In the radial direction at the origin sail. The response due to the torce to the

right at 5:!) can be expressed as the sum of the propagating and evanescent waves shown in the

dispersion curves in Fig 1. Thus the Ilexural displacement is given by "

w,(s) = At 6‘"i 4- A2 6"“ + A: 0"" (3)

where A1, A2. and A3. represent the unknown wave amplitudes and R1. R2 and K3 the wave numbers

at the three wave types. to. tiexural travelling. tlexural neartield and extensional. respectively. For clarity

oi notatbn the hamtonic term, e'“. has been omitted. The value at the unknown coeiticlents, M. can be
Iound by considering the relevant equilibrium and compatinin conditions at the excitation point. In this

1 case the tollomlng assumptions have been made: ‘ .7

I the extenslonai motion Is zero. le. u .(0) u 0 a

l-l.(0) _ 3W.(0) =
R as

  

It the slope is zero. Ie o, (0) = 0 - ‘ . (4)

III ' the sheer torce ls hail the excitation torce, Ie.
_ l w,(0) a’w,(0) _E‘

5'0) _ H as[ R2 + 3:1 _ 2
The corresponding extensional displacement Is given by

u.(s) = Bi 6"“ + B: 6"“ +33 6"“ i (5)

  

where the extensional to tlexural wave amplitude ratio. (BM). is tourtd trom the equations at motion.
The response to the toil ot the force can be tound in a similar manner.
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2.3 Response at a semi-Infinite tamed beam with a single tlexuret stiflener Consider the semi-
tntlnite tamed beam oi Fig 2 which Is excited by a harmonic loroe. Fa. acting in the radial direction at

s-sg. The response at a position s, along the beam ls due to: o

i the iorced waves generated by the external force
it the tree waves reflected irom the boundary at the lree end. and
ill the wa'ves generated by the unknown transverse reaction torce at the simple support location

Thus the iiexural displacement is given by

w(s,) = 1.1 e""" + L,e"I'v‘+ L,c"‘""

,( Al camp-01+ A: e-htlfl.)i+ A: camp-hi . (6)

H) [A‘L cut-.4.» + A“. chirp-0i + All. chin-nit]

where L1. L2 and L; are the unknown ooellcients oi the waves reflected trorn the tree and and D the -
unknown coefficient due to the reaction torce on the simple support. The ooefliclen‘ts A1. A2 and A3 are
the amplitudes at the infinite curved beam system at section 2.2 where a unit torce. FD a 1. has been
assumed and the subscript L Indicates Ietl going waves.

The value at the unknown coefficients can be lound by satistylng the boundary conditions at the support
location and at the tree end of the beam. At the support location the ioliowihg boundary conditions are
assumed: 9'

i the transverse displacement is zero. is w.(st) = 0

I 2

It the bending moment is zero. Ie M,(s1) = - EI[—w‘T(zsi2 + = o (7)
s

At the tree end at the beam the lolievVing boundary conditions are assumed:

l the axial iorce Is zero, ie.

_ W.(0) Bu.(0) E w.(0) a’w,(0) _
rum—5% R + as )+ R[ R1 + as2 '0

  

u the bending moment Is zero. is. M,(O) 5- 0 (8)

iii the sheer lorce Is zero. to. $40) = 0

The tiexural displacement at any point along the beam can‘now be lound by substituting the yalues oi
ooeiliclents L1, L2 and L3, and D into Eqn (6), taking aoeunt ol the lett going or right going nature oi the
waves.
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3. EXPERIMENTAL APPARATUS AND METHOD
.

The test structure consisted ot a curved 5m long mild steel beam. 50 x 6.5mm section, with a constant
radius ct curvature ol 6.366m. A 'seml—lntlnlte' beam was obtained by Inserting one end into an anecholc
ierrnlnatlon consisting ot a 1m long box tilled with sand to dissipate the energy oi the wave motion. To
attenuate tiexural waves through a range of trequencles loam wedges were Inserted. and to attenuate
longitudinal waives thln aluminium stripe at varbus lengths (5 - 10mm) were attached at right angles to
that portion oi the beam which lay In the sandbox. At a distance oi 1.45m irom the tree end oi the beam
tlexural motion was restrained by pinning the beam to a grounded support. A schematic representation
oi the experimental apparatus Is shown In Fig. 3.

The tree end at the beam was stnrck with an instrumental hammer which measured the exclttion torce.
whilst the response was measured using accelerometers mounted In the circumierentlal and radial
directions. All data were recorded simultaneously in a multI-channel FFT analyser. This was connected
to apersonai computer which periormed the necessary post processing to calculate point and cross
nobliitytunctions.

4. RESULTS

Comparisons of the measured point mobility with theoretical predictions ol the point mobility oi an
unsir‘llened 'semi-intlnlte' curved beam having the same dimensions and material properties as the test
stnrcture have previously been reported“). These showed that the measured data contained resonant
peaks corresponding to the tinile length ot the experimental beam. however, the data tollowed the trend
predicted tor a 'semI-intlnlte' curved beam. In this paper, the ettect oi Introducing a tlexurai stillener will
be reported. Fig. 4 shows the modulus oi the polnt mobility oi the beam when the tree and is excited In
the radial direction. The frequency range Is presented on a non-dimensional logarithmic scale trom
n: 0.1 to n = 10.0. this corresponds to a dimensional trequency range at 13 Hz to 1300 Hz.
Comparison ot the measured resonance peaks with the corresponding theoretically predlded natural
irequencles shows that the measured data is lower In lrequency and In peak amplitude than the
corresponding theoretically predicted values. This dilterence Is attributable to the damping In the
anechoic lamination, whereas the theoretical model 'assumes on undamped beam. The predicted
natural trequenctes are approximately those oi a straight Euler-Bemoulli beam oi length 1.45m with
pinned-tree boundary conditions. This Indicates that the response due to radial excitation Is dominated
by the‘ettect oi the .tiexurai stitiener.

The modulus oi the cross mobility (circumferential velocity per unit radial torce) ls strewn in Fig. 5. end
the point and cross.mobility oi the stnrcture when excited in the clrcumteremlal direction are strewn In
Figs. 6 and 7. respectively. The point mobility ol the curved and suttened beam, Fig 6. exhibits similar
behaviour to that ot the unstlltened beam discussed previously In (10). where It was noted that two
tremency regimes can be identitled : above and below the ring irequency, n = 1. The cross mobility
shown In Fig. 7 exhibits the same characteristics as the cross mobility due to radial excitation shown In
Fig. 5'. In tact. because oi reciprocity the radial response due to clrcumlerential excitation should be
Identical to the clrcumterential response due to radial excitation. The close similarity between the data In
Figs. 5 and 7 conlirms the validity of both the measured and theoretical results.

Q.-
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5. DISCUSSION AND CONCLUSIONS

The paper has reported measurements of the point and cross mobility oia curved and stiliened 'seml

iniinita' beam. A corresponding theoretical model was developed by considering the propagating and

evanescent waves which travel in both directions along the beam. Analysis at both the measured and
predicted data leads to the iollowlng conclusions:

I icr radial excitation the point response is dominated by the slitlening oi the beam

ii tor circumterential excitation the point response is dominated by the curvature of the beam.
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APPENDIX : NOTATION

 

l1“ coeliicient ol infinite system point response iuncticn In radlal direction

1th

Young's modulus

rrragnitude oi externally applied torce

second moment oi area oi beam cross-section

i‘h coeIIIcIent oi wave reflected lrom tree end

bending moment on beam cross-sedion

cirwmlerentlal lorce on beam cross-section

radius of armature

sheer iorce on beam cross-section

displacemem oi material point in circumferential direction

dbplacemem oi material point In radial direction

wave speed at extentlonai waves In straight bar

wave nurrber

coordinate In radial direction

coordinate In drwmierentlai direction

lime

displacement at centre-line in cimmierential direction

displacemem at centre-line in radial direction

coordinate cl outward pointing normal to centre-line

non-dimensional lrequency

change 01 slope at name! to centre-line during delormatlon

radian Irequency

Subscripts

158

4- positive direction

L left going

ooeificIeni oi lnflnlte system poim response lunction In olrcumierentlal direction
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