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1. INTRODUCTION

Pravious research into the propagation of waves in structures has concentrated on understanding the
effect of discontinulties upon wave motion in simple straight beam elements. However, in many practical
structures wave propagation occurs in more complex curved and stiftened elements, theralore there isa
need to extend the analysis to Ihis class of structure.  In straight beam flexural and longitudinal
(extensional) wave mations are uncoupled. For a curved beam, however, there Is interaction betwean
ihe iongitudinal and bending deformations leading to coupled extensional-flexural propagation. In an
elementary theory, Lovel!) assumed Ihat the centre-line remains unextended during flexural motion,
whilst flexural behaviour Is ignored when considering extensional motion. In the same reference {1) Love
presenied equations for thin shells which include Ihe ellects of extenslon of the mid-surdace during
bending motion. Flilgge!2) has also derived equalions for thin shalls which Include extension of the mid-
surlace during bending molion but has attempted a more carelul discard of higher order terms. With -
some manipulation both these sels of equations can be reduced 1o expressions applicable to a curved
beam®).  Equations derived specifically for a curved beam are presemed by Philipson{d) who included
extansion of the central line in the flexural wave motion, and also rolary Inenia effects. Ina davelopment
analogous to ihat to Timoshaenke for siraight beams, Morley(S} introduced a comection for radial shear
when consldering the vibration of curved beams. Graff later presented irequency versus wave number
data tor wave motion in a curved beam, for simple bending(6), and when including higher order effects(7).

In this paper the rasults of experimental sludies of wave motion in a mild steel beam are reportad, where
it Is assumed that the cenire-line of the beam forms a plane curve of constant radivs of curvature. In
section two the harmonic response of a ‘semi-infinile’ curved beam with a single flexural sliffener is
develkoped by considering the propagaling and evanescent waves which travel in bolh directions atong
the beam. This method has previously been used to analyse the harmonic responsa ol straight beamns
on periodict®) and non-periodic supports(®). In section three, the experimental apparatus is described
and the maasurement meihod outlined. Finally, in section four, the theoretical predictions ara compared-
with laboratory measurements made on a curved and sliffened mild sieel beam.

2. THEORY

2.1 Wave motion In curved beams The Filgge based analysls involves small displaoeménls of iﬁin
beams, hence the assumptions known as Lovae's lirst approximation’ In classical shell theory, can be .
madall):  These assumplions impose the foliowing linear relationships betwoen the displacements of a

material point U,W in the beam and compeonents of displacement at the undelormed centra-line
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whare u and w are the componants of displacement at the cenire-line in the circumterential and radial
direciions, respeciively, and ¢ ls the rolation of the normal 1o the centre-line during deformation. A
complete list of notation Is given in the Appendix. Using these assumptions the equations of motion for a
curved beam have previcusly been derived(3): Solution of the equations ol motions show that three
types of positive-going waves can exist and dispersion curves for these wavas are shown in Fig 1. The
frequency range Is expressed in lerms of the non-dimensional frequency {1 = wR/cy, where cg 15 the
phase velocity ol extensional waves in a straight bar, whilst the wave number range Is expressed in
lorms of the non-dimenslonal wave number, kR. From the dispersion curves and associated extensional
1o flexural wave amplilude ratios, two different frequency regimes can be identified, above and befow
the ring frequency, f1 =1. Above the ring frequency thrae wave types can exist: flexural travelling wave,
flexural near figld wave and exiensional Iravelling wava. Below the ring frequency the flexural travelling
and near field waves still exist, however, lhe exlensional wave is now evanescent.

22 - Point response of an “Infinite’ curved beam By analogy to the infinite 'syslem point response
functions for siraight beams presented in (9) consider now an infinite curved beam subjected to an -

- harmonic force Foe*® acting In the radial direction at the origin s=0. The response due to the force 1o the
right of 5=0 can be exprassed as tha sum of the propagating and evanescam waves shown in the
dispersion curves in Fig 1. Thus lhe llexural disptacement is given by

w,(s) = A et 4 Ar et Ay et (3

where Aj, A, and Az, represent the unknown wave ampliludes and kq, kz and kg the wave numbers

of the three wave lypes, fe. ﬂexural travelling, flexural nearfield and extensional, respectively. For clarity

of notation the harmonic term, e, has been omitted. The value of the unknown coeflicients, Aj, can be

found by considaring the relevant eqmlibrh.lm and compatibildy conditions at the excﬂallon point In this
' case the following assumptions have been made:

1 the extenslonal motion is zero, le.u . (0)=0 c"

L@ WO _ o "

i the slope is W 0) =
e slope Is zero, ie ¢, (0} R "
il the sheerforce is hall ha excitation force, le )
_ (w0, Fw, ) _
5.0) = - El as( RT o 2
The corresponding extensional displacement is given by
u,(s) = Bie™ + Bz ™™ +By e™” 5)

whera the extensional to flexural wave amplitude ratio, (ByAJ, is found from the equations of motion.
The response 1o the lefi of the force can be found in a similar manner.
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23 Response of a semkInfinite curved beam with a single flexural stitfener Consider the semi-
Infinite curved beam of Fig 2 which is exclted by a harmonic force, Fg, acting in the radial direction at
&nSq. The response at a position s; along the beam is due to:

i the forced waves generated by the extemal forca
li the free waves reflected from the boundary at the free end, and
i . the waves generated by the unknown transverse reaction force at the simple suppont locatlon

Thus the flexural displacement is given by
w(s,) = L e + Lye*™ 4+ L, ™™
N e _ ®
+D [Ay eV 4 Ay ehlenE 4 A ehienl]

where Ly, Lo and Ly are the unknown coelicients of the waves reflected from the free end and D the
unknown coefficlent due 1o the reaction force on the simple support. The coefliclents Ay, Az and Ag are
the amplitudes of the infinite curved beam system of section 2.2 where a unil force, Fg = 1, has been
assumed and the subscript L indicates lett going waves. ’

The value of the unknown coefficiants can be found by satisfying the boundary conditions at the support
localion and at the frea end of 1he beam. At the suppor location the following boundary conditions are
assumed:

L 4
I the lransversé displacement is zero, e w,(51) = 0
i the bending moment is zero, ie M,(51) = - EI[ w;::s') + azg;fsl )J =0 ¥4
Al the free end of the beam the loliowing boundary conditions are assumed:
i the axial force Is zero, la. 5 ‘ , !
o - (% 20). Bnp 220
i the bending moment Is zero, fa. M,(0} = 0 (8

i the sheer lorce Is zero, ie. 5,{0) = 0

The flexural displacement at any point along the bearﬁ can'now be found by substituting the yalues of

- coefliclents L1, Lz and L3, and D inlo Egn (6), taking acount of the left going or right going nature of the

waves.
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3. EXPERIMENTAL APPARATUS AND METHOD
-

The test siructure conslsted of a curved Sm long mild steel beam, 50 x 6.5mm section, wih a constant
radius of curvature of 6.366m, A 'seml-infinite’ beam was obtained by inserting one end Inlo an anechole
lermination consisting of a 1m long box filled with sand to dissipate the energy of 1he wave motion. To
attenuate tlexural waves through a range of frequencies foam wedges were Inserted, and lo atienuate
longiudinal waves thin atuminium strips of various lengths (5 - 10mm) were attached at right angles to
that portion of the beam which lay in the sandbox. Al a distance of 1.45m from the free end of the beam
Hexural motion was resirained by pinning the beam to a grounded support. A schematic represantation
of 1he experimental apparatus is shown in Fig. 3.

The free end of the beam was siruck with an instrumental hammar which measured the excittion force,
whilst Ihe response was measured using accelerometers mounled in the circumferential and radial
directions. All data were recorded simultaneously In a multi-channel FFT analyser. This was connecled
to apersonal computer which performed the necessary post processing lo calculate point and cross
mobility functions,

4. RESULTS

Comparisons of the measured point mobility with theoratical pradictions of the point mobility of an
unsliffened "semi-infinile’ curved beam having the same dimensions and material propertigs as the last
structure have previously been reported(19), Thase showed that the measured data conalned resonant
peaks corresponding to the finile lengih of the experiméntal beam, however, the data followed the trend
predicted for a “seml-infinite’ curved beam. In this paper, the effect of introducing a flexural stifener will
be réported. Fig. 4 shows the modulus of the point mobility of the beam when the free end Is excited in
the radial direction. The frequency range Is presented oh a non-dimensional legarithmic scale from
f1=10110c G = 10.0, this corresponds to a dimensional frequency range of 13 Hz to 1300 Hz.
Comparison of the measured resanance peaks with the corresponding theoretically predicted natural
frequencies shows thal the measured data is lower In frequency and In peak amplitude than the
corresponding theorelically predicted values. This difference Is atirbutable to the damping in the
anechoic termination, whereas the thearetical model ‘assumes on undamped beam. The pradicled
natural frequencles are approximately those of a straight Euler-Bernoulli beam of length 1.45m with
pinned-iree boundary conditions. This indicates that the response due to radial excitation is dorrinated
by the‘ eftect of the flexural stiifener.

The modulus of the cross mobility (circumferential vs'lqcﬂy per unit radial force) Is shown In Fig. 5, and
the point and cross,mobility of the structure when excited In the circumferential direction are shown In
Figs. 6 and 7, respectively. The polint mobitity of the curved and stitfened beam, Fig 6, exhibils slmilar
behaviour 10 that of the unstitened beam discussed praviously In (10), where it was noted that two
frequency regimes can be identified : above and below the ring frequency, €1 = 1. The cross mobility
shown In Fig. 7 exhibils the same characteristics as the cross mobility due 1o radial excitation shown in
Fig. 57 in faci, because of reciprocity the radial response duse to clrcumlerential excitation should be
identical to the circurnferential response dua to radlal excitation. The close similarity between the data in
Figs. 5 and 7 confirms the validity of bolh the measured and theorelical rasulls.

L")
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5. DISCUSSION AND CONCLUSIONS
The paper has reporied measurements of the point and cross mobility of a curved and sliffened ‘sem}-
infinite" beam. A corresponding theoretical model was developed by considering tha propagating and
evanescenl waveas which travel in both directions along the beam. Analysis of belh the measured and
predicied dala leads to the followlng conclusions:
i for radial excitation the poim response is dominated by the sliffening of the beam
it for circumferential excitation the point response is dominaled by the curvature of tha beam.
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APPENDIX : NOTATICN

th  coelficient of infinite system point response function in radlal direclion
th  cosfficient of infinite systam point response funclion in clrcumfarential direction

Young's modulus

magnilude of extamally applied force

second momant of area of beam cross-section

ith coelficlart of wave reflected from free end

bending momerd on beam cross-seclion
circumferential force on beam cross-section

radius of curvaturg

sheer lorce on beam cross-section

displacement of material point In clrcumferential direction
displacement of material point in radial direction

wave speed ol extentional waves in straight bar

wave number

coordinate in radia! direction

coordinate In circumferential direction

lime

displacement at centre-line in circumierential direction
displacement at centre-line In radial direction
coordinate of eutward pointing normal lo cenire-line
non-dimensional frequency

change of slope of normal to cenire-line during deformation

radian frequency

Subscripts

158

+ positive direction
L left going
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