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I. INTRODUCTION

Measurements of railway-induced ground vibrations show that the increase in train speeds is
normally accompanied by higher levels of generated ground vibrations. Recent theoretical
investigations of ground vibrations from high-speed trains (Krylov 1994, 1995, 1996, 1998)
contributed to understanding the reasons why an increase in train speeds is accompanied by
higher levels of generated ground vibrations. It has been predicted during these investigations
that especially large increase in vibration level should take place if train speeds v exceed the
velocity of Rayleigh surface waves in the ground ck. If this happens, a ground vibration
boom takes place, similar to a sonic boom predicted by E. Mach more than a century ago.

Note that it took more than 50 years between the publication of the Mach’s theory and the
appearance of first supersonic aircraft generating a sonic__boom. The distance from the first
theoretical prediction of a ground vibration boom from high-speed trains (Krylov 1994) to its
practical realisafion was much shorter. As was reported by Dr C. Madshus at the recent
Conference “Ground Dynamics and Man-made Rrocesses: Prediction, Design, Measurement"
(ICE, London1 20 November 1997), in October 1997 the research team than the Norwegian
Geotechnical Institute (NGI) have observed the severe ground motions when train speeds
exceeded the Rayleigh wave velocity in the supporting ground. The problem was experienced
by the Swedish Railway Authorities (Banverket) when their West-coast main line from
Gothenburg to Malmii was opened for the X2 high-speed train (Madshus I997). The speeds
achievable by the X2 train (up to 200 km/h) can be larger than Rayleigh wave velocities in
this part of South-Western Sweden characterised by very sofi ground. In particular, at the
location near Ledsgiird the Rayleigh wave velocity in the ground was as low as 45 m/s, so that
the increase in train speed from I40 to 180 km/h lead to about 10 times increase in generated
ground vibration level. Thus, these first observations of railway-generated ground vibration
boom indicate that the era of “supersonic” or (more precisely) ‘fians-Rayleigh" trains has
begun.

In the present paper we describe the efi'ects of sofl soil on ground vibrations generated by
high—speed trains, especially in trans-Rayleigh regime, and compare the resulting theoretical
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predictions with the recent measurements of a railway-generated ground vibration boom on

the West—coast Main Line in Sweden.

2. OUTLINE OF THE THEORY

There are several mechanisms of generating ground vibrations by railway trains. Among

these mechanisms the most common and the most important one is a quasi-static pressure of

wheel axles onto the track (Fig. La) which is also responsible for railway-generated ground

vibration boom An important aspect of analysing the above mentioned wheel—axle pressure

generation mechanism is calculation of the track deflection curve as frmction of the applied

axle load. One can treat a track as an Euler -Bemoulli elastic beam ofuniform mass ma lying

on a visco—elastic half space 2 > 0. To describe vertical deflections of the beam one can use

the dynamic equation (see, e.g., Fryba 1973; Belzer 1988):

awry/314+ mga’w/ar‘ + aw = T6 (x—vt). (1)

Here w is the beam deflection magnitude, E and I are Young‘s modulus and the cross-

sectional momentum of the beam, or is the proportionality coefficient of the equivalent

(Winkler) elastic foundation, x is the distance along the beam. T is a vertical point force. v

is its speed, and 8 (x) is the Dirac’s delta-function. The solution of (1) has the form

“'(X-W) = 0/3EIB’5)W(-I35lX-VII)[WS(BI1(X-Vf} + ersifimnlr-WUJ . (2)

where is = (ix/4120’”, s = (1 - 1/8”)” and n = (1 + v’/c’,,,,,,)"’; the term em," =
aural/mgr“ represents the minimal phase velocity of bending waves propagating in a
system track/ground. To calculate forces applied from sleepers to the ground, e.g., for a

sleeper located at x = 0. one should substitute eqn (2) into the following expression:

1’6) = T[2W(Vf)/14'M"J(d/xa“). (3)

where d is a slee periodicity, index “st” corresponds to the quasi-static solution of eqn (1),

i.e., for moa’w/a = 0. In particular, Wm" is the maximal value of w(vt) in quasi-static

approximation1 and 1,," = 7:43 is the effective quasi-static track deflection distance. Since the

factor 8 = (l - v'/c’,,,,,,)”‘ is present in the denominator of the expression for P(t) following
from eqns (3) and (2), these forces increase as the train speed approaches the minimal track

wave velocity.

As the next step, one has to derive the Green’s function for the problem under consideration.

To take into account the effect of layered geological structure, one can use an approximate

Green's function which takes into account the effects of layered structure on the amplitude
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and phase velocity of only the lowest order surface mode which goes over to a Rayleigh wave
at higher frequencies. For simplicity, we also assume that the Poisson ratio a of the layered
ground and the mass density p0 are constant. The corresponding approximate expression for
the Green‘s function component G",(p,o)) describing approximately the efl'ect of a layered
structure on generated vertical component of ground vibration velocity has the form:

we») = D‘(u>)(1Np) erpfikaP ~1ke‘p), (4)

do) = («I22'”(-rm)q‘(ke‘)"‘(kffexpotwo/Memo;). (5)

Here p = [cc-x91 + (y—y)" 1’” is the distance between the source (with current
coordinates x', y') and the point of ohszrvation (with coordinates x. y), o) = 21:!" is a
circular frequency. k; = ro/ck((o) is the wavenumber of :3 lowest order Rayleigh mode
propagating with frequency-dependent velocity cR(tn}; terms k,‘ = m/c,"(m) and It} = m/c,"(o)
) are “effective” wavenumbers of longitudinal and shear bqu elastic waves at given
frequency or. In the model under consideration, the “effective” longitudinal c,l'((o) and shear
c,l‘(m) wave velocities as well as the corresponding “efl‘ective” shear modulus it"(to) are
expressed in terms of frequency-dependent Rayleigh wave velocity ckao) using the well
known relations:

cR(o))/c,"((o) =(0.87I+I.12cr)/(I+a), (6)

c.‘(m)/c,‘(m) =[(1-2a)'/2(1-o21”’. (7)

Wu) = pa[c,‘(w)f. (8)

The term q‘ is defined as q" = [{kn‘)’ . my”, and the factor Flm‘) is determined
according to the following relationship (Biryukov et al. 1995):

Ft’m‘) = Mom‘)‘ , (9)

where N(o) is a dimensionless function of the Poisson ratio. 0‘ (cg, for o = 0.25, the
function N(o) takes the value ~2.3r).

In writing (4) we have accounted for attenuation in soil by replacing Hon ((0) in the
exponential of the Green’s function by the complex value l/cR + r'y/cR , where y = 0.001 - 0.1
is a constant describing the "strength" of dissipation of Rayleigh waves in soil (Gutovsld &
Dym. 1976).

The dependence of Rayleigh wave velocity on frequency. cR{co), is determined by the
particular profile of the layered ground, characterised by the dependence of its elastic moduli
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it, p. and mass density p.) on vertical coordinate 2. In what follows we consider published

values of the functions “((0) and use their simple analytical approximation:

5W“) = (CI - €1)eXP{‘alfl’/2fi) + C: - (10),

Here c, and c; are values of c(o:) for m = 0 and w = oc respectively, parameter 11‘ describes

the “strengths” of dispersion (it depends on the characteristic layer thickness and on the

difierence between elastic moduli in the depth and on the surface of the ground).

To calculate ground vibrations generated by atrain one needs superposition of waves

generated by each sleeper activated by wheel axles of all carriages, with the time and space

difl'erences between sources (activated sleepers) being taken into account (Fig. 1,b). Using the

Gmn's function this may be written in the form (Krylov & Ferguson, 1994)

mm) = P(xcy2w)G‘u(p.m)Myz (11)
—m—u:

where P(x',y',tu) describes the space distribution of all load forces acting along the track in

the fi’equency domain. This distribution can be found by taking a Fourier transform of the

time and space dependent load forces P(t, x', y'=0) applied from the track to the ground, For

all sleepers, axles and carriages being taken into account this function has a form

a: N-I

P(t. z'.y'=0)= Z Z AJP(t—(x'+nL)/v)+P(l-(x'+M +nL)/v)]8(x'—md)8(v), (12)
m=-mn=0

where p” = M + (mdfjm, N is the number of carriages, M is the distance between the
centres of bogies in each carriage and L is the total carriage length. Dimensionless quantity

A,I is an amplitude weight-factor to account for difl‘erent carriage masses (for simplicity we

assume all carriage masses to be equal, i.e., A,l =1).

Eqns (ll), (12) and (2) -_(9) result in the following expression for the frequency spectra of

vertical vibrations at z=0, x = 0 and y =ya generated by a moving train:

N-I

V2 (0. M» m) = P(m)D‘(w) 2 Z [exp(-7mpn/cn(m))/J— P..J[l + expfiMm/VU‘
"fl—flifio

exme/Wmd + w + (rm/cam)»; .
(13)

The expression (13) is applicable to trains moving at arbitrary speeds. For "trans-Rayleigh

trains", in, trains unveiling at speeds higher than Rayleigh wave velocity in the ground, it
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follows from (13) that maximum radiation of ground vibrations (a ground vibration boom)
takes place if the train speed v and Rayleigh wave velocity 91(0)) satisfy the relation

case = UK = 91(0))”. (14)

where (9 is the observation angle. Since the observation angle 9 must be real (3036 S 1),
the value of K = v/cR(¢n) should be larger than 1, Le, the train speed v should be larger than
Rayleigh wave velocity cR(u)).

. 3, EFFECT OF TRAIN SPEED ON GENERATED GROUND VIBRATIONS

In this section we discuss some numerical results following from the above theory.

Figure 2,a shows the effect of train speed v on the amplitude of “Ci-octave spectral
component of ground Vibration velocity V1 (in dB relative to 10" m/s) generated by a TGV
train unveiling at speeds from 0 to 110 m/: (396 Ian/h) on a homogeneous ground (01‘ = 10)
with Rayleigh wave velocity CR = 125 m/s. Note that the‘ahove mentioned train speeds are
always lower than Rayleigh wave velocity in the case considered‘which represents typical
medium-soft soil. Calculations were carried out usingaveraging of eqn (4) around the central
frequency of 25 Hz. Train consisted of N=5 equal carriages with the parameters L = 18.9 m
and M = 15.9 In. Since the bogies of TGV and Eurostar trains have a wheel spacing ofi m
and are placed between carriage ends, i.e., they are shared between two neighbouring
carriages, one should consider each carriage as having one-axle hogies (a = 0) separated by
the distance M = [5‘9 m. Other parameters of track and ground were: T = 100 Ml, D = 1.28
m" , ya = 30 m. One can see that, in agreement with numerous practical observations, the
averaged level of vibrations increases slowly with the increase of train speed v (the sharp
peak around v = [7.5 m/r relates to the sleeper passage frequency j}, = v/d which for fl, =
25 Hz and :1 =0. 7 m gives exactly v = [7,5 m/s).

Fifure 2,b illustrates the effect of train speed v on ground vibrations generated by a TGV train
travelling at the same speeds as on Fig. 2,a, but on very sofi ground for which the recent
observation of a ground vibration boom has been made by the team from the Norwegian
Geotechnical Institute (see the Introduction). Since no detailed site information and
experimental methodics related to this observation are available at the moment, we calculate
ground vibration velocity v," averaged over the whole frequency range of interest, 0-50 Hz,
and use the reported low value of Rayleigh wave velocity (ck = 45 m/s), assuming that the
Poisson ratio of the ground 0’ is 0.25 and u‘ = 10. To facilitate the comparison of the
predicted increase in ground vibration level with the observed one we calculate the amplitudes
of ground vibrations in linear units (m/s). One can see that the predicted amplitudes of
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vertical vibration velocity of generated ground vibrations change fiom 2'10" m/s at v = 140

bit/h (33.8 m/r; see vertical mark“*” on Fig. 2,b) to 1610’, m/s at v = 180 Ian/h (50 m/s;

see vertical mark “‘ "’on Fig. 2,b). Thus, the estimated 8 times increase in ground vibration

level following from the above theory for the considered train speeds and Rayleigh wave

velocity ofthe ground is in reasonable agreement with the 10 times increase recently observed

experimentally (Madshus 1997).

4. CONCLUSIONS

Theoretical calculations of ground vibrations associated with a railway-generated ground

vibration boom earlier predicted by the present author ('Krylov 1994) show that for trains

travelling on sofi soils the expected increase in amplitudes of generated vibrations agrees with

the recent experimental observations can-ied out by the Norwegian Geotechnical Institute for

Swedish X2 high—speed trains operating on the line connecting Gothenburg and Malnio. This

implies that railway-generated ground vibration boom is no longer an exotic effect of the

future. It is a reality for high-speed railway lines crossing sofi soils, and so are f‘supersonic" or

“trans-Rayleigh“ trains. The builders and operators of high-speed railways must be aware of

possible oonsequencies of a ground vibration boom, so that it would be possible to undertake

necessary remediation measures.
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a.

 

Fig. 1. Geometry of the problem:
wheel-axle pressure generation mechanism - (a);
superposition of ground vibrations generated by
difl'erent sleepers 7 (b)
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II

v."

10" m/s

v, mls

Fig. 2. Efl‘ect of train speed v on genersted ground Vibrations
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