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1 INTRODUCTION 
Water leakage from buried pipes is a subject of increasing concern because of decreasing water 
supplies due to changing rainfall patterns, deterioration or damage to the distribution system, and 
ever increasing water demand. Leaks from water supply pipes generate noise, which can be used 
for leak detection and location. To achieve this the correlation technique is commonly used1,2,3. 
However, in general, satisfactory results have only been achieved with metal pipes. Plastic pipes 
have proved to be problematic, since the acoustic signals in these pipes are heavily attenuated and 
generally narrow-band and of low frequency. 
 
Recent work by Hunaidi and Chu4,5 on typical plastic water distribution pipes has focused on the 
dominant low frequency signals. They carried out an experimental investigation into the acoustic 
characteristics of several types of realistic leaks simulated under controlled conditions and found 
that most leak noise is concentrated at low frequencies. Although it has been shown that leaks in 
plastic pipes can be located using the correlation technique, the effectiveness of this technique has 
only been studied empirically. 
 
Based on a theoretical formulation of wave propagation in a fluid-filled pipe in vacuo given in 
reference 6, and the assumption that the leak source spectrum is flat in the bandwidth of interest, 
this paper develops an analytical model to predict the cross-correlation function of leak signals in 
plastic pipes. The model explains some of the acoustic characteristics of the leak signal in buried 
plastic water pipes. Moreover, it is used to study the effects of the cut-off frequencies of high and 
low-pass digital filters used to remove noise, and the selection of acoustic/vibration sensors on the 
correlation technique. The theoretical work is validated with test data from actual water pipes.  

2 LEAK DETECTION USING CORRELATION 
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Figure 1. Schematic of a pipe with a leak bracketed by two sensors. 



Proceedings of the Institute of Acoustics 

Vol. 26. Pt.2 2004 

The cross-correlation technique for source location is straightforward. Vibration or acoustic signals 
are measured using either accelerometers or hydrophones at two access points, on either side of 
the location of a suspected leak. The signals from the sensors are input to the leak noise correlator, 
which computes the cross-correlation function of the two signals and presents the results to an 
operator. Figure 1 depicts a typical measurement arrangement for a leak in a buried water pipe. An 
access point (normally a fire hydrant) where a sensor can be attached is located on each side of the 
leak at distances d1 and d2. In the analysis presented in this paper the pipe is assumed to be of 
infinite length without reflecting discontinuities for the predominantly fluid-borne wave6, at all 
frequencies of interest. 
 
Consider the situation where the data measured are two continuous random signals 1( )x t  and 

2( )x t , which are assumed to be stationary (ergodic). Setting the mean value of each signal to zero, 
the cross-correlation function is defined by7 
 
 [ ]τ τ= +

1 2 1 2( ) ( ) ( )x xR E x t x t , (1) 
 
where τ  is the lag of time; and [ ]E  is the expectation operator. The argument τ  that maximises 
equation (1) provides an estimate of the time delay τ peak . It is useful to express the cross-correlation 
function in normalised form, which has a scale of –1 to +1, namely the correlation coefficient ρ τ

1 2
( )x x  
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where 

1 1
(0)x xR  and 

2 2
(0)x xR  are the values of auto-correlation functions at τ = 0 .  

 
If a leak exists between the two sensor positions, a distinct peak may be found in the cross-
correlation function. This gives the time delay τ peak  that corresponds to the difference in arrival times 
between the signals at each sensor. The location of the leak relative to one of the measurement 
points is easily calculated using the simple algebraic relationship between the time delay τ peak , the 
distance d between the access points, and the propagation wavespeed c in the buried pipe,  
 

 
τ−

=1 2
peakd c

d . (3) 

3 COMBINING THE CORRELATION TECHNIQUE WITH THE 
WAVE PROPAGATION MODEL 

3.1 Cross-correlation using pressure, velocity and acceleration responses 

Leak noise in water-filled plastic pipes is concentrated at low frequencies. In this frequency range 
the predominantly fluid-borne axisymmetric wave carries most of the acoustic energy generated by 
the leak6,8. In this section, models of the cross-correlation functions for pressure, velocity and 
acceleration responses are derived and discussed. 
 
The frequency response function between the pressure measured at the sensor location and at the 
leak location, ω( , )pH x , is given by9 
 
 ω ωβω − −= /( , )p i x c xH x e e , (4) 



Proceedings of the Institute of Acoustics 

Vol. 26. Pt.2 2004 

 
where x is the distance between the leak and sensor signals; and β is a measure of the loss within 
the pipe wall. Previous work shows that there is a linear relationship between the pipe wall 
displacement and the internal pressure10. The frequency response functions of the pressure, velocity 
and acceleration measured at the sensor location and the pressure at the leak location are thus 
given by 
 
 ω ωβω ω − −= /( , ) ( )n i x c x

nH x i A e e . (5) 
 
When n=0, 1 and 2, equation (5) gives the frequency response functions of pressure, velocity and 

acceleration respectively. Here =0 1A , = =
2

1 2
aA A
Eh

; E is the Young’s modulus of the pipe wall; a 

and h are the mean pipe radius and pipe wall thickness respectively. 
 
Figure 2 shows the frequency response functions given by equation (5), where all the frequency 
response functions are normalised to their respective maximum amplitudes. The frequency 
response function of pressure, ω( , )pH x , decreases exponentially with increasing frequency, so acts 
as a low pass filter whereby higher frequencies are attenuated at a faster rate than low frequencies. 
In contrast, both the frequency response functions of velocity, ω( , )vH x , and acceleration, ω( , )aH x , 
behave as band-pass filters, with the latter having a higher “centre” frequency and a broader 
bandwidth, thus allowing more high frequency information to pass. 
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Figure 2. Illustration of the amplitude of the frequency response function.  

All the frequency responses are normalised to the corresponding maximum amplitudes.  
 
Referring to Figure 1, the cross-spectral density ω

1 2
( )x xS  for two signals 1( )x t  and 2( )x t  measured 

at positions = 1x d  and = 2x d , is given by 
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where ω( )llS  is the auto-spectral density of the leak signal ( )l t , which is the acoustic pressure at the 
leak location. Combining equations (5) with (6) gives the cross-spectral density as 
 
 ωω ω ω= Ψ 0

1 2

2
2( ) ( ) ( ) i T

x x n ll nS A S e , (7) 
 
where ω ω ωΨ = Ψ2

2 ( ) ( )n
n ; ωβω ω ω −Ψ = =*

1 2( ) ( , ) ( , )p p dH d H d e ; ( )= − −0 2 1 /T d d c  is the time delay. 
When n=0, 1 and 2, equation (7) gives the cross-spectral density for pressure, velocity and 
acceleration signals respectively. The corresponding phase spectrum that is related to the time shift 
experienced by the signals as they propagate along the pipe, is given by 
 
 { }ω ω ωΦ = =

1 2 1 2 0( ) ( )x x x xArg S T . (8) 

 
It is clear from equation (8) that the phase spectrum is independent of the choice of 
acoustic/vibration sensors. Since multiplication in one domain corresponds to convolution in the 
transformed domain, the cross-correlation function τ

1 2
( )x xR  is determined by 

 
 { }τ ω τ ψ τ δ τ−= = ⊗ ⊗ +

1 2 1 2

1 2
2 0( ) ( ) ( ) ( ) ( )x x x x n ll nR F S A R T , (9) 

 
where { }−1F  denotes the inverse Fourier transform; ⊗  denotes convolution; { }τ ω−= 1( ) ( )ll llR F S  is 

the auto-correlation of the leak signal; { }ψ τ ω−= Ψ1
2 2( ) ( )n nF ; and δ τ( )  is the Dirac delta function. An 

interpretation of equation (9) is that the delta function δ τ + 0( )T  is broadened by the introduction of 
the leak spectrum ω( )llS  and the frequency behaviour of ωΨ2 ( )n . Thus, even if ω( )llS  is a constant 

0S , the delta function is smeared because of the frequency attenuation of the leak signal. Reliable 
leak detection can only be accomplished when a peak can be distinguished in the cross-correlation 
function. A sharp peak rather than a smeared broad one is required to achieve accurate estimation 
of the time delay. Because the behaviour of ωΨ2 ( )n  is governed by the choice of acoustic/vibration 
sensors, selection of appropriate sensors may offer improvement of the time delay estimation from 
the cross-correlation of the leak noise. This is addressed below. 
 
3.2 Selection of acoustic/vibration sensors 

Using the relationship ψ τψ τ
τ

= −
2

2 2

( )( ) ( 1)
n

n
n n

d
d

, equation (9) can be reformulated as 
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Following a similar analysis to that for the cross-correlation function of two sensor signals, the auto-
correlation function is given by 
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Combining equations (11), (12) with (2) gives the cross-correlation coefficient as 
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The corresponding correlation coefficients for pressure, velocity and acceleration signals, are 
discussed below: 
 
1) For pressure signals, (n=0), equation (13) becomes 
 

 βρ τ
β τ

=
+ +1 2

2
1 2

2 2
0

2 ( )( )
( ) ( )x x

d d d
d d T
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2) For velocity signals, (n=1), equation (13) becomes 
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3) For acceleration signals, (n=2),  equation (13) becomes 
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To clarify further the effect of the selection of acoustic/vibration sensors on the correlation technique, 
the peak cross-correlation coefficient is investigated. When τ = − 0T , equations (14a,b,c) give 
 

 ρ τ
+ +
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Equations (14a,b,c) show that the correlation coefficients are dominated by both the loss of the pipe, 
β, and the locations of two sensors, d1 and d2. Interestingly, the peak values of the correlation 
coefficients given by equation (15) are only related to the ratio of the relative distances d1/d2, and not 
on their absolute values. Figure 3 shows the peak values of the cross-correlation coefficients given 
by equation (15) as a function of d1/d2. It can be seen that for two equispaced sensors, the peak 
cross-correlation coefficients are all unity. Altering the ratio d1/d2, the peak value of the pressure 
responses changes slowly by comparison with those given by the velocity and acceleration 
responses. This shows that for leak detection measurements, where d1≠d2, which is the most likely 
situation in practice, the pressure signals give the largest cross-correlation coefficient. Moreover, 
good levels of correlation (e.g., greater than about 0.5) are only possible when the ratio of distances 
satisfies ≤ ≤1 21/10 / 10d d , ≤ ≤1 21/ 4 / 4d d  and ≤ ≤1 21/ 3 / 3d d  for pressure, velocity and 
acceleration responses respectively. Otherwise, the peak correlation values of the velocity and 
acceleration responses rapidly become very small. Therefore, for low levels of leak signals, namely 
in a small signal to noise ratio (SNR) environment, a measure of pressure responses is necessary, 
since in this case the correlation coefficient gives a large peak value, which is less sensitive to the 
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relative distance of the sensor locations. In practical situations, the achievement of cross-correlation 
coefficients with clear (or definite) peaks will be further constrained because of band-pass filtering 
and background noise. 
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Figure 3. Peak value of the cross-correlation coefficient as a function of d1/d2. 

 
The behaviour of the peak value of the cross-correlation coefficient exhibited in Figure 3 is easily 
explained in physical terms. When leak sensors are equidistant from the leak source, leak signals 
will be identical and therefore will lead to the largest peak cross-correlation coefficient. As the ratio 
between leak sensor distances, d1/d2, becomes larger or smaller, the similarity between the sensor 
signals diminishes due to the frequency dependence of attenuation rates. Pressure responses give 
the highest peak cross-correlation coefficient because they have the least high frequency content 
and hence are least affected by attenuation. In practical situations, background noise also has an 
effect on the correlation. In section 4 the theoretical predictions are compared with experimental 
data, which, inevitably, will be contaminated by noise. To make this comparison, therefore, the effect 
of noise on the peak correlation needs to be included in the model, which has been discussed in 
reference 9. 
 
To accurately determine the position of a leak, a sharp (narrow) peak in the cross-correlation 
function is desirable. The way in which the cross-correlation obtained from pressure, velocity, and 
acceleration responses affects the peak is now investigated. We define a cross-correlation width, 
τ∆ , as the time between the first two zero crossings given by ρ τ τ± ∆ =

1 2
( / 2) 0x x peak . The behaviour 

of τ∆  for the various correlation functions is as follows, 
 
1) For pressure responses, equation (14a) shows that the width τ∆  is undefined as the cross-
correlation has no zero crossings, and hence τ∆ = ∞ . However, the 3dB width of the peak in the 
cross-correlation function is found to be10 
 
 τ β∆ ≈ 2 d . (16a) 
 
2) For velocity responses, from equation (14b), the width, τ∆  is determined to be 
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 τ β∆ =
2
3

d . (16b) 

 
3) For acceleration responses, from equation (14c), τ∆  is determined to be 
 

 τ β∆ =
+

2

5 2 5
d . (16c) 

 
For different sensor signals, it can be seen that the width of the peak in the cross-correlation function 
is proportional to the product βd. Thus, for leak detection in pipes with small attenuation (small β), as 
in the case of metal pipes, a sharp peak can be easily achieved using the correlation technique. In 
contrast, for plastic pipes with large attenuation (large β), a relatively short distance between two 
sensor locations is often required for the estimation of time delay from the cross-correlation function. 
By comparing the cross-correlation width given by equations (16a,b,c), it can be seen that the 
correlation between acceleration signals provides the sharpest peak in the correlation function, while 
the broadest peak occurs for pressure signals. It is found, therefore, that a sharp peak can be 
achieved by using the acceleration responses at the expense of a low peak value of the correlation 
coefficient.  
 
3.3 The effect of band-pass filtering on the correlation technique 

For most plastic pipework systems, leak detection is successful with low frequency leak signals 
resulting from a non-dispersive propagating wave with a constant attenuation factor β. In practice, 
band-pass filtering operations are performed to attenuate the signals outside the frequency range of 
interest. If the signals are band-passed filtered using an ideal filter, ω( )G , which is equal to unity if 
ω ω ω≤ <0 1  and zero otherwise, the cross-correlation function given by equation (11) becomes 
 

 ψ ττ τ
τ

= − ⊗ +
1 2
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x x n n

dR A S g T
d

, (17) 

 

where { } ωτ ω τωτ ω
π ωτ
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= =

∆
1 sin( / 2)cos( )

( ) ( )
/ 2

cg F G ; the frequency band ω ω ω∆ = −1 0  and the central 

frequency ω ω ω= +0 1( ) / 2c . It can be seen that the effect of band-pass filtering is to introduce a 
ripple with frequency ωc  into the cross-correlation modulated by the bandwidth ω∆ . Equation (17) 
also shows that the delta function is further smeared by the introduction of band-pass filtering. 
Specifically, for pressure signals, the effect of band-pass filtering is discussed in this paper. In this 
case, the cross-correlation function given by equation (17) changes to be 
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where θ τ β−= 1tan [ /( )]d . If the frequency bandwidth satisfies the condition ωβ−∆ 1de , equation (18) 
can be approximated by 
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Compared with equation (18), the interference term caused by the upper cut-off frequency ω1  does 
not appear in equation (19). Thus it can be seen that, provided that the bandwidth of the filter is 
relatively broad, the cross-correlation function is mainly dominated by the lower cut-off frequency 
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ω0 . This is because the pipe effectively acts as a low-pass filter, due to damping in the pipe-wall as 
shown in equation (4).  

4 EXPERIMENTAL WORK 
Tests were carried out at a leak detection facility at an experimental site located at a National 
Research Council site in Canada. The description of the test site and measurement procedures are 
detailed in reference 4. Signals from a joint leak were measured using hydrophones and 
accelerometers. The hydrophones and accelerometers were both attached to two fully pressurised 
fire hydrants. Referring to Figure 1, the distance d between the two sensor signals was 102.6m, and 
the distance d1 from the leak to sensor 1 was 73.5m. The signals were each passed through an anti-
aliasing filter with the cut-off frequency set at 200Hz. Hydrophone-measured signals of 66-second 
duration were then digitised at a sampling frequency of 500samples/second. The same sampling 
frequency was applied to the accelerometer-measured signals for the time duration of 60 seconds. 
 
Spectral analysis was performed on the digitised data using a 1024-point FFT, and a Hanning 
window and power spectrum averaging were applied. The propagation wavespeed can be 
determined from the cross-spectral density between two sensor signals. The phase spectra obtained 
from the hydrophone and accelerometer-measured signals are shown in Figures 4(a) and (b). As 
discussed in reference 10, based on the slope of the unwrapped phase angle plotted in Figures 4(a) 
and (b), the wavespeed calculated is 479m/s and 484m/s for hydrophone and accelerometer-
measured signals respectively. The attenuation factor β  is -42.26 10 s/m× 9.  

Figure 4. Unwrapped phase angle for 
(a) Hydrophone-measured signals; (b) Accelerometer-measured signals. 

 
Noting that the measured signals were dominated by the ambient noise at low frequencies and 
attenuated at high frequencies10, filtering operations were performed on the digitised sensor signals 
before conducting the time domain cross-correlation. The sensor signals were then passed through 
high and low-pass 4th order Butterworth filters. The cross-correlation coefficients were computed 
using segment averaging via a 1024-point FFT and the circular effect of the FFT was reduced by 
50% zero padding in each segment record. To compare the experimental results with the 
corresponding theoretical predictions, the effect of the background noise on the theoretical 
predictions was taken into account by setting the peak values of the cross-correlation coefficients to 
be the same as those of the experimental results. 
 
4.1 Analysis of hydrophone-measured signals 
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The effect of the low-pass filter cut-off frequency on the cross-correlation coefficient is demonstrated 
in Figure 5. The filter cut-off frequencies were set at 10Hz for the high-pass filter, and the cut-off 
frequencies ranged from 30Hz to 200Hz for the low-pass filters. In the theoretical model, the cross-
correlation coefficient is mainly determined by the lower cut-off frequency, provided that the 
bandwidth of the leak noise is relatively broad. This effect can be seen by comparing Figures 5(d), 
(f) with (h), which are very similar. In contrast, a slight difference can be seen in Figure 5(b) because 
in this case the theoretical correlation coefficient is governed by both the lower and upper cut-off 
frequencies as the bandwidth is small. A similar trend can be seen in the experimental results 
plotted in Figures 5(a) and (c), where there is a slight difference in the correlation coefficients when 
the low-pass filters are set at 30Hz and 50Hz. Furthermore, when the low-pass filter cut-off 
frequencies are adjusted to values above 50Hz, the correlation coefficients do not change as shown 
in Figures 5(e) and (g). This indicates that most information about the leak signal is concentrated 
below 50Hz and the ambient noise measured by the hydrophones dominates above 50Hz. Thus for 
hydrophone-measured signals in this case, the low-pass filter cut-off frequency can be set at 50Hz. 
 

Figure 5. Effect of the low-pass filter cut-off frequency on the cross-correlation coefficient. 
The cut-off frequencies of the high-pass filters are set at 10Hz. The low-pass filter cut-off 
frequencies are: (a) 30Hz; (c) 50Hz; (e) 100Hz; (g) 200Hz. Comparison of the corresponding 
theoretical values is made when the low-pass filter cut-off frequencies are set at: (b) 30Hz; (d) 50Hz; 
(f) 100Hz; (h) 200Hz. 
 
Figure 6 shows the effect of the high-pass filter cut-off frequency for both experimental results and 
predictions. The cut-off frequencies of the low-pass filters are 50Hz and those of the high-pass filters 
from 5Hz to 40Hz. For the correlation coefficients derived from the hydrophone-measured signals as 
shown in Figures 6(c), (e) and (g), a definite peak is obtained despite the narrow frequency band of 
the leak signal. The oscillatory behaviour of the correlation function becomes more obvious as the 
pass band of the leak signal becomes smaller. The time delay is estimated to be in the range 0.090s 
to 0.094s and the position of the leak relative to point 1 is calculated to be 72.9m to 73.8m. 
However, three anomalous peaks can be seen in Figure 6(a), which are caused by the interference 
of low frequency background noise at low frequencies below 10Hz and may present false time delay 
estimators. In addition, a definite peak cannot always be obtained when the cut-off frequency of the 
high-pass filter is set below 10Hz, as expected. Thus the high-pass filter cut-off frequency can be set 
at 10Hz. The corresponding theoretical values of the cross-correlation coefficients are plotted in 
Figures 6(b), (d), (f) and (h). These graphs illustrate the same oscillatory behaviour of the correlation 
coefficients to that of the experimental results. The differences between the predictions and the 
experimental results are due to the effect of the background noise on the measured signals. 
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Figure 6. Effect of the high-pass filter cut-off frequency on the cross-correlation coefficient.  
The cut-off frequencies of the low-pass filters are set at 50Hz. The high-pass filter cut-off frequencies 
are: (a) 5Hz; (c) 15Hz; (e) 30Hz; (g) 40Hz. Comparison of the corresponding theoretical values is 
made when the high-pass filter cut-off frequencies are set at: (b) 5Hz; (d) 15Hz; (f) 30Hz; (h) 40Hz. 
 
4.2 Comparison of the cross-correlation using different sensors 

The cut-off frequencies of the digital filters can be chosen using the phase spectrum between two 
sensor signals plotted in Figures 4(a) and (b). The lower and upper cut-off frequencies were set at 
10Hz and 50Hz for hydrophone-measured signals as discussed in section 4.1, and 30Hz and 140Hz 
for accelerometer-measured signals. It has been shown in reference 9 that an estimate of the SNR 
at a measurement position can be simply determined from the ratio of the peak values of the 
experimental result of the correlation coefficient and its corresponding theoretical prediction in the 
noise-free case. The SNR was found to be –6.7dB and 2.7dB at positions where hydrophones 1 and 
2 were attached and -10.9dB and 14.6dB at positions where accelerometers 1 and 2 were attached 
respectively. 

 
 

Figure 7. Cross-correlation using accelerometer-measured signals: 
(a) Cross-correlation; (b) Theoretical prediction. The pass band of the ideal filter is 30-140Hz.  

 
The cross-correlation coefficients using accelerometer-measured signals and the corresponding 
theoretical prediction are plotted in Figure 7. Compared with the hydrophone-measured signals 
plotted in Figure 5(c), Figure 7(a) shows that the correlation coefficient obtained from accelerometer-
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measured signals produces a more pronounced but lower peak value. The distance d1 is found to be 
73.1m, which is determined from the time delay of 0.090s. The corresponding theoretical prediction 
plotted in Figure 7(b) illustrates very similar high frequency behaviour of the correlation coefficient.  
 

5 CONCLUSIONS 
An analytical model of the cross-correlation function for wave propagation in buried plastic water 
pipes has been established in this paper. The modal is used to evaluate the effectiveness of the 
correlation technique for leak detection in plastic water distribution pipes. Theoretical predictions of 
the correlation functions show the following: 
 
• The use of pressure signals leads to the highest peak cross-correlation coefficient. Therefore, a 

measure of pressure responses using hydrophones would be the most suitable for locating 
leaks having small SNR. This is consistent with practical experience. 

 
• Pressure signals are the least sensitive to the relative positions of the sensors and therefore are 

the most suitable for extreme positions. Good levels of peak cross-correlation coefficient (e.g., 
greater than about 0.5) are only possible when the ratio of distances satisfies 

1 21/10 / 10d d≤ ≤ , 1 21/ 4 / 4d d≤ ≤  and 1 21/ 3 / 3d d≤ ≤  for pressure, velocity and acceleration 
responses respectively. In practice, these limits will be less stringent due to the limited 
bandwidth of the leak source and background noise. 

 
• The use of acceleration signals results in the sharpest peak of the cross-correlation coefficient. 

It also exhibits the least spreading of the envelope. This suggests that accelerometers are most 
suitable in multi-leak and coherent noise situations. 

 
• For pressure signals, the model explains the importance of the cut-off frequency of the high-

pass filter and the insensitivity of the correlation to the cut-off frequency of the low-pass filter to 
measurements of the cross-correlation. 

 
The theoretical predictions have been validated by comparison with results obtained using real leak 
signals measured by hydrophones and accelerometers.  
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