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INTRODUCTION

Aerodynamic sound generation in air-moving ductwork is an important aspect
of the acouatica of building services. In ducta without internal acoustic -
linings, a knowledge of the aerodynamic noise source characteristics t#ould
enable the sound field in the duct to be found if the duct walls could be
assumed rigid (see Davies and Ffowcs Williams [1] and Meleon and Morfey [2], for .
example). In the case of acoustically lined ducts or package ailencers, however,
the situation is complicated by the fact that the sound abasorbent is usually in
the form of continuous layers of & porous material, placed parallel to the
airflow, and these do not present a locally reacting impedance surface to the
asound field in the duct.-

In this case, care must bo taken in the use of an eigenfunction expansion
for the sound field in the duct. The eigenfuctions are not orthogonal, in the
usual sense, on the duct cross-section, and this means that the customary method
of finding the scund field radiated by a point source or a source distribution
in the air flow passage by matching the eigenfunction series to the source via
the inhomogenecus wave equation has to be modified. An assoclated problem lies
in the completeness of the eigenfunctions, which ia not straightforward to prove -
in the present case. If the eigenfunction series is not complete, then it
cannot, strictly speaking, be used to represent the scund field.

Concern about the completeness of eigenfunctiona ls, perhaps., a minor issue
because all evidence indicatea that theee eigenfunctions do form a complete aet.
Nilsaon and Brander [3], for exampla, who examined sound transmission in &
circelar flow duct with a bulk-reacting liner, found that their reesulta
demonstrated completenesa, though this was not rigorously proved.

In the present atudy, the case of sound generation in a duct with a
bulk-reacting liner and containing negligible mean fluid flow ie analysed; the
acoustic absorbent is assumed to behave like an equivalent fluid. Mumerical
calculationse are presentsd for a two-dimensaional geomstry: the two-dimensional
case containe all the essential slements of the three-dimeneional problem and is

 thus adequate to damonstrate the pheromena imvolved. In the specific
two-dimenaional example studied, a dipole source is choasen, largely because this
would ordinarily be the predominant source type in a practical situation. Some
concluaions of general interest may be dravm from the results. .

THEORY
Figure 1 shows the geometry of a uniform 'lined duct with arbitrary

crosa-gection, having a point source at (Xo,¥o), ¥ being a position vector on
the creoassg-section of the duct.
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Figure 1. A lined duct

¥Modal Representation of the Sound Field, and the Eigen—Equation

1t is assumed here that there is no mean gas flow in the “airway” Ri, and
that the porous sound-absorbing medium in Rz bshaves like an equivalent fluid.
Then, for a harmonic time-dependence, the Helmholtz equation in Ri, and its
equivalent in Rz, apply: -

(¥2 + k2)p = 0 in Ra; (V2 + ke2)p = O in Rz, (la,b)

where p = acoustic pressure, k = W/c, Ka = W/Ca, @ = radian frequency, c = gound
speed, ce = (complex) effective sound speed in the porous medium. We take a .
modal solution to egs. (la,b) for (say) positive travelling modes:
. (0] (2)
p(x.y;jt) = owr 2 hafalylethms,  Faz (Y, Ym). (2a,b)
00

where ‘\Ir'n are the .modal eigenfunctions in R apd Rz, An i5 a modal coefficient
and kxn 18 the axial wavemmber. The boundary conditions are:

w, Q] @ oy (),
V%-m = 0 on C2; Ya= ’Y.\ on C1; f,V'\P;-n:. = kam on Ci1, {3a,b,¢)

where D1 and nz are the ocutward unit pormals to Ri and Rz and P » fasare the gas
density in Ri and the (complex) effective gas denaity in Ra.

Scott [4j was the first to analyse sound propagation in a two-dimensjonal
duct with a bulk liner; the geometry is shown in Figure 2. Scoti’s analysis
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Pigire 2. A two-dimedsional lined duct

644 Proc.L.O.A. Vol 11 Part 5 (1989)




Proceedings of the Instiiute of Acoustics

SOUND GENBRATION IN A DUCT WITH A BULK-REACTING LINER

yvields the sigenfunctions
[} 1) .
‘\If= cos Ky; WP’: cosKh coakay' /cosk e.a, {4a,b)

where y'= ath-y, k= (k2-k 2)22, Ka = (k,2-k,2)1-2; subscripta "n" on’ ‘\fr‘ K,
Ka and kx have been cmitted for hrevity. Scott. 8 eigen-equation ias

peZERE tanalkZhZ + pofiEkZ ten nfkEEZ = 0. (5)

Bga. (4a,b) and (5) apply in the present two-dimensional analysis. The
eigen-equation wap solved in the following way. The porous medium was assumed to
consist of a fibrous material such as glass fibre, and to be homcgeneous and
isotropic. The empirical formalae of Delany and Bazley [5] are thus applicable,
and in these the real and imaginary parts of the propagation coefficient and the
characteristic impedance are expressed in terms of eight ccefficients. If theae
are all put equal to zero, then the porous material has the propertisa of the
fluid contained in its porea and is non-dissipative. The eigen-equation was
firat sclved for the hard-wall duct case (for which kan = {k2-(n%/(a+h)l2}2/2)
and then the eight coefficients were all put egual to a small, fixed proportion
of their sctual values. The hard-wall wavenumbers were used as inmitial values in
a Newrton-Raphson iterative sclution to eq. (5), and a new asst of wavenumbera
generated. The coefficients were increased again and the new wavenumbers used as
initial values in the iterative solution to eq. (5). This process was repeated
until the coefficlenta took on their actual values. Then the last set of :
iterated waveumbers taken to be the required set of kx values.

Orthogonality Propertiss and Completeness of Eigenfunctions

If eqa. (2a,b) are subatituted into (la,b), we have

0y }
(VZ k) Py, = 0, (Vi k2 P =0, (6a,b)

nhera Vi< is the two-dimensional Laplacian operutor on the duct croas-section.

(6a) is miltiplied by "im and (6b) by P/ then these equations are
1nt.asrat.ed over R1 and Rz reapectively. Green s theorem is employed, and the
boundary conditiona (3a-c) applied. Appropriate manipulation of the resulting
equationa yielda an orthogonality property in weisht.ed space:

(o v, + (518 [ Gk, F RN e D
’ where R = R1 + Rz. Equation (7) is not the more usual orthogonality relationship
in which ’\Ifm'\{f‘.-. would be integrated over R, but contains the weighting
factor ¢/¢a in Rz. . :
To date, completensas of the sigenfunctions has not been proved
analytically, but mmerical demcnstrations have been carried out in the

two-dimensicnal case. Suppose we wish to represent a &-function pressure
distribution by a sum of eigenfunctions:

8y - y1) = £ A Valy). (8a)
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It may readily be shown that

"
An = Yn(v1)/ Anlath) (8b)
if Ogyich, where Aln ig found from eq. (7).
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Figure 3. Synthosis of a §-function by a finite mm of eigenfunctions

Figures 3(a,b) show the right-hand side of eq. (Ba), gumred to N terms, with
N=20 and N=35, for a duct with a+h=0.1 m, v1=0.04 m, frequency=600 Hz, and for a
steady flow resistivity of the absorbent, o =104 51 rayl/m. Convergence is
clearly indicated as N is increased. The area undor the main peak approaches
unity as H+m® and the peak value approaches = . If an infinite sum of modea can
accurately reproduce & S-function, then any cther function £(y1) can alsoc be
represented l')..y the same eigenftmctioig: a+h °

a+ "
fy) = Ssty-h)f(v)dv = [/a*h)1 L t-qru(mm.aj\yn(v)ﬂv)dv (9)
o |

o

(if Ogyich). Then the set of eigenfunctions gust be complete. If yi liea within
the absorbent layer, similar argumenta hold, but a weighting factor of Pifa
appears in equation (9).

Sound Geperation in a Lined Duot

Consider sound generation by a monopole source located at (Xs.¥o) in the
airway of an infinite lined duct (see Figure 1). The inhomogemeoua wave equation
in R1 is

(V2 + k2)p = -mgqs(x-xa)ﬁ(v-volﬁ(z-zo). (10)

. ~ M
where g=Qeist is the source volume velocity and y=}y+kz. We may take solutioma
{2a,b) to the homogenecus equations {1a,b) and match them to the source via eq. |
(10) (eeo Cummings [6]1). This must be done separately in Ri and Rz. The modal
solutions are inserted into the wave equations and then these are lntegrated
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over a volume enclosing the source point. A weighting factor of y/ya is
introduced, the weighted orthogonality property (7) is employved and, after
appropriate manipulation, it is found that

G]
P = (et wpQ/2R) LY alFo P n(F)e~tkmml =m0l /it Nnl, (11)

where An 18 found, 2 priori, from eq. (7). We now congidey twp nearby,
oppoditely phased, monopoles, separated by distance l=1ilxt+jly+kiz. This is a
dipole, equivalent to a point force of amplitude

Fo = 1405:1& (12)

if the sowrce spacing is sufficiently small, whare_?hQ is the dipole moment and
i=x,y or z. The total sound fleld from thie dipcle may readily be showm to be

1)
P= (ewvzmnal;::{rn(ya)qfntﬂe-m{?h--ul x o
fagn(x-%o)ExPa(Folkon - 1Fy 3 Ya/2yiy, iFadYu/d2|y, Vkmhn).  (13)

Two dipoles may, of course, be combined to form a point quadrupole. The two-
dimensional equivalent of eq. (13) is readily found by replacing R by ath,
discarding the third term in brackets, and putting Fi equal to force per unit
width of duct. :

Some Observations

In many cases, aerodynamic noiss is generated at frequencies where only the
fundamental acoustic mode can propagate in the equivalent rigid-walled duct. If
a dipole source consisting of a flow obatacle (perhaps a strut) ia placed in a
hard-walled duct, then the fluctuating lift force would not radiate any scund
energy nince‘a‘qr'n/‘ay a.nd‘b‘?‘n/az are both zero. Omly the fluctuating drag would
genarate sound. If, however, a lining were applied, then these transverse
derivativea would generally be non-zero even for the fundamental mode, and the
1ift force could couple to the sound field and radiate energy.

A rather strange phencmencn was noted, concerning some of the higher
order modes in the two-dimensional cass. At sufficiently high frequencisa, where
these modes ars strongly attenuated, a "cut-off" effect ia obaerved, wherein the
real part of kx (for a positive propagating mods) goes from a positive valuse,
through zero, and thea takes on a small negative valus, as the frequency is
lowered. It would appear at first sight that the direction of propagation ia
reversad bscause of this sign changs, though the imaginary part of ks ia atill
negative, consietent with energy decay in the direction of propagation. Closer
examination reveala, however, that thore is a small power flow in the negative
direction in the airway, but a positive power flow in the liner, that outweighe
the negative enorgy flow in the airway. Thus the net powsr flow la, in fact,
atil] positive, in keeping with positive propagation. It is not at present clear
whether this phencomenon is of any practical aignificance.
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AN APPLICATION: A CIRCULAR CYLINDER IN A CROSG-FLOW

Suppose that, in a two-dimensional duct, a circular cylinder ia located at
{0,¥s) in the airway and that a low-speed airflow passes along the duct, with a
velocity that has negligible effects on sound propagation, and no asignificant
convective effect on scund generation.

Keefa [7] and Gerrard [8] measured the fluctuating lift and drag forcea on
cylinders in a crosa-flow. We may take Keefe's data as being - possibly -
preferable because the forces were measured directly rather than being inferred
from perimetral pressure measurements, as they were in Gerrard’s work.

Wo asoume &n airflow speed of 15 m/B and a cylinder diameter of 14.25 um
which, according to Keefe's data, would give an essentially sinusoidal 1ift
forca at 200 Hz and a drag force at 400 Hz. The amplitudea of these forces are
Fy=1.09 N/m and Fx=0.122 N/m respectively. Other data ars: ¢=10000 SI rayl/m, a=
0.03 w, h=0.07 m, ¥o=0.05 m. In the calculations, the summation in eq. {13) was
truncated at 20 terms.

o4
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Flgare 4. Bear field sound pressure contours of the flow dipole

Figures 4{a,b) show near field contours (for x>0) of sound preasure
amplitude in Pa for the scund fields radiated by the lift and drag forcea
respectively, if the cylinder is regarded as being acoustically compact. In
Figure 4(a) we see that, close to the source, there is thes characteristic dipole
“figure of eight" pattern aligned across the duct axis, though this is distorted
by the presence of the liner and, of course, also by the duct walla. The
refractive sffects of the liner on the sound field are clear. The drag dipcla in
Figure 4(b) displays a dipole pattern close to the source, but (as expected)
this is aligned parallel to the duct axis. The effects of the liner are again
noted.

In Figure 5, the axial variation in ecund pressure level along the wall at
yv=0 is plotted, both for the lift and drag forces. We immediately note that the
near field is quite extensive, reaching to about 0.2 m from the source in the
case of the sound fisld from the lift. This is understandable since the 1ift
force excites the n=2 mode much more ‘strongly than the n=1 (fundamental) mode,
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but the n=2 mode decaye much mors rapidly. For x>0.2 m, only the n=1 mode
carries significant energy. The near fleld of the drag dipcle extends less far,
only to about 0.1 m, and this is because the n=1 mode is excited more atrongly
than the n=? mode, and decays leas quickly. The amplitude of the n=3 mode equals
that of the n=1 mods in the source plane, but decays very much more rapidly. For
2>0.1 m, the fundamental mods carries virtually all the power.

Although the scund level from the drag dipole is slightly higher than that
from the 1ift near to the source, the former falla off more rapidly than the
latter (because of the greater decay rate of the n=1 mode at the higher
frequency), and after several metres, the 200 Hz tome from the 1ift dipole would
dominate ths sound field. For comparison, the sound level from the same drag
force in an unlined duct of width 0.1 m ia shown. This is similar in magnitude
to that in the unlined duct tut doee not, of course, decay with distance. The
1lift force generates no sound energy in the unlined duct.

PRACTICAL IMPLICAYIONS

The above example has demonetrated that an acoustic lining in a duct can
cause the lift dipole exerted by a flow obatacle on the surrcunding fluid to
couple to the sound field at low frequencies, whereas it would not do 8o in an

untreated duct. Since the fiuctuating lift is ordinarily greater than the drag,
this could be a significant effect in practical circumatancee.

Consider for example the aituation in which a flow obstacle in a duct
(perhapa an internal bracing strut, or turning vanes at a bend) generates a
level of asrodynamic noise such that an acoustic lining must be applied to
attenuate the moise. -If the lining is placed along the duct wall in the eame.
plane aa the flow obatacle, then the situation could be made worss, rather than
better, by the lift force being able to radiate sound energy into the duct. The
lining should be placed scme distance from the source to guarantee nolse
reduction. . :
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DISCUSSICH

A theoretical treatment of scund genmeration in a duct having a bulk-reacting
lining, tut containing negligible mean flow, has been described. 1f flow were
taken into account, the weighted orthogonality properties of the eigenfunctions
would be lost because one of the boundary conditions would become eigenvalue-
dependent. The problem would then become less easily managesble.

In the case of air-conditioning ducts, the neglect of mean flow would
normally be unimportant.

Further investigation of practical asrodynamic noise sources in lined ducts
would be of value. The inclusion of the effects of a perforated facing sheet,
used to retain the sbsorbent, in the model would aleo be desirable.
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