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APPHOXTMATE SCALING LAWS OF 4GOUSTIC ARRAY INTERAGTTON

A. Freedman

For a fixed set of parameters, computing the performance of
an array of N transducers when taking escoustic coupling into
account usually involves the solution of a real matrix equaticn of
order 2N. If N is large, the computation for juat one set of
parameters can be a cansidersble task. In array interaction
studies many parametera are variable, and the computational effort
to cover even a limited range of variables can be formidable
indeed. (me approach to reducing the magnitude of effort required
is to search for scaling laws, even of an appraximate nature, which
will enable conclusions drawn from a study of one array to be
appiied to a family of arrays, This paper, which is based cn Ref 1,
describes the derivation of such approximate scaling lams for
planar arrays of piezo—electric elements vibrating either within an
jinfinite, plane, rigid baffle or with no baffle present; the tranaz-
ducer faces are deemed to be rigid and circular, with diameter less
than A/2 and, for convenience, the medium will be msesumed to be
water, 4ll transducers of an array are presumed identical, The
several scaling laws which will be deduced cen be applied in com~
bination, providing the restrictions spplicable to each individual
law are complied with.

Over & limited frequency band, a piezo-electrlic transducer
mey be represented by the well kmown Van Dyke equlvalent circuit
of Fig 1, where upper and lower case subscripis denote electrical
and mechanical units, respectively. Inatead of apeocifylng the
equivalent eircuit components directly, we specify the following
quantities: fo’ mechenical resonant frequency of an isclated

trensducer in water; a/lo, piston radius in wavelengths at fn; P
density of water; ¢, velocity of sound in water; Mgt pechano—
acoustic efficiency of an isolated tranaducer in water; qw,
motienal 3 factor of an isolated transducer in water; k, coupling
coefficient; B, electrical to mechanloal transform coefficlent;
tan 8, dielectric loss factor, From the foregoing, the impedances
of all the circuit components of Fig 1 may be deduced in terms of
gquantities which are constant for a specified element and of the

following three caloulable quantities: (a) the self radiation
resistance at £, ﬂr(e)o; (b) the self radiation reactance at f ,

xr(s)o; {¢) the normalised fraqueney, f'/fo.

For the sake of acme generality we allow an opilonal series
or parallel tuning inductance, I"E' and an optional series input
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resistance, Rs, with the reatrietion that the impedances at fo are .

each.asaumeé to bear some fixed ratio to Rr(s)o'
The self radiation-reelstance and reactance at any frequency

can, of course, be expressed in terms of thelr respective values at

fo and of functimms of f/fo, while the mutual radiation impedance

is given (kef 2) to a fair degree of accuracy, for elements up to
A/l diameter {(or up to greater diameters with decreasing accuraoy),

by

-
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where dsh represents the distamce betweéns the gth and hth elementa

and the u's represent the velocities, To the degree of approxima-
tion implicit, it can be deduced that Rr(n) and xr(m) are each

only functions of f/?o and of Hr(a)o'

Thus, for & fixed element specification, all impedances of
Fig 1 have been expressed in terms of conatants, of Rr{s)o' of

xr(a}o end of functions of f/fo. If Lr{a) and L are grouped
together, even the dependence on xr(a)o disappearsz.,

Por stated boundary conditions (such as the presence of an
infinite, rigid baffle or the ahsence of a baffle} and for given
value of aﬂo, the quantities Rr(s)(/m and xr(s)c/pcA are fixed,

are

As the piston area, A, is x(a/io)z(e/fo)z, Rr(s)n and X
each equal to a consgtant times fo-z. Thus the impedances of the

r{a)o

equivalent circuit components may each be expressed as a function
of f‘/fo and as propoertional to fo-z. Hence we may deduce the
following dependence factors for the parameters 2, B and fo {which
we shall call scaling law 1).

Power of dependence on
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Piaston velocity

Force on piston

Total radiation impedange
Radiation impedance/pch
Radiated power

Radiated power/piston area
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Input power
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The values of fo' B and E used for portraying the curves of
array performance in thie study were f,=1Ki, B=1 Newton/Volt

and E = 1 Volt., With the help of scaling law 1 the curves can be
interpreted easily for any values of £, B and E,
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With constant voltage drive and no extermal series impedance,
the force acroas the input to the mechanical part of the equivalent
circuit is wnaffected by the valuss of k and of ;tan §; hence the
acoustic performance is then unaffected by these two parameters.
(Scaling law 2.)

Using the equfvalent circuit formulae and the formulae for
the self radiation impedance of small, circular platons, the total
mechanical impedance, I _, (see Fig 1) for an isolated slement can

td

be shown to satiafy

Em'r 23-1,(5)0 {1+ quwb)/ﬂma »

where & is the fractional bandwidth, (f - fo)/to, and is assumed

small, Thus, for tmo differept isclated elemegts, for each of which
the specification is identical,” exz@pt fér Q‘;',“ mp W11 Do the
1 3

‘same for both elements at egqual values of Q'a. Thua curves of &

parameter depending ohly cd Z . #illi sden plotted o a generalised
" !

frequency scale of 2Q A, be the sane for both elemsnta (to within

the accuraéy Implieit in the abowd eqhiitdoR).: When there is &
constant voltage source and no series impedsnce in the elaectricael
feed, this applies to the acoustic quantities such as platon
velocity, force on pisten and radiated power. (Scaling law 3a.)
It does not hold, in general, fer electriocal quantities such as
input ecurrent, input impedance and input power, because the
expreasicons for these quantities contain the terms and A ]
separately and not only in product form. It does however hold for
these electrical quantities 1f the input to each of the two
elementa is parallel=tuned to £ , assuming they hage negligible
dielectrioc loas end the same valua of Q'k/(1 -~ 12)%, far

Q. apd A then only occur in the product form in the relevant
formulae, (Scaling law 3b.)}

It is not immediately obvious that the ability to plot
parameters independently of Q' will hold for elements in an arrsy,

as the mutual radistion impedance formulae do not show an obvious
dependence on Q'A. However, computational checks have been made

for some small arrays. Such & compariscn is presented for two
arrays in which the specification is identical except that in the
one case the elements have a Q_ of 6, in the other of 12, Each

array cansists of 9 abutting pistons (3 rows x 3 columna} in an
infinite, rigid baffle. The element specifications, egquivalent
circuits and curvea for velocity magnitude and radiated power are
shom in Fig 2; the curves are for constant voltage drive with ne
steering or tapering, There are three unique element positions in
each array, namely cormer, mid-side and centre; thus three separate
full line curves are shown on each graph; in sddition, the varla-
tions of the same parameter for an isclated element are depicted
by a broken linme curve, It will be seen that the severe inter—
action effects follow very similar curves for the two arrays over
s range of values of 2Q'A from about =2 to +2. Sealing law ja

thus appears to apply to arrays, and similar computaticnal evidence
indicates that this is slec true of scaling law 3b,

It was indicated earlier that, with Lr(!) and Ln grouped
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together, the impedances of the equivalent circult could all be
axpressed in terma- of oonstants, of B.r( s)o and of functions of

f/fo. Thus, to a qertain degree of approximation, if two arrays
have the same speoificatlon, apart from the element size, afLo,

the equivalent circuit companents within each array will he scaled
to the value of B‘r(s)o applicable to that array. Thua, the

following approximate scaling can be expected: platon velooity,
radiated powar, input current and input power will be proportional
to 1/11_(‘)0, whereas mutual radiation impedance, total radiation
resistance and input lmpedance will be proportional to B.r( 8)e*
(Scaling law 4,) Quantities, such as radiation reactance and force
cn piston, which depend on Lr(a) or Lm separately will not

necessarily;sapley it exemple ef naelisgslowrgoén shown in Pig 3.
(n the right hand graph of each pelr, the expected highesat point
of the arrsy curves as scaled from the left hand graph is indicated
by a ahort horizontal line, Quite reapsctable agreement can be
obaerved bétheen the Heta &F Sudes,” A5

We next compare an array in an infinite, rigid baffle and an
unbaffled Ef'f'&'y wiih otfierwise i&eﬁti&d-"ui:ecfﬂ'cation. Denoting
"baffled" spd "ymbaffled” quantities by the subacripia b and u,
respectively, one finds (using results from Refs 3 and 4) that, over
the range of amall a/ko which concerna us, the ratios Rr(a) b/

»

nr(a)’u and xr(u)_b/xr(s),u are, to a rough degree of approximationm,
conatant, Hence, similarly to scaling law 4, the two arrays will

scale spproximately in the ratic cr inverse ratioc of the respective
values of ar(s)o' {Scaling law 5.) An example of ascaling law 5

1s portrayed in Fig 4, and the agreement there ia agsin quite
reascnable,

We note that the equivalent circuits of the two arreys in Fig 4
differ aignificantly., One can deduce {by a combination of scaling
laws 4 and 5) that two similar arrays, one baffled and one unbaffled,
yet both with elements having (nearlys the same equivelent c¢ircuits,
will yield approximately the same performance if a/lo for the

baffled array ia one sixth less than for the unbaffled one.
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Fig 2 Example of scaling law 3a




Array using O O Ot 0.2) Array using
element B ORONG) o element C

000
Element fo(kH) a/\ o Tma % B(N/V)
B 1 0.05 0.90 12 1
c 1 0,10 0.90 12 1
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Fig 3 Example of scaling law &
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Fig 4 Example of scaling law 5



