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In the present work a one-dimensional time-domain model of centrifugal pumps is presented. The
acoustic excitation and transmission characteristics as well as the steady behaviour of cavitation-
free pumps are comprised in this model. Assuming solely plane wave propagation, the pump’s
acoustic transmission properties are modelled by a reduced one-dimensional representation of the
complex impeller and volute geometry. The acoustic excitation consists of the superposition of a
monopole and a dipole source in the tongue region at the outlet of the pump. The amplitudes and
the phasing of these sources are obtained empirically by means of pressure measurements on the
suction and discharge side of the modelled pump. Regarding the steady behaviour, the character-
istic curve is included in the model such that, in combination with the piping model of a plant,
the respective mean flow conditions are realised in a simulation. Such a model allows integral
simulation of the acoustic excitation and transmission characteristics of centrifugal pumps and
the system response. Due to the time-domain formulation time-variant behaviour such as opening
or closing of valves can be considered. A first validation of the pump model is carried out in an
exemplary operating point under cavitation-free conditions.
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1. Introduction

In centrifugal pumps pressure and velocity pulsations are excited due to non-uniform pressure and
velocity distribution along the impeller outlet, which interact which the volute tongue [1, 2]. These
pulsations can lead to vibration in the piping system and increased noise emission. The quantity
of the excitation is strongly influenced by the geometry in the vicinity of the tongue [3, 4] as well
as operating parameters such as rotational speed and operating point [2, 5, 6]. Occuring pressure
amplitudes in connected piping systems result from the pump’s pulsation excitation and acoustic
transmission properties as well as the piping system’s response to the pulsations induced by the pump
[7, 8]. Therefore it is of high interest to model the transient behaviour of centrifugal pumps in order
to predict the pulsations in arbitrary connected piping systems.

Basically two different approaches to model the transient behaviour of centrifugal pumps are
carried out in literature: one approach is formulated in the frequency domain and consist of a four-
pole matrix modelling the transmission behaviour and a source vector for the excitation of a pump.
The four-pole parameters of such a model are either obtained by means of geometrical and material
parameters of the pump based on electro-acoustic analogy [9, 10] or by direct measurement of the
components of transfer or scattering matrices [7, 11]. The source vector is usually determined by
means of experimental investigations. The major advantage of such models is the simple formulation.
The interaction of a pump with piping systems can usually be obtained analytically, thus in the vicinity
of a known pump occuring pulsations can be calculated directly. However there are several drawbacks
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of models in the frequency-domain which are necessarily linear time-invariant (LTI) systems. Due
to the linear formulation, non-linear effects such as cavitation or amplitude-dependent damping of
a bladder accumulator can not be taken into account. Furthermore, since models in the frequency
domain are usually time-invariant, time-dependent problems like e.g. a closing valve can not be
modelled.

The other approach is based on numerical time-domain simulations instead of experiments. These
are usually carried out in three dimensions. A series of investigations has been carried out to numeri-
cally investigate the pulsation excitation of centrifugal pumps, e.g. [4, 12]. By means of a two-way-
coupling the mutual interaction between the hydrodynamic field in the pump and the hydroacoustic
field in connected piping systems can be taken into account [13]. However, CFD calculations of
complex flows such as the flow in a centrifugal pump is rather suitable for parametric studies or to
gain understanding of occuring effects than for reliable quantitative predictions of occuring pressure
pulsations [4]. Furthermore, full threedimensional unsteady simulations require high computational
resources and time.

In the present work a reduced onedimensional numerical model for a centrifugal pump formulated
in the time-domain is presented. The model contains the acoustic excitation and transmission charac-
teristics as well as the stationary energy conversion given by the characteristic head curve. Due to the
time-domain formulation nonlinear effects and time-variant components can be taken into account.
Furthermore, the reduction to one spatial dimension leads to fast computations of complete piping
systems. The acoustical parameters are obtained experimentally.

2. One-dimensional model

The presented model is based on the non-linear onedimensional conservation equations for mass
and momentum in characteristic form [14]:

dp

dt
+ ρa

dc

dt
= 0 along

dx

dt
= c+ a (1)

dp

dt
− ρadc

dt
= 0 along

dx

dt
= c− a (2)

Isothermal and inviscid flow is assumed.The numerical solution is carried out using a finite-difference
scheme with first order upwind discretisation. For temporal discretisation, an explicit Euler scheme is
applied. The flow variables pressure p and velocity c at grid point i and time step n + 1 are obtained
by:

p
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i =

1

2
(ρni a

n
i (cA − cB) + (pA + pB)) (3)

c
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1

2

(
1

ρni a
n
i

(pA − pB) + (cA + cB)

)
(4)

The subscripts A/B denote the values at the base points for the two sound characteristics (A/B) at
timestep n, whereby base pointA is between grid point i−1 and i and base pointB is located between
grid point i and i+ 1, cf Fig. 1.

2.1 Pump

In order to represent a centrifugal pump’s acoustic behaviour, two properties have to be modelled,
namely the acoustic transmission behaviour and the acoustic excitation on the downstream (discharge)
side. These parameters are obtained experimentally, evaluated in the frequency domain and then
transformed into the time domain for the model presented in this work. A well-known representation
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Figure 1: Time-space-grid with indicated base points A/B for positive direction of flow.

for a pump in the frequency domain is expressed by means of the transmission matrix ¯̄T :(
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ĝ
d

)
= ¯̄T ·

(
f̂
u

ĝ
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The Riemann invariants f̂ and ĝ represent the complex amplitudes of acoustic waves running in
downstream and upstream direction. The acoustic field of primitive variables is related to the Riemann
invariants by [15]:

f̂ =
1

2

(
p̂

ρa
+ ĉ

)
(6)
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2

(
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ρa
− ĉ
)

(7)

The transmission matrix ¯̄T connects the Riemann invariants on the the upstream (u) and the down-
stream side (d) of the pump. Furthermore, a source vector (subscript s) is comprised which represents
the acoustic excitation. A schematic onedimensional time domain model representing the system in
Eq.(5) is illustrated in Fig.2.
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Figure 2: Schematic of the pump and piping impedance model.

The transmission behaviour is approximated by a simple expansion chamber located between the up-
stream (suction) and downstream (discharge) piping. Each section is assumed as a pipe with constant
cross section and calculated by the scheme described above. The flow variables at the cross sectional
jumps are obtained by extending the system of characteristic equations Eqs.(1–2) with a mass conser-
vation and a total pressure balance. The transmission properties of a four-pole can also be expressed
in terms of the scattering matrix ¯̄S, which is the form used in the present work [10].(
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The two free geometrical parameters of the expansion chamber lec and dec define the complex trans-
mission properties. These parameters are chosen in such a way, that the transmission properties of
the expansion chamber correspond to those experimentally obtained for the centrifugal pump as will
be shown in Section 3.
The pulsation excitation takes place in the tongue region of the volute and is thus placed on the down-
stream side of the model as indicated in Fig.2. The source can be expressed as the superposition of a
onedimensional monopole and dipole [5, 6]. A monopole is implemented in terms of a mass source
in the mass conservation equation. A dipole is in turn implemented by means of a momentum source
in the momentum conservation equation. This leads to the following extended conditional equations
for pressure and velocity at the source location:
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2
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(10)

with the transient source terms for a single frequency (usually fBP ) given by

ps(t) = p̂s · (cos (ωt+ ϕps)) and cs(t) = ĉs · (cos (ωt+ ϕcs)) . (11)

In order to simulate the steady state in the modelled system in terms of mean flow, the character-
istic head-curve of a pump is also implemented in the model as a "steady source". Therefore, the
head-curve H(Q) is first transformed into it’s nondimensional analogue expressed by the pressure
coefficient Ψ and volume flow coefficient Φ, which is then approximated by a polynomial Ψpoly(Φ).
At the location of this steady source the pressure coefficient corresponding to the current volume
flow is then continuously evaluated and the respective specific fluid work wf = Hg is calculated.
For the calculation of flow states located before (index 1) and after (index 2) the steady source the
characteristic-based system of equations is extended by a mass balance and total pressure balance,
which includes the work wf induced by the steady source:

ρ1 · c1 = ρ2 · c2 (12)
p1

ρ
+
c2

1

2
+ wf =

p2

ρ
+
c2

2

2
(13)

The steady source has successfully been validated, which is not shown here due to limited space.

2.2 Piping system

For the piping system an impedance model is applied, which represents the effective reflection
coefficients on upstream and downstream side rpu/rpd by means of a cross sectional jump and a
subsequent nonreflective boundary condition (nrBC), cf. Fig.2. The amplitudes of the measured
reflection coefficients determine the area ratios which can be expressed by

Ar,u
Au

=
d2
r,u

d2
u

=
1− |rpu|
1 + |rpu|

and
Ar,d
Ad

=
d2
r,d

d2
d

=
1− |rpd|
1 + |rpd|

. (14)

The phases of the reflection coefficients ϕr are adjusted by the length of the pipes ld and lu, to which
they are related by the wavenumber k = ω

a
:

lu =
ϕrpu
2k

and ld =
ϕrpd
2k

(15)

With such a domain termination those parts of a piping which are considered relevant can be simulated
and the rest can be modelled as long as the effective reflection coefficient or termination impedance,
which can be determined by means of measurements as described in Section 3, is known. Thus
modelling as well as simulation effort is reduced. During the scope of this work only the piping
sections directly connected to the pump (suction and discharge pipe) are simulated for validation
purposes of the pump model.
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Figure 3: Experimental setup for the determination of acoustic pump parameters.

3. Determination of parameters

The acoustic parameters of the pump model are obtained by means of experiments. The experi-
mental setup is shown in Fig.3. The pump under investigation is pump P1. On each side of P1 four
piezoelectric pressure transducers are flush mounted for the measurement of upstream and down-
stream pulsations. The transient pressure signals are used to determine the Riemann invariants on
the upstream and downstream side. The measured pressure amplitude at each sensor position can be
expressed by f̂ and ĝ:

p̂
i

= f̂ · e−ikxi + ĝ · eikxi (16)

Applying Eq.(16) to each sensor position (i = 1...4) and solving the resulting overdetermined system
of equations in the least square sense leads to the Riemann invariants. This applies to the upstream
and downstream side. For a detailed description of the method refer to [16].
For the determination of the four-pole parameters of pump P1, measurements are carried out with
P1 at standstill. Therefore, a second pump P2 is installed in the setup, which serves as an acoustic
source. To determine the properties of an acoustic four pole at least two linearly independent acoustic
states, which means two linearly independent sets of Riemann invariants have to be realised. A
possibility to improve the validity of the results is the over-determination of four-pole data. Thereby,
more than two linearly independent states are realised. During the scope of this work three different
states (supercripts i/ii/iii) are realized by variation of valves 2, 3, 4 and 5. Thus the scattering matrix
of pump P1 is determined by [11]:
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u
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(17)

In this work solely the blade passing frequency fBP at nominal rotational speed of nnom = 2900 U
min

is considered. With a number of blades of z = 6 the blade passing frequency amounts to fBP =
z · n · 1

60s
= 290Hz. The four pole parameters at f = 290Hz of the pump at standstill are shown

in Fig.4. The geometrical parameters of the simple expansion chamber model are chosen to be lec =
1.85 m and dec = 0.212 m respectively. In combination with the pump’s upstream diameter of
du = 0.0825 m and downstream diameter of dd = 0.0703 m the model four pole parameters result
which are also shown in Fig.4. The maximum relative deviation in amplitude between pump and
model parameters amounts to ε = 5%. The maximum difference in phase is ∆ϕ = 12◦. Thus,
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the passive acoustic properties of the complex geometry of a centrifugal pump can be approximated
satisfyingly by a simple expansion chamber model simulated in the time domain.
Once the scattering matrix is known, the source vector can easily be obtained by further measurements
when pump P1 is running. For the first validation carried out in this work the pump is operated at
an exemplary operating point with Φ = 0.027 and Ψ = 1.099, which corresponds to the nominal
operating point. Valves 4 and 5 are closed in this case. In order to preclude any influence of cavitation
and thus ensure comparability of the transmission properties to the pump at standstill, the pump was
operated at a high NPSHa value of NPSHa = 45 m. The NPSHa value is defined as

NPSHa =
pt,s − pv
ρ · g

(18)

and quantifies the distance between the total pressure at the pump’s suction piece pt,s and the vapour
pressure pv and thus the risk of cavitation. It is shown in the author’s previous work that atNPSHa =
45 m for the pump under investigation no influence of cavitation on occuring pressure pulsations is
present [17]. It may thus be assumed that this NPSHa value is higher than the cavitation inception
value NPSHi, which is necessary to avoid any cavitation bubbles in the pump. The measured pres-
sure amplitudes on the downstream side for this system configuration are shown in Fig.5.
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Figure 4: Measured scattering matrix parameters
of the pump at f = 290 Hz and corresponding
parameters of the expansion chamber model.
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Figure 5: Measured downstream pressure ampli-
tudes at f = 290 Hz for P1 at Φ = 0.027
Ψ = 1.099.

The source vector can be determined by means of the Riemann invariants obtained for the operat-
ing pump using the transmission matrix ¯̄T and Eq.(5) or using the scattering matrix and the following
relationship: (

f̂
d

ĝ
u

)
=

(
tud rd
ru tdu

)(
f̂
u

ĝ
d

)
+

(
f̂
s
− rd ĝs
−tdu ĝs

)
(19)

For the pump P1 at the exemplary operating point using the four pole parameters obtained experi-
mentally and illustrated in Fig.4 a complex source vector of(

f̂
s

ĝ
s

)
=

(
4326 Pa

9084 Pa · ei 75◦

)
, (20)

is obtained. In terms of monopole (p) and dipole (c) source strength this amounts to (cf. Eq.(6–7))(
p̂
s

ĉs

)
=

(
11007 Pa

6693 · 10−6 m
s
· ei −130◦

)
. (21)
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Figure 6: Measured and simulated pressure amplitudes for f = 290 Hz at the four measurement
positions on the upstream (a) and downstream side (b) of the pump

4. Numerical results

The parameters obtained in Section 3 are applied to the model described in Section 2. For a
first validation of the model pump P1 was operated in the same operating point as before but the
downstream impedance was changed by opening valve 5 (valve 4 is still closed), which results in
overall higher amplitudes as well as slightly different phasing between the measurement points (cf.
Fig.5 and Fig.6b). The simulated pressure amplitudes at the positions of the pressure transducers
are evaluated and compared to the measured ones in Fig.6. On the downstream side (Fig.6b) no
significant difference between measured and simulated phase can be observed. The relative deviation
in amplitudes varies between 9 % and 12 %. These are probably mainly due to differences in the
modelled and the real source. The least root mean square error in the wave decomposition was always
small (≤ 5%) but present. The source vector is determined based on the Riemann invariants. Thus,
errors in these affect the accuracy of the source vector. On the upstream side (Fig.6a) the phase error
amounts to approximately 5◦ at each measurement point. The error in amplitude is also higher then
on the downstream side and varies between 8 % and 20 %. The higher errors on the upstream side
are due to the transmission properties of the model which act between the source and the upstream
side. The measured transmission properties could not exactly be reproduced by the simple expansion
chamber model (cf. Section 3) which leads to higher deviations on the upstream side of the pump.
The results show however that with a simple model in the time domain the acoustic properties of a
centrifugal pump can be approximated with satisfactory agreement.

5. Conclusions

A onedimensional time-domain model of a centrifugal pump was presented. The model comprises
the passive and active acoustic properties of a pump as well as the steady properties in terms of the
characteristic curve. The acoustic parameters are obtained experimentally. A first validation showed
that the acoustic transmission properties of a centrifugal pump can be approximated well by a simple
expansion chamber model. In further investigations the determination of the geometrical parameter of
the expansion chamber could be refined in order to further approach the real transmission properties
of a pump. Furthermore nonlinear behaviour of cavitation bubbles could be investigated.
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