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I. INTRODUCTION

An objective of a passive sonar system is to detect and estimate the bearings of multiple targets.

These targets may have a small angular separation at the receiving array. Recently. several

algorithms have been developed that are designed to rmlve targets with an angular Separation that is

less than a beamwidth. Examples of these include the MUSIC [1], Minimum-Norm [2] and ESPRIT
[3,4] algorithms.

A common sensor system used is a towed array. These consist of tens, or even hundreds of

hydrophones towed in a line behind a vessel. It is impractical to make this array rigid and so it is
allowed to flex in response to tow-ship motion and ocean currents [5]. This flexing may rault in a
difference between the assumed locations of the hydrophones and their actual location. These errors

reduce the performance of bearing-estimation algorithms

This paper considers the effect of sensor location errors on a particular high-resolution algorithm.

ESPRIT. A first-order perturbation analysis is used to obtain exprfisions for the bias and variance of

target—hearing estimates by the Least-Squares version of the algorithm.

2. ESPRIT AND LEAST-SQUARES ESPRIT

ESPRIT algorithms process observations from arrays with aspecific structure - the so called ESPRIT

array structure. This arrangement of sensors can be described in two ways. The array can be

considered as a set of sensor doublets (see Figure 1). Each doublet consists of two hydrophones that

have the same directivity pattern. All the doublets must have the same orientation and have the same

separation between the hydrophones. This separation and direction form the doublet baseline.

Alternatively the structure may be Viewed as two identical subarrays that are displaced from each

other. Thse two subarrays are normally called the X and Y subarrays.

Several algorithms have been proposed to process the observations from an ESPRIT array. These

include Covariance ESPRIT [7], Least-Square ESPRIT [4], Total-Least-Squares ESPRIT [4] and Pro-
ESPRIT [8].

ESPRIT has several advantages over other signal-subspace estimators. An exact knowledge of the
subarray geometry is not required. It is computationally efficient as a search over the parameter

space, as in MUSIC. is not necessary. lt directly estimates target bearings and so a search for peaks in

a spatial spectrum is not required.

In this paper, a simple version of the algorithm is considered, Least-Squares ESPRlT. This is both to

make the algebra tractable. and because the assumptions made by the algorithm are in keeping with

the physical situation. The algorithm has six main stages.
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1) The data matrices from the two suburays, denoted X.a.nd Y, are combined to form a joint data

matrix
X

z =

Y

2) The joint signal subspace S; is estimated from this data matrix. This is done either directly. using

a singular value decomposition [8], or by aneigen decomposition of the covariance matrix formed

from Z. Estimates of the basis vectors of this subspace form the columns of the matrix E2.

3) The joint subspace is partitioned into two halves (Sn and 81,) corresponding to the X and Y

subarrays. The basis vectors of these subspacr: are the columns of the matrices Eu and Ely where

sz

Eu

4) The matrix that rotata Szx onto 81,, known u the subspace rotation matrix W, is estimated - i.e.

find ‘7 such that
Eu w = 5,,

It is assumed (in Least-Squares ESPRIT) that there are errors only in the stimate of the 61,.

Thus tl! may be calculated using the equation

w = ( an" E... )“ Eu" En (I)

where H denotes the complex-conjugate transpose (Hermitian) operation.

5) The eigenvalues of the subspace rotation matrix, denoted Q. are calculated.

6) The plrasts ot' the eigenvalues are calculated. Thae phase may then be directly translated into the

target bearings.

3. PROBLEM FORMULATION

ESPRIT should theoretically be robust'to sensor positional errors as it does not require an exact

knowledge of the subarray shape. These sensor positional errors may. however. cause errors in the

assumed ESPRIT array structure and this can be expected to degrade the algorithm‘s performance.

This error mechanism is now considered in detail.

The analysis makes the following basic assumptions about the physical situation:

a) The array has a nominal ESPRlT structure but is otherwise arbitrary.

b) Two narrow-band far-field targets are prdcnt. They are not fully correlated.

c) There is no noise.
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d) Enough snapshots are taken so that. the data covariance n1_atrix is ideal.

e) Two—dimensional errors are introduced into the positions of the Y subarray hydrophones.

f) The shape of the array does not change over the observation interval.

Some quantities used in the next section are now defined. ESPRIT uses the direction between the
sensors in the doublet (the baseline) as a reference direction. it is convenient to define the target
bearings and sensor positional errors relative to this direction.

The two targets. denoted P and Q are at. bearings of 9, and 0“. They have wave numbers of

cos 9, cos 9.
2a-and
To' sin a.

b:
o sine, 1‘“ “

respectively. Herer ia the operating wavelength.

Each subarray has N sensors: the baseline length is 6. The steering vectors from the X subarray to the
targets are ,1" and a“. and from the Y subarray a” and gay: The lengths of these vectors are
defined by

2a”eu=N
where i is either p or q andj is x or y. it is also necmy to define the joint steering vectors

a

Mix] helix]
Positional errors in the V subarray are assumed to exist both parallel to the baseline (x errors) and
perpendicular to the baseline (y errors). These errors are grouped into the matrix

Ap=[Ax A1]

and

where A; is a column vector of x errors and similarly for A2.

If only source P were present, there would be a simple phase difl’erenee between the signal received at,
both hydrophones of a doublet. This phase delay is denoted d9. Similarly the phase delay associated
with source Q is dql

Finally. in the next section two distinct cases will be considered: ideal and perturbed. in the ideal case
there are no errors in the positions of the Y subarray. in the perturbed use errors are introduced.
Quantities relating to the perturbed case are denoted by ' e.g. flux.

44 OUTLINE SOLUTION

In this section an outline solution to the problem posed in the previous section is presented. It is not
possible to prmnt the whole solution and so only key results in the working are given. More detail
will be available in
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Because of the ESPRIT array structure, the steering vector; at the X and Y subarraya are related by

ems mflay = 4x “"1 54:! = 5 Ear

If the Y subarray is perturbed. then the Y subarray steering vectors will change. To first order thae
perturbed steering vectors may be written as '

épy z Eny —i vii-lamp kn) flay and flay = My —1' dim/19mm

The eigenveetors from the joint subspace stimation are given by

_ja§al) d2(£px-e_ja§41) J

Elyzl: driépy‘l'e-lnéuv) d2(§ny‘°_j°§-fl1) ]
Here dl and d, are calculated so that

Euzt d1(g,,.+e

dim Eu” E") = dim 2,,” 11:2,) = 0.5

1d1 = a: = _
2 N +cos-1cos p) 2‘. N (l—cos‘ycosp)

In thae equations a is the phase angle between the joint steering vectors, cos 7 is the steering vector
correlation and p is half the difference between the phase delays for the two targets:

 

-a = 4 esz a“). cos 7 = fie." a“. = gm. — em
The subspace rotation matrix 5? is calculated using Equation 1. An intermediate stage is to calculate
the pseudoinverse of E". This may be approximated as

al—I((l—ejpcos 1) épr+ (l-e_jPCDS 1) Gillan”)

t((l+ejpcos 7) gpr— (1+e_‘lpcos 1) Juan”)

,3; Hi: <15: H: 1(xx xx) xz m

The subspace rotation matrix is then given by

d
\l’l—Acx‘ACQ-A(3 a—fwz—Ac,+A<2—Ac4)

W =
d
aiWrMfiACa'FAQ) \‘1—ACx'AC2'l'A‘a

In the previous equation

“I! = $(ej¢p+cj¢q) w, = $(cl¢u_el¢q)
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' i¢
Ac1 =-—J::Ie 9(ap— cos7flp) .

25in

.¢+é

’ 5 (

M: = emu” — cos 7 a.)
sin

 

AC: = ‘ (fipfilql - C09 7(“p+°q))

. ¢2+d
‘ J f

A“ = 2 55127 e ((fip—fiq) —- cos flap—ad)

where

N a“ = ga‘HdiuflAz 59,:

N a. = whim“ kn) an,

The eigenvalues of \i are the roots of its characteristic equationi These are given by

N a, = LDxHJiMAn lip) an: .

N A = audenmAe k») a” and

3\=¢.—Ac,—Ac21(w2—Ac,+ac,+ma)

where Ab is approximated by

C32 _ Ac“?A
A" 2 HT,— Ag ‘+ AC2)

Hence the eigenvalues are

i,:e”’(1—j

in:e1¢q(l_j°fl;7_flfi_Ab."¢“)

«up—legs 1 5, + Ab e—J ép)
sin 7

1 sin 1

The bearing error is ulculated from the phase of the eigenvalue:

a..— co: 1 ti, .Abe-i an)_ ~ A0Mn— ap—B» - mm; +’ ‘2)
_ - ~ A0 a0- - _j éq

Mu- 9: “a — mm; ’A'” ‘3)
For targets that have an angular separation of over half a subarray beamwidth, these exprasions may
be simplified. Assuming sin 7 2 1. cos 7 z 0 and Ab : 0 then

A9, : Ecol. a, + and Mq : Eco: on + Ty (4.5)

where. E and E are the mean errors in the x andy directions relative to the nominal inter-sensor
separation. They are given by -

' N
5:5}? EAxi -

|=
and E: N-L‘ iAyi-
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if it is assumed that the sensor positional errors are random, independent. zero mean and have
variances of n2 in the x direction and fly: in the y direction‘ then Equations 4 and 5 may be used to

show that the expected values (E{}) of the errors are

E(A99}=0 and_ E(A9q)=0

The variance of the errors are

sump?) = T1, ( 012 can? an + “2) and mum?) = g, ( .13 cat? 9.; + q”)

 

Several observations may be made from these results. Errors in the x direction (baseline length) affect
the bearing error as a function of cot 9. For broadside targets they have no el'l'ect. For targets that are
near the end fire direction of the array, baseline length errors have a large effect. Errors in the y
direction (baseline orientation) are not affected by the target bearing.

For targets with an angular separation of lag than halfa subarray beamwidth. the term Ab becomes
significant. This term introduces an opposite. and approximately equal in magnitude, bias into the

bearing estimates. The bias increass as approximately sin"7, ire. becomes very large for small target

angular separations (where sin 1 -¢ 0). The Ab term also increases the variance at small sensor

separations.

5. SIMULATIONS

A set of simulations was carried out to verify the analysis in the preVious section and to show the

limits of its applicability. A nominal uniformly-spaced rectilinear array. containing eight sensors. was

considered. The sensor spacing was half the operating wavelength.

Errors were introduced onto the positions of the sensors. both in the x andthe y directions. These

errors were independent (sensor to sensor and between x and y directions), Gaussian and zero mean.

Three standard deviations of the errors were studied: 2%, 4.5% and 9.4% of the nominal interscnsor

spacing.

Two sources were modeled. both were narrowband and in the far-field. The first had a bearing of 90‘

(broadside to the array). The bearing of the second was swept between 91' and about 150' in 45 steps.
The covariance matrix was calculated as if there were infinite snapshots available, No noise was

introduced into the covariance matrix. ‘

There are many ways ol’ mapping an ESPRIT structure onto a uniform-spaced rectilinear array
For this simulation the two subarrays were chosen so that they Overlap“ by one element (see Figure
2). Six of the sensors are thus used by both the X and Y subarrays.

One hundred simulations were performed for each target separation and standard deviation of the

sensor-positional error. Additionally. for each simulation, the bearing error was estimated using

Equations 2 and 3. From these analytic and simulation results, the mean and standard deviation of

the bearing error were calculated. These resultsV after smoothing, are plotted in Figures 3 to 8. The x-
axis is scalvzd in terms ofsubarray beamwidths, about 16'.
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There is good agreement between the simulation and theory. in particular for target separations of
over half a subarray baamwidth. When the targets are a small fraction of a subarray beamwidth
apart, the theory underestimated the bias and variance. This underestimation becomes more
noticeable as the positional errors increase. '

6. CONCLUSIONS

Equations have been derived that predict the performance of the Least-Squares ESPRIT algorithm in
the presence of sensor positional errors. These equations show the factors that cause errors in the
bearing estimates and give a quantitative stimate of the magnitude of these errors.

7. REFERENCES

[l] R. O. Schmidt, “A signal subspace approach to multiple emitter location and spectral
estimation". PhD dissertation, Stanford Univ.I Stanford, CA. 1935.

[2) R. Kumaresan. D. W. Tufts, “Estimating the angles of arrival of multiple plane waves“,
IEEE Transaciian! on Aerospace and Electronic Systems, vol. ABS-19, no. 1, pp. 134-139. 1983.

[3] R. H. Roy. “ESPRIT-Estimation of signal parameters via rotational invariance techniques".
PhD dissertation. Stanford Univ., Stanford. CA, 1987.

[4] R. 1]. Roy, T. Kailath, “ESPRIT - Estimation of signal parameters via rotational invariance
techniques", IEEE Transactions on Acoustics. Speech and Signal Processing, vol. 37, no. 7. pp.
934-995, 1989.

[5] A. P. Dowling, “The dynamics of towed flexible cylinders - Part 1 : neutrally buoyant elements",
Jam-nu! of Fluid Mechanics, vol. 187. pp. 507-532, 1938.

[G] L. Ginzkey, “influence of hydrophonc position errors on spatial signal processing algorithms“.
Proceedings of the NA T0 AS! an adaptive met/lads in underwater acoustics, Luneburg, Germany.
30 July - 10 August 1985. pp. 469476, 1985.

[7] A. Paulraj. R. Roy, T. Kailath. “A subspace rotation approach to signal parameter fitimation",
Pracudr'ngs aflhe IEEE. vol. 14. no. 7, pp. 1044-1045, 1936.

[8] M. D. Zoltowslri. D. Stavrinida, “Sensor array signal procesing via a proerustes rotations based
eigenanalyaia of the ESPRIT data pencil”, [EEE Transactions an Acoustics. Speech and Signal
Processing, vol. 37. no. 6, pp. 832-86], 1989.

[9] A. G. Riley, “Signal processing for towed arrays in the presence of impreciser known sensor
locations”. PhD dissertation. Birmingham University. Birmingham U.K., expected late 1991.

Proc.l.O.A. Vol 13 Part 2 (1991) 27s



 

Proceedings of the Institute of Acoustics

THE AFFECT OF SENSOR-POSITIONAL ERRORS ON THE ESPRIT ALGORITHM

~WWW
A1.
[van-um..- um.

@—® o — ~-

9—9 \a .. - ‘-"-°
/ 69—6) "' (D—(D—(D—G—G)

 

Dnunm I
|__.L_1—_I_I_J.—l

@_@ x m...”
/ \

Hydvonnone In |_|_._|__l_J——1_—'
Nydlounnno III v nub-Hay v Ivbuuly
x IUD-lily  

     
   
   

. 1,. n . 3.: . 1.1 x
puulnn [IuDllruy Dolmwlfllhl) semen :onalallan (lublllly bunnwldtnl)

 

um I . a
Sauna unnauun (-unuuy allmwmlnn

    
 

’ a n I . u z :4 n ma ' u: :_ 2..
Source annualth (Inbluly DI-mwmlnn Sn...“ Innavallun (luhnufly bllnvncxns)

F g m z s; v. a

230 Proc.l.O.A. Vol 13 pan 2 (1991)  


