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1. INTRODUCTION

An objective of a passive sonar system is to detect and estimate the bearings of multiple targets.
These targets may have a small angular separation ai the receiving array. Recently, several
algorithms have been developed that are designed to resolve targets with an angular separation that is
less than a beamwidth. Examples of these include the MUSIC [1], Minimum-Norm [2] and ESPRIT
[3,4] algorithms.

A common sensor system used is a towed array. These consist of tens, or even hundreds of
hydrophones towed in & line behind a vessel. It is impractical to make this array rigid and so it is
allowed to flex in response to tow-ship motion and ocean currents [5]. This flexing may result in a
diffecence between the assumed locations of the hydrophones and their actual location. These errors
reduce the performance of bearing-estimation algorithms [6).

This paper considers the effect of sensor location errors on a particular high-resclution algorithm,
ESPRIT. A first-order perturbation analysis is used Lo obtain expressions for the bias and variance of
target-bearing estimates by the Least-Squares version of the algorithm.

2. ESPRIT AND LEAST-SQUARES ESPRIT

ESPRIT algorithms process observations from arrays with a specific structure - the so called ESPRIT
array structure. This arrangement of sensors can be described in two ways. The array can be
considered as a set of sensor doublels (see Figure 1). Each doublet consists of twe hydrophones that
have the same directivity pattern. All the doubleta must have the same orientation and have the same
separation between the hydrophones. This separation and direction form the doublet baseline.
Alletnatively the struclure mmay be viewed as two identical subarrays that are displaced from cach
other. These two subarrays are normally called the X and Y subarrays.

Several algorithms have been proposed to process the observations from an ESPRIT array. These
include Covariance ESPRIT [7], Least-Square ESPRIT [4], Total-Least-Squares ESPRIT [4] and Pro-
ESPRIT [8].

ESPRIT has several advaniages over other signal-subspace estimators. An exact knowledge of the
subarray geometry is not required. It is computationally efficient as a search over the parameter
space, as in MUSIC, is not necessary. It directly estimates target bearings and so a search for peaks in
a spatial spectrum is not required,

In this paper, a simple version of the algerithm is considered, Least-Squares ESFRIT. This is both to
make the algebra tractable, and because the assumpiions made by the algorithm are in keeping with

the physical situation. The algorithm has six main stages.
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1) The data matrices from the two subarrays, denoted X and Y, are combined to form a joint data
matrix

X
=
Y

2) The joint signai subspace B is estimated from this data matrix, This iz done either directly, using
a singular value decomposition [8], or by an eigen decomposition of the covariance matrix formed
from Z. Estimates of the basis vectors of this subspace form the columns of the matrix E;.

3) The joint subspace is pariitioned into two halves (8p and ) corresponding to the X and ¥
subarrays. The basis vectors of these subspaces are the columns of the matrices Ez¢ and Ezy where

Ezy
Ezy

4) The matrix that rotates 8,y onto 82y, known as the subspace rotation matrix ¥, is estimated - ie.
find ¥ such that

It is assumed (in Least-Squares ESPRIT) that there are errors only in the estimate of the 8zy.
Thus ¥ may be calculated using the equation

¥ = sz“ Ex )-l EBH Egy {n

E; =

where H denotes the complex-conjugate transpose (Hermitian) operation.
5) The eigenvalues of the subspace rotation matrix, denoted &, are calculated.
6) The phases of the eigenvalues are calenlated. These phases may then be directly translated into the

target bearings.

3. PROBLEM FORMULATION

ESPRIT should theoretically be robust to sensor positional ecrors as it does not require an exact
knowledge of the subarray shape. These sensor positicnal errors may, however, cause errors in the
assumed ESPRIT array structure and this ean be expected to degrade the algorithm’s performance.
This error mechanism is now considered in detail.
The analysis makes the following basic assumptions about the physical situation:
a) The array has a nominal ESPRIT structure but is otherwise arbitrary.

b) Two narrow-band far-field targetls are present. They are not fully correlated.

¢) There is no noise.
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d} Enough snapshota are taken so that the data covariance malrix ia ideal.

€) Two-dimensional errors are introduced into the poaiti;ms of the Y subarray h.)-d:ophonw.

f) The shape of the array does not change over the observation in.terval.

Some quantities used in the next section are now defined, ESPRIT uses the direction between the
sensors in the doublet (the baseline) as a reference direction. It is convenjent to define the target

bearings and sensor positional errora relative to this direction.

The two targets, denoted P and Q are at bearings of 8, and #. They have wave numbers of

i, cos p " g 5| €03 fe
- an =
o] sin 6, 97 o sin 04

respectively. Here A ia the operating wavelength.
Each subarray has N sensors: the baseline length is &, The steering vectors from the X subarray to the

targets are apy and agy, and from the Y subarray apy and agy. The lengths of these vectors are
deflined by

22y =N
where | is either p or q and j is x or y. It is also necessary to define the Joint steering vectors

a
o =[27] o e = 1]

Positional errors in the Y subarray are assumed to exist both parallel to the baseline (x errors) and
perpendicular to the baseline (y errors). These errors are grouped into the matrix

ap =[ax Ay
where Ax is a column vector of x etrors and similarly for Ay.
If only source P were present, there would be a simple phase difference between the signal received at
both hydraphones of a doublet. This phase delay is denoted ¢p. Similarly the phase delay associated
with source Q is ¢q.
Finally, in the next section two distinct cases will be considered: ideal and perturbed. In the idesl case

there are no errors in the positions of the ¥ subarray. In the perturbed case crrors are introduced.
Quantities relating to the perturbed case are denoted by ~ e.g. Agx-

4. OUTLINE SOLUTIOR
In this section an outline solution to-the problem posed in the previous section is presented. It is not
possible to present the whole solution and so only key results in the working are given. More detail
will be available in {9).
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Because of the ESPRIT array structure, the steering vectors at the X and Y subarrays are related by
jép j éq

fpy = € Box and By = ¢ Bax

If-the Y subarray is perturbed, then the Y subarray steering vectors will change. To first order Lhese
perturbed steering vectors may be writien as '

8py = By — ] diag(Ap kp) Bpy and Bay = aay — ] dieg{Ap kq) 2oy
The eigenvectors from the joint subspace estimation are given by

N s —ia
Euﬁl: dy (Bpx + ¢ Ja:‘.q:) dz(ﬂnx-'ﬂj Agx } :l
- . —ja_ _ —ja.
Ez,:[ dl(.a,py+e'1 gy ) dp (Epy — ¢ fay ) ]
Here d; and d, are calculated so that

diag{ Ex™ Bpx) = diag{ Ery" B,y) = 05

d; = 1 and 1‘:12 = 1
2J N (1+cos 7 cos p) 2J N (l—cos ¥ cos p )

In these equations @ is the phase angle between the joint steering vectors, cos 7 is the steering vector
carrelation and p is half the difference between the phase delays for the two targets:

o= 4{ ész ﬂqz} v s ¥y = ﬁ ﬂsz gx + p = %(¢q - ¢p)

The subspace rotation matrix ¥ i3 calculated using Equation 1. An intermediate stage is to calculate
the pseudeinverse of E 5. This may be approximated as

a‘:((l-—ejpcos 1) ap+ (l—e_jpcos T) ejaﬂqu)

1+ej‘°cos 1) apt- 14e 3P o ¥ e’ia‘-’qu
&

The subspace rotation matrix is then given by

EuH Bt B, Ha 1
(Exz  Exz)' Ex; m

d
¥ — B —~Al~A( ai;’(wz—ACﬁACz-Am

Ca
Il

d
ai(wz—aclwcgwm Y= A=A +A(

In the previous equation )
¥, = %(ejép-i-cjéq) . Yy = %(cj'#p—ejéq)
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. ‘¢
Al = Esi—.’n:p d Plap— cos v ) ' 44, ? ¢ q("u cos 7 flq)
s $a+d .
J "'ZTl
Als ? e ((ﬁp"'@q) = cos8 T(&P“'n'q))
L2t
i J ]
ALy = 3 si:\2'1 ¢ ((ﬂu—ﬁq) - co§ T(“D_“Q))
where
N oap = apx"'diag(Ap ko) 2px ’ N aq = s diafAp k) agx
N Bp = gax"disg(Ap kp) aps and N 8q = pgx diag{AD Kq) 8qx

The eigenvalues of ¥ ate the roats of its characteristic equation. These are given by
:\=¢:1—A(1—A(zi(¢2—A(1+AC2+Ab)

where Ab is approximated by
ALs2 = AR

A = T, - A, + AC;)

Hence the cigenvalues arc

St

sin®

,,:e”"(l-j"——-——""‘f"ﬁ"-u.\be_m")

I\q:e’¢°(l _j‘ﬂ“‘_“‘:ﬂl_ Abe_"éq)
sin“y
The bearing error is calculated from the phase of the sigenvalues
— ~ Ao ap—cosy fp . -Jj ép
8lp=8p—dp = ;0 7 ( o Abe (2)
= fg—B, o= ) ag—cosy Bq _ . —j ¢q

For targets that have an angular separation of over half a subarray beamwidth, these expressions may
be simplified. Assuming gin ¥ 2 1,c08 v ~ 0 and Ab =~ 0 then

Alp =~ Axcot B + Ay’ and - Abg = Bx cot 9., + Ay {4,5)

where Ax and Ay are the mean errors in the x and y directions re]at:\e to the nominal intersensor
scparat.lon They are gl\- en by

— , L&,
Ax=}—\}—5 ;Axi - and | , y=g3 3 Ay,
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If it is assumed that the sensor positional errors are random, independent, zero mean snd have
variances of oy2 in the x direction and cryz in the y direction, then Equat:ons 4 and 5 may be used to
show that the expected values (E{}) of the errors are

E{A#p}=0 and E{Afq)=0
The variances of the errors are
E{(A8,)%) = sl: {efecot?dy + 0,7}  and E{(A05)%) = ﬁ {ox2 cot? 85 + a,?)

Several observations may be made fraom these results. Errors in the x direction (baseline length) affect
the bearing error as a funciion of cot 8. For broadside targets they have no effect. For targets that are
ncar the end fire direction of the array, baseline length errors have a large effect. Errors in the y
direction {baseline arientation) are not affected by the target bearing.

For targeils with an angular separation of less than half a subarray beamwidth, the term Ab becomes
significant. This term introduces an opposite, and approximately equal in magnitude, bias into the
bearing estimates. The bias increases as approximately sin”" ¥, i.e. becomes very large for small target
angular separations {where sin ¥ ~+ 0). The Ab term also increases the variance at small sensor
separations.

5. SIMULATIONS

A set of simulations was carried out to verify the analysis in the previcus section and to show the
limits of its applicability. A nominal uniformly-spaced rectilinear array, containing eight sensors, was
considered. The sensor spacing was half the operating wavelength.

Errors were introduced onto the positions of the sensors, both in the x and the y directions. These
errors were independent (sensor to sensor and between x and y directions), Gaussian and zero mean.
Three standard deviations of the errors wete studied: 2%, 4.5% and 9.4% of the nominal intersensor
spacing.

Two sources were modeled, both were narrowband and in the far-field. The first had a bearing of 90°
(broadside to the array). The bearing of the second was swept between 917 and about 150" in 45 steps.
The covariance matrix was calculated as if there were infinite snapshots available. No noise was
introduced into the covariance matrix. )

There are many ways of mapping an ESPRIT structure onto a uniform-spaced rectilinear array [8).
For this simulation the two subarrays were chosen so that they overlaped by one element (see Figure
2). Six of the sensors are tlius used by both the X and Y subarrays.

One hundred simulations were performed for each target separation and standard deviation of the
sensor-positional error. Additionally, for each simulation, the bearing error was estimated using
Equations 2 and 3. From these analylic and simulation results, the mean and standard deviation of
the bearing error were caleulated. These results, after smoothing, are plotted in Figures 3 to 8. The x-
axis is scaled in terms of subarray beamwidths, about 16°,
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There is good agreement between the simulation and theory, in particular for Larget separations of
over hall a subarray beamwidth. When the targets are a small fraction of a subatray beamwidth
apart, the theory underestimated the bias and variance. This underestimation becomes mote
noticeable as the positional errors increase, '

6. CONCLUSIONS

Equations have been derived that predict the performance of the Least-Squares ESPRIT algorithm in
the presence of sensor positional ertors. These equations show the factors that cause errors in the
bearing estimates and give a quantitative estimate of the magnitude of these errors.
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