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1. INTRODUCTION

The study of axial flow machines from an acoustical viewpoint can
be said to have begim with Gutin [1, 2]. whose 1936 paper on propeller noise
vas the basis of most of the advances made during the next twenty years.
Bince then, Lighthill's development of aercdynamic sound theory [31, and in-
particular Curle's extemsion of the theory in 1955 to ineliude solid
boundaries [ll], have been recognised as providing a more general foundation
for further work in this field.

The essentisl step taken by Lighthill vas to incorporate into s
lineer acoustic model the nonlinear features of serodynemic sound generation
This led to the vamous Va law for high-speed jet noise; but was initially
d;srega.rded in the work on a:l.rcra.ft turbomachinery noise whieh followed in
the 1960's. An account of mome of the early Rolls-Royce work in thia field
vas given in 1964 by Bragg and Bridge [5]; the sound producec by axial flow
compressors was attributed to fluctuating blade forees, mainly on the grounds
of a V dependence on blade speed.

More recently it has been recognised [6 T] that particularly for
l:u.gb speed subsonic machines, Lighthill's full acoust:l.c analogy predicts
additional sources of sound which may be significant; and that in supersonic
machines, vhere a shock pattern propagates sway from the rotor inlet (or
exit) plane, an important part of the noise spectrum is @ue to nonlinear wave
propagetion, which the anslogy with linear scoustics is ill-suited to
describe. Nonlinear propagation effects fall outside the scope of the present
peper, vhose aim is to review the applications of linear ascoustic theory to
subsonie turbamachinexjy. Within this limitation, however, the various source
mechenisms indicated by the acoustic analogy are discussed in soms detail.

Particuler attention is given to simplified models from which straight-
forvard analyticel predictions may be cbtained. There are two reascns for
adopting such ar approach; The first is the ipsight gained from = simple
result, provided, of course, it is not so simplified sa to miss the main point.

Becondly, from an experimental viewpoint, there seems little virtue in using




more elsborate theories during the present rather primitive stege of inter-

preting noise measurements.

Comparisons between the theoretical predictioqs and messured data

are made in the final section, under three genersl headings : ;

{a) effect of flow on sound radiation from known sources;

{b) redietion from a blade row opersting in & known nom-
uniform flow; .

(¢) relation between sound.power output and steady-flow

operating parasmeters.

2. AERQDYNAMIC SOUND THEORY

Internal flows in turbomachinery are inherently unsteady, and
this unsteadiness coupled with the compressibility of the working fluid
leeds to sound generation. The coupling process was first described by
Lighthill [3], for a flow without boundaries. In turbomachinery, on the
other hand, solid bounderies are present in the form of blades and play

an essential part in the generation of sound.

The complexities introduced by the presence of solid boundaries
cannot be avoided in eny general treatment of turbomachinery noise. They
arise for two ressoms. The first is purely acoustical: given an ecoustic
source distribution im. the,region external to the blades, the resulting
sound field is scattered by the blade surfaces. The second is more
fundamenteal: the acoustic analogy implicit in the previous statement may
be rendered useless by the presence of solid surfaces in the sound—generating

flow.
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2.1 Limitations of the acoustic anelogy for serodynamic sound

The acoustic analogy idea, in the form originally given by
Lighthill [3], consists of regarding the density , p, in the actual flow
gs being driven by a source distribution, g, in a fletitious uniform fluid
at rest. The value of q is simply the value of (329/3t2 - civzp) as given
by the equations of motion of the real fluid; e is the sound speed in the
fictitious fiuid. The wsefulneas of this iden in practice depends on
wﬁether q cen be specified to sufficient accuracy vithout knowing the

solution for p in advance.




In rhe case of unsteady compressible flow over solid surfaces,
no such foreknowledge of g is in general availsble. The resson is that the
normal-velocity boundary condition provides a strong coupling between q and p.
Methods have been developed for dealing with this situation, and are described
in Section 6: but the essentiml simplieity of the ecoustic anslogy is lost.
Fortunately, however, it i, possible to neglect the coupling between g and p
in the limit of blade chords, %, smell compared with the sound wavelength, A.
Also, if & << A , the acoustic problem of scattering by blades is greatly

simplified. Results based on this approximation are given in Section 5.

2.2 The acoustic mnalogy for high Reynolds number flows
Since the practical application of the acoustie analogy is to the

cése & << A, it is convenient to replace the blades by applied-force and dis-
Placement distributions which reproduce the boundsary conditions on the blade
surfaces. (Heat transfer to the fluid is neglected). In this way, an acoustic
snalegy is cbtained with an unbounded fluid, es was originally proposed by
Curle Dﬂ.

Distributed sources are wuerefore introduced as follows- [8]:
a volume displacement z per unit volume, together with force components pE;
(i=1,2,3) per wit volume spplied to the fluid. The displacement effect of
blades is represented by a volume displacement rather than by introduction of
new fluid, since the latter does nbt correspond to the physical situstion.

Introduction of the volume displacement z leads to a two-fluid
continuum model, in which unit volume ofspace contains mass p{l-z) of the
real fluid. The dynamies of the fictitious fluid occupying the &isplaced
volume are of no interest; it is simply necessary to specify contipuity of
pressure with the surrounding real fiuid (here assumed inviseid and pon-
conducting). The equations of motion for the mctual fluid are

i}
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The equation of state of the fluid is taken as

tnp = 8(p,s) (W)

and partiel derivatives of 6 sre indicated by subscripts.

For internal flows it is convenient to base the scoustic analogy
on & wniform fluid which is nmot at rest (as was chosen by Lighthill) but
in wniform moticn, with velocity components U;. A second, end less trivial,
departure will be made from Lighthill's approach by chOOSLDg p rather than p
a8 the scoustic variable; this is important if the rlow contains entropy
iphomogeneities (hot epots), since the corresponding density perturbations
are not propagated as sound waves. Thus the sbjective is a convected wave

equation of the form

ax)p-vp 9 (5)

vith q expressed in terms of the flow varisbles (Vi, P1 8y Zy gi].

The nature of q in equation (5) is clarified by considering a
gpecial case . If the mctual flow departs only infinitesimally from the
reference state of uniform motion, and there are no external sources, it is
well known that pressure perturbgtions in an inviscid non-conducting fluid
are described by equat;pp {5) with q=0. Conuributions to q mrise, in this

case, only from nonlinear interactions between the various perturbations lg]|-

~ An approximation for the analogous acoustic source strength g, in
terms of v, © v, - Ui,-p P - Py 8' =5 - 5, and the external source
terms, has been given in [8] It is based on equations {1) to (&) with the
fbliowing simplifications,
(s} Products of the external source terms are omitted.
For describing sound generation by interacting blede rows,
this is justified om the ground that source distributions

which represent different blade rows do not overlap.

{b) Third order products of the quartities listed above
are neglected, if they explicitly contein z or g;.




{c) Third order products which contain.p'. (either
explicitly or in the form avi/axi) are mlso neglected.

The result may be written as

5%z %8 i] ? 3
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] om:a oaxi Dt it 1azi

where Agq represents a set of nonlinear interaction terms :
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For a perfect gas with specific-heat ratio y, the thermodynsmic derivatives
accurring in {7) are given by '

I T
Bp .= 5. = w 6 = "]Jcp ) : {8)a
pc
and (assuming y constant)
B = —ye2 ;6 = 0. (8)v
PP P ps - :

[ 2.3 Application to axial flow machinesg

The ecoustic znalogy as set out in equations {5} to {7) may be used
to estimate the radiated sound from various high Reynolds number unsteady
flows. Perhaps the best-known application is Lighthill's theory of turbulent-
jet noise, in which the first term of Ag wes identified as an egquivalent éou.rlce.
In hot subsonic jets, the second term is likely to be important. Finally in
nonlinear acoustics, Westervelt has used the first and third terms to describe
sun and difference frequency radiation from intersecting sound beams [10] .
end has shown how the last two terms describe nonlinear effects at a radiating
surface [11]. '




When applied to the flow around blades in subsonic¢ turbomachinery,
the acoustic analogy indicates a mmber of possible sound sources. These

are listed below against the corresponding source terms in (6) and (7).

{a} poﬁaz/Dta, -poagilaxi : (i) Thickness snd steady loading of
rotating blades [},2]. (ii) Unsteady blade forces, due to

pressure or vorticity disturbances acting on & blade row.

{v) poaavivs/axiaxj : {i) Interacticn between velocity fields of
fixed end moving blade rows; the individual velocity fields
mgy consist either of blade wakes or the blade-to-blade
potential velocity variation. {ii) Intersction of turbulence,
or other flow distortions, with the velocity field of a rotor [5],

Because this source is of guedrupcle order, while the corres-
pdnding blade forces give rise to a dipole term, it is unimportant
at low Mach numbers.

{e) S'aevivj/axiaxj term : Entropy wakes or hot spots interacting
with the veloecity field of & rotor. Such interactions will
ocour in turbines if there is non-uniform combustion, or in

fens if there is a non-uniform heat source upstream.

{a) {(s'p') terms : Que of these vanishes if the fluid is a perfect
gas, vhile the sther is of dipole order. The previous term (e)

ig therefore more important at low Mach numbers.

{e) (p'p'}, (p'z), (p'gi) temms : Interaétions between the pressure
field of one blade row and the pressure field, thickness or
loading of ancther. At low Mach numbers these sources are in—

significant compared with the unsteady blede forces which occur.

3. FREE-FIELD ROTOR MODELS

Once an equivalent acoustic source distribution has been found
using the acoustic analogy, the problem is one of sclving the linear convected
wave equation with appropriate boundary conditions. A free-field model is
appropriate for unducted‘propeilers end rotors and its application is

discussed briefly below.




3.1 Ring source radiation

Gutin in 1936 developed a theory of propeller moise in which the
blade thickness end loading were represented by source distributions in the
propeller disk [1,2]; this gmounted to a prim.iti_ve version of the acoustic
analogy later developed by Lighthill. Gutin's work led-to the useful
idea of a ring source distribution, which was taken up by Embleton and
Thiessen [12] and subsequently in more detail by Wright [13] + Besides
forming a basic element from which a finite rotor disk may be constructed,
the ring source with linear circumferential phase variation displeys most
of the important properties of free-field rotor radiation. In asddition, if
the blade span is less than the acoustic wavelength, a single ring source
at a mean radius can adeguetely represent the entire rotor (prow'.?ed the

circunferential phase speed of the source pattern is supersonie).

A Bimple-gource ring distribution (Figure 1) is defined by

i({m¢-wt)

g = Rede é{r-als(x} , (m=0,21,22 ete); {9)

the source is positioned at (r=a, x=0) in the cylindrical co-ordinate system
(x,4,r). Equation (9) defines a single-frequency source with linesr cireum~
ferential phase variation. If the surrounding acoustic medium is at rest

(H = 0}, the far-field pressure amplitude at the point (R,B,¢°) in Pigure 1 is

1k.Rl

- -~m imdg & - .
ie = -2 A, {ka sin e) , (_k=w/c°). (10)

p ) =
An immediate deduction from equation (10) is that for subsonic circumferential
phese speeds - which according to (9) occur when |ka/m] < 1 and m ¥ 0 - the
sound field is relatively weak. Physically, this is because of cancellation
between out-of-phase regions of the source; mathematically, the effect is

contained in the Bessel function factor in {10).

Of greater practiml significance for rotor noise is the corresponding
solution for m ring force distribution, where the force per unit volume applied
to the fluid is given by

i(mg-wt)

Re {E, §, R) e §{r-a)s(x) . (11)

B, § and R are the amplitudes of the foree per unit circumference in the
x, ¢ and r directions. The far-field pressure follows from (10), by
differentiating with respect to the source position cc-ordinates [11J:_
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. kR . ,
§-1-m A% _e__R__ . % {(ka cos 8.F + mi:],)cl’m + ika sin 6.8(J

(12)

nhlme+1

The Besgel functioms in {12) all have argumment ka sin 8, as in (10). The seme

remarks about subscnic phase speeds‘apply s to the simple-source result.

Physically, & subsonic rotor can give rise to & Bupersonically
' rotating source pattern only if it operates in a cireumferentially distored

flew. Such flow distortions are therefore extremely importent in determining

the roediated sound field.

3.2 Rediation from point forces in circuler motion
If the blades on & rotor are small compared with the scund wave-

length, the unsteedy loading on each blade is adequetely represented by a
single point force with components (T, D, C}). The corresponding ring force
digtribution due to a single blade is therefore

(p,Q R) = (T,D,0C). %5(""’1) ) (23)

vhere ¢1'= at +-¢i .is the angular position of the blade in question. Once
the variation of T with $; is specified, for example as

T.= Re T e-il¢1 N (1)

equation {13) cen be Fourier analysed to give the circumferential haermonic
amplitudes F; similarly for the other components, §, B .

Any periodie variation of the blade forces may be represented by
& combination of harmonic terms as in (14). A rotor operating in a steady
distorted flow, for exsmple, has unsteady blade forcss which repeat every
revolution; in this case ) takes integer values k {k=1,2, etc). For a
single bi;de, Fourier analysis of (13) gives

~ikrmled,

B = (T/2za) e = (k+mjn {m any integer). {15)

Bummation of this result for B identical blades equally spaced around the
rotor leads to a resultant amplitude

-i(k+m)4]

B = (BF/2ma) e {k+m = 0,18 ete); (16}



here all harmonics (k+m) whish are not multiples of B cancel because of
the symmetry of the blading arrangement.

Blade forces which do not repeat every rotor revelution correspond
to non-integer values of A. The same theory applies as before, but the
radiated frequencies (Mn)fl are no longer integral multiples of the rotation
frequency . As a result, the cancellation of harmonies referred to above

no longer occurs.

In practice such non-repetitive blade forces usually have &
continuous power spectrum, and it is neceesary to convert the sbove results
into povwer spectral form. The radiation spectrum of a single point force T,
for example, follows fom (12} and (14) as

(m cos 6) 32

— 2 G {|a-mqt]) - {17}

.6 fw) =
P : I-==
The generalization to include other force components is straightforward. -

Equation (17) was derived by Ffowcs Williams and Hawkings [6].

An alternative power spectral reletion, for a single point force
in subsenic circulat motion, was developed by Morfey and Tanna [15] from
Lowson's time-domain result [16]. The force is assumed to have components
(T, D, 0) related by (aD/dt}/(aT/at) = ¢ = const., vith a smooth power
spectral density GT(m}. The analysis assumes (a/m)? << 1, Under these
. conditions,

Gp(w) & (-h-‘-'ma)z {(cas®e + !eesinze)GT(p) + emmtsinza con 8. wGn(w)

+ ¢ a“':'a;:'.u.aa_.l'l2 G&'.(ni)} H (18)

terms of higher. order in the rotational Mach mumber M., ha.ve ‘been omitted,
but are given up to- M in [15]

Equation (18) has the advantage over the exact result {17) that
the effects of force motion on the -radiation spectrum are displayed explicitly.
At low Mach numbers (M << 1), for example, the sound pmrer spectrum is the
geme as for a atat:.onary point foree apart from an (nlm) term; thus there is
no need to include source motion effects in estimating the broadbend sound
pover from lower-speed fan blades [17;18] where both M2 , end (8/w)? are
negligivle. However, if (n/m) is ot small, equation (13) breeks down a.nd (17.

must be used.




3.3  Effects of axial flow

. A rotor placed in a uniform axial flow is equivalent to a rotor
moving exially through & stationary fluid, epart from a uniform translation.
For free-field radiation caleulations, the stationary fluid/moving rotor

is related to that of an equivalent staticnery source by a Doppler trans-

|
description iz simpler, since the sound field of any uniformly moving source
formation [19] .

_ To first order in the axial Mach number M_, the paver radiated from
e given equivalent source distribution is unaffected by the axial flow; but
the separate amounts radiated upstream and downstream relative to the rotor
are altered. For example, if the rotor is represented by a rotating array
of uncorrelated point forces, each force having a broadband power spectrum
proportional to w2 and a direction perpendicular to the relative mean flow,
the sound power spectrum contains a Mach number correction factor

1t ? cosZB . M, (8= tan"]'Mrot/Mx ; M.ﬁ <« 1) , (13)

The *+ signs in (1B) refer to the -sound power radiated on the +x sides of the
‘rotor; thus more sound power is radiated downstream, in this case, than

upstrean.

The point-force result (19) was obteined from {18} after applying
the Doppler transformation mentioned above. It is interesting to note that
& very similar result follows from the two-dimensional line-force model
which is described in the mext section.

4. DUCTED SOURCE MODELS (TWO-DIMENSIONAL)

A more appropriste acoustic model for ducted flow machines is &
wiiform hard-walled duci, containing a uniform steady flow on which the
acoustic exeitation ie auperi_m-posed. The duet section may be circular or
ennular.  If the duct is terminated on either side of the source with a
known acoustic mdmittance, the wave equation (5) cen be solved for any source
distributicn; details are given in [20].

In practice the usual termination is an open end, which leads to
little reflection of propagating modes (except n'ear‘cut.—ofr) provided the
smallest opening dimension exceeds A B1]. Lining the duct with sound-
absorbent material alsc tends to reduce the amplitude of waves reflected

10. -



back to the source. Under these conditions, the power radiated from the

source, and the scund pressure inside the duct, may be estimated as if the

duet were infinite.

Further gnalytical simplificstion may be achieved by using a two-
dimensional model rather than an axiﬁymmetric one. A tvo—diﬁenaional acountic
model is particularly convenient eince it means that the blade rows in the
machine are represented by caseades. The larger the hub-fip ratio of the
machine, the smaller is therinrluence of the duct curveture on the internal
sound field. Even at small hub-tip retics, however, a tvo-dimensiooal,
calculation of the sound field at each radius im expected to give reasonable
estimates for the total sound power.t

Scme results based on a twe-dimensional infinite-duet model are given
below, to illustrate the main features of sound generation in ducts with flow.
Specific applications of these results are made in Section 5.

k.1 Redimntion fram two-dimensional source distributions

A single-frequency travelling-wave source distribution in the plane
x=0 is specified by

S = Re § ot lky-ut) {20)

Equation (20) represents a source pattern travelling at phase speed w/k in
the tangentiel (y) direction. 8 is the area source demsity; thus the volume

density q is S&(x) .

1f this source distribution is superimposed on & uniform mean flow
in the axial direciion, the resulting sound field (mssuming no reflecticns)

is given by [20_] a8

t+ This will not be so if the source distribution varies radially on a scale
small compared with both the blade span (h} end wavelength (A). It iz then
necessary to "filter out" the high-vavemmber source components {for example,

by defining a radial correlation length) before proceeding.

11.




N :
- GilExx + xy) E%.E B (x 20} , (21
where
2

. = {l__ﬁ&}; (k = w/e)

1-M2

X
and

Xt ta - M
Xoa
k .

The corresponding intensity on either side of the source follows from

2
152 a oM 2 >
I:t .® 3 |2l m (T-;-—&-E)- {x < 0; o real). (22)
If the source phase speed is subsonic, obecomes imaginary and the intenmsity.

is zero. This corresponds to cut-off in an exisymmetric duct.

The sound field of higher-order source distributions may be found
from (21) by differentistion. Of particuwlar interest in connection with
blade ncise-is the result for a two-dimensional forece distribution, with

axial snd tangentim] components given by

X, ¥) = Re(%, ) ey - ut) (23)

per unit area of the source plane. In this case the pressure amplitude is

different on the two sides;

s et K
P o= etttel Loz, (24)

Equations {21}, (22) and (2k4) mre restricted to mean flows in the
axial direction. They may be modified to allow for a tangential flow com-
ponent, with Mach number My’ by interpreting the fregquency m.a.nd wavenumberk
as values relative to the tangential flow. Thus if g is the actual fixed-
frame frequency, we have

wo= w, - ke M (25)

The pressure field is then given directly by (21) or {2L), while the intensity

expreseion {22) is multiplied by (mofm) to give the axial intensity in fixed
coordinates [20] .




L.2 Phaged array of line forces

Where the blade chord is small compared with the acoustic wave-
lengths of interest, the uhsteady leading on each blade is scoustically
equivalent to a single line force. A radiélly—éiigned blade, for example,
which applies an axial force F per unit span to the fluid, is appréximately
represented by & force distribution

X = Fi(y-y} {26)

vhere y, is the position of the blade in the two-dimensional model.

Summation of (26) over all the blades in & rotor or stator row,
followed by Fourier analysis intc travelling-wave components as in (23,
proceeds in the same way for the point-force description. If the blades
are identical and equally spaced, the following results are cbtained for a
travelling-wave modulation of the blade forces.

(a) For a rotor with blade spacing dR,'mbdulated by a disturbance of
the form cos kvy, the axial force distribution is confined to blade-passing
hermonics given by

= = -ik
% = % 51 (force on each blage =Re Fe ¥ 1)
(21)
with x =‘ikp-kw and o= 1kpur-ot.1' Here kp = 2rp/d;, and p (=1,2, etc) is the
blade-passing harmonic order.
(v) For a stator with blade spacing 4, medulated by a disturbance of
the form cos kvfy - u}ott)’ the axial force distribution is given by
5 - ik (y-u__ t)
X = %g Fike¥1 (force on each blade = Re F e ot )
{23)

with k = k,tk  andu = kwuro; + Here ks = 2us/ds ayd 8 is any positive

integer.

Stator-rotor interaction is & specisl case of (27) in which k, =k
likewise rotor-stator interaction is desFribed by (2B) with k, = kp. In each
case the resulting force distribution has k = (kpika)sgn w, corresponding to a
circunferential mode number m=pBtsV ss given by Tyler and Sofrin [?2].

t For subsonic rotors, the lower signs (w-0) correspond to non-propagating

vaves .

13.




4.3 Uncorrelated arrey of broadband line forces

The single-frequency results (24}, (27), (28} msy mlsc be applied
in power spectral form to describe the radistion from nonperiodie blade forces.
For example, the intensity spectrum radisted from en srray of uncorrelsted
lift forces L(t) per unit span is [23]

. G (w )
(%)t = % —2-2-:— A, (“o = fized-frame frequency).
o pe .

(29)
The factor A, in {29) accounts for mean flow in both the x and y directions;
it depends on the angle B of the relative flow. To first order in Mach number,

Mro'c.

A, & l:th-%;r-coazﬂ.(l— M

{30}

where g = 2 + (m/GLJ(dGLIdm) is determined by the slope of the 1ift spectrum,
The term involving g arises from the Doppler frequency shift encountered with
moving blades (M 5! 0).

The special case &0 (lift spectrum proport.mna.l to w J gives
8
At-= lildx-gcosﬂ,aseomparednthl -Ecosﬁ for the point-
foree unducted rotor model {equation 19). Equat:.on {30} is compared with fan

noise meeswrements in Section T

1k,

1H t_M
g tan @) (B = ten ~ret )




5. ESTIMATES OF BLADE-PASSING SOUND IN AXTAL FLOW MACHINES

Estimates are given in this section for the blade-passing sound
field of en isolated rotor, and of rotor-stator and stator-rotor combinations.
These are a)l based on the acoustic anelogy of Section 2, together with the
two~dimensional acoustic model of Section 4, Results are also quoted for the
transmission of sound through a row of blades, calculated by Amiet [24] on
the mme basia.

All the results which follow are strictly limited to Ylade chords
small compared with the sound wavelength. Cslculstions in which the

restriction £ << ) is removed are described in Section 6.

5.1 Isolated rotor in sinuscidal velocity wake (MPE. << 1}
At low Mach numbers, the main source of propagsting waves (i.e.
Ix| < k) is the unsteady 1ift experienced by the rotor blades as they pass
ﬂrpugh the fa.ke pattern. Propagation of the pth blade-passing harmonie
reqﬁires |kp - kw| « kp”rot (equations (21), (27)); so at low Mach numbers
no energy is rediated unless k, 4 kp.

The nonuniform velocity entering the rotor is defined by

.= vecemky: {vg/u )ea a (31)

and is superimposed on a wniform axial flow. The fluctuating axial force
component due to each blade mey be estimated from incompressible isolated-
airfoil theory [25-—27], provided the gap between adjacent bledes is large
compared with the gust wavelength along the blede. This gives

C.
Fe mioo Vo ﬁh + TLR Trs) K, sin B, {gin 28, > 1/wp} (32

vhere the fluctuating velocity amplitudes normal and parallel to the blade

are

;n_é. -vxosinﬁl, 1-'5.5 v.o to8 B - {33)

‘Bquations {32} and {33} take no account of blade camber, and the effective
flat-plate stagger angle is taken as the inlet relative flov angle Bl.

15.



At high reduced frequencies (gust wavelength along blade << 5£ﬁ)

the 1lift response function K, may be replaced by its msymptotic form. The
following simple expreasion for the sound field far from the rotor plane
{x=0) is then obtained using equation {(24).

,_1§21___ : ( )! % ( CLr 3 : EE:E!
7 = Ea 3p sin By - 1-77cot 81 ¢ 7 oot Bl),
Pt B i '

(x % 0) (34

equation {34} is velid for sin 28, >> 1/mp, op sin B, > 0.05/p and real
values of a. ‘

This result is compared with measurements in Section T7.2. Although
it implies that the radiated power becomes infinite as cut-off is approachéd
from sbove {i.e. a -+ 0), Whitehead [28] and Mani [29] have shown tnat the
incempressible 1ift calculation breaks down in the eut-off region. The
fluetuating 1ift in fact tends to zero, end the sound pover to m finite
limit, at cut-off [28].

5-2. Isclated rotor in sinusoidal‘temperature wake (M§_<< 1)

According to Section 2, entropy perturbations in:ident on a rotor
combine with the blade-to-blade potential flow field to produce an eguivealent |
acoustic source distribution. At low Mach numbers the dominant source term
ney be written

a = (p/oy) vpv, el

i’y ax axJ

H (35)

the working fluid is assumed to be a perfect gas with constant y.

A sinusoidal temperature distortion {at constant pressure} is define
by
L]

.= o cos ky , © (38)

ari
‘ll
i

P

and is superimposed on the otherwise uniform mean flow entering the rotor.

Becnuse of the low Mach number restricticn, sound waves excited

at p times blade-passing frequency will propagate only if ky 2 kp.

1€,




If the axial variation of s' is neglected, only the tangential
velocity perturbations v, contribute to the source term (35). Linearized
theory for a low-solidity rotor at low relstive Mach mumbers gives, due to
lift forces, |

v, 2z il a {1+2 ] cosx (y “¥ e kpx ,{x%0)
Yy R R LR
r=1

(3
there are also contributions from blade thickness and drag, but these will
be neglected, It is important to note that equation (37} is restricted to
low-order harmonies (p B l/cR); higher-hermonic amplitudez are overestimated
by the low-solidity model.

The acoustic source strength is proportional to.vi , ¥hich may be
written as
—3 (UR 2CLr’ 2 (1 + LetiX oo k (y-y,) + (nigher-order interactions)
{38)

The second term alone in {38) is used below to estimate the propsgating sound

v =
¥

-field et blede-passing frequency (p=1). Producte of higher-order harmenics
such as (1,2}, (2,3) ete. will also contribute to the source moment § = Jq dx
at this frequency, in the ratic %,-% ete according to {37); however, their
true comtributions will be lower in practice then the low-solidity model im-
dicates, and may be neglected without much exror for ag“valuee in the range

o.k-1.

The estimated pressure amplitude, for waves propagating on either
side of the rotor, follows from (21) ms

2 2

Y of C

1 . % )
pvau 2 a_quot (a 13 0.4 <GR<1) - (39)
Rt

5.3  Isolated rotor: scattering of potential field by inflow distortioms

If the restriction to low Mach mmbers is removed from case (5.1), it
no longer follows that blede lift fluétuationa are the mein source of blade-
passing sound. Scattering of the rotor potential field by a nonuniform inlet
flow was recogﬁised by Ffowes Williams and Haykings [ﬁ] 88 & source of sound

at high subsonic speeds, the relevant acoustic source term being

1.




32 v, v,
1.° Py ax; ox; (4o}

The blade passing sound field produced by this mechanism has been
calculated for s low-solidity rotor [30], using a compreseible linearized
estimate of the rotor potentiel field. If the wake distortien wavelength is
equal to the blade pacing, the result is simply

3] ™ M2

rot rot >
& (1- ) x<0) ; {L1)
o,4p 1l Hx 11 Mx '

eguation (b1) is valid for o: << {1 - Mi)- As in the previous eslculation,

only the blade lift component of the rotor field is included; Ap is the

corresponding mean pressure rise across the rotor.

Comparison of (34) and (41} suggests that if the rotor loading
2

rot
mey well predominate at Mach oumbers as low as MR = 0.5, especially on the

coefficient Ap/ou exeeeds about 1, the guadrupole scettering mechanism

upstream side of the rotor.

5.4 Transmission of sound through an isolated blade row

The same two-dimensional blade-row model with £ <<} has been used
by Amiet [2151, to estimate the reflection and transmissipn coefficients of a
blade row for incident sound waves. A typical situatior is sketched in

Figure 2. The long-wavelength assumption implies that the flow through the

cascade is quasi-steady locally; thus the unsteady lift on each blade is given

by the steady-flow cascade relations, to goed accuracy provided /1 << 1-M.
The scattered sound field then follows from the unsteady forces, using the
acoustic anelogy-

Among the results obtained is the following equation for trans-

mission upstream through a stafionary cascade of flat plates:

|Ptr| - €08 dine ~ My

(42}

| co8 ¢. -M_+F '
P ine X

inc |

where for high-solidity cascades

'18 .




M(l-—t-li) sin®(¢, _ +£)

F & 2(1 - M7} co:san ’ [62 > 0.2(1 - Mf_)] . (b3

Equation (U42) predicts zerc transmission when cos $inc = My vhich corresponds
to cut-off of the incident wave. 100% transmission ie predicted for zero flow
(M=D) end for waves travelling parallel to the blades (¢inc = k), There is
no dependence on frequency for a given incidence angle,although Pinc varies

with fregquency for a given mode.

Amiet has compared his results with numericsl calculations [31] based
on the seme physical model {i.e. two-dimensional flat-plate cascade st zero
incidence), and finds good agresment over the whole range R/A < 1-M. It is
interesting to note, in passing, the conceptusl similarity between Amiet's
matching procedure and that used by Whiteheed to describe the vibiration of
cascade blades in an incompressible flow [32].

5.5  Botor-stator interaction (ME, ME << 1}

In low Mach number fans and compressors, rotor-stator interaction
tones are generated mainly by fluctuating blade forces [8] » On the upstresm
blede row, periodic forces arise from the potential field of the downstream

bledes; their magnitude, and hence the radiated power, falls off rapidly as

the axial gep between the blade rows is increased. The downstream blade row,
on the other hand, cuts through the wakes of the upstream blades; and if the

upstrean row has m solidity of order 1 or more, its downstream potential field

is gererally negligible’ bjr.éomparison.

The sound intensity radieted either side of a rotor-stator ccabination

is estimated in [8] as follows, for a single propagating mede well above cut-aif.

() Rotor 1ift fluctuations due to stator potentisl velegity field:

I Ky v 2 4 .2
2 (==} o g, C Mg sin“B,, , - (L)
. ] 2
bed ) 32“21) pB’ “R LS
-2k _x ‘
where K. = e ¥ @allows for the axial decay of the potential field. Equat.i:on

(44) requires that exp a2mpo, >> 1 (high-solidity approximation to potential field),

and the rotor lift fluctuations are based on the Kemp-Sears isolated airfoil

theory [33] for high reduced frequencies (i.e. n, >» 1/2x).




The corresponding result for e stator-rotor combination is obtaimed
by interchanging ¢ and B, and also subscrlpts R, 5; K remains unaltered.

Note that the flow angles are given their values on the side nearer the inter-
acting blade row.

{b) Stetor lift fluctuations due to rotor wakes:

\
|
|

I K C
—B5 ¢ g ) vans 00 [ - I8 conts,a)))? ein®(s e, ).
pe

(43)

where K = (6'/!CDE)§ is & wake shape paramever based on the displacement
thickness at entry to the stator.’ Equation (b5) is subject to the restriction
that the rotor wakes remain distingt; this requires

(J-CIER)i << ;‘—P cos ¥2 52.(GJC§L)R - {46)

Again, the lift fluctuations are based on high~frequency isolated airfoil

theory, vhich implies ng >> (1/2m, o g/2 cos o) .

The ecorresponding result for a stator-rotor combination is cbtained
by the same substitutions as in (&); in maddition, the factor (V/pB) becomes 1/p.

Equations (UL) and (45) are compared with messurements in Seétion 7.3.
Note that tﬁe results quoted above refer to s single interaction mode m = pb - g
80 the total intensity at p x ‘blade-passing frequency is the sum of the in-
tensitien IP predicted for each mode above cut—off.

+ For an estimate of K, see equation (47) below.
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6. TWO-DIMENSIONAL CASCADE MODELS WITH R <k )

The acoustic analogy used to'clain the previous results runs into
practical difficulties when the blade chord is not small cqmpare(i with the
sound wavelengths of interest. The back-reaction of the sound field on the
equivalent acoustic source distribution becomes significant, and in order to

find the source distribution it is necessary to know the sound field.

Some progress has been made recently in demling with this situation,
and two types of problem can now be solved analyticelly or numerically. These
are :

{a) Interaction of sound waves with non-lifting flat-plate cascades
in cowpressible flow. Here a linearized anelysis ia adequate, and
' the basic flow is uniform. Outside the blade wakes, the veloceity

perturbations mre irrotational,

(b) Vorticity perturbations incident on a cascade as in (a). The
incident vorticity field is unaffected to first order by the
blades, except that vorticity is shed from the trailing edges.
Thus the boundary conditicns on the pressure field over the
blade surfaces are that the associated normal velocity perﬁur.—
betion should cancel that due to the incident vorticity, and
that the pressure jump should not be infinite across the
trailing edge. '

The analyses available tb date are described briefly below.

6.1  Sound transmission through blade raws

The sinplest model in which there is no restriction on 4/X im
the semi-sctuator disk model of Keji and Dkazaki [34], in which the blade
spacing tends to zero. Their results for &/X <<l agree well with the hi gh-
solidity limit of Amiet's. theory [24], as expected. - The miodel represents
the flow ‘perturbations within the blade passages by plane acoustic vaves; -
these are then matched across the leading-edge and trailing-edge plenes to
the perturbations outside.

An glternative model which also allows analytical solutions has been
used by Mani and Horvay [35]. No restrictiow is placed on the blade spacing
in their model; but in metching the interior and exterior wave moluticns the
leading and traling edges of the cascade, the blades are regarded as
infinite. Remarksbly close agreement is cbtsined with available numerical

solutions.
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Kaji and Okezaki [31], Whitehead [28] and Smith [36] have
developed computer programres for numerical solution of the linearized

perturbation equations, and scme resuits are given in E]] for transmission
and reflection of sound waves incident from dowvnstream on s flat-plate
cascade. None of the theoretical predietions, however, has been checked

experimentally-

6.2 Sound Qcattered by vorticity incident on blades

The numerical methods mentioned above will also predict the sound 1
field rediated upstream and downstresm when spanwise vorticity perturbations
sre convected through the cascade. Mention has already been mede of Whitehead's

. calculat1ons [?5] which show significant departurés from the slmple theory of

Section 5.1 close to cut-off, even though the £/} value used was only sbout Q. 05
No resvlts are available for 2/1 values of order 1 or more, where the simple
theory bregks down Eomplehly.

An anglytical solution for scattering by an isolated flat-plate
airfoil at zero mean incidence has been worked out by Ademezyk and Brand [371;
like the numerical solutions for flat-plste cascades, their result may be -
applied to either incident sound or vorticity perturbatioms. u&ﬁ contrast
to the cascade solutions at present availsble, the incident disturbance is

allowed to vary in the spamwise direction.

Unfortunately, no experimental confirmation is yet available for
the vorticity scattering theories in the &/A range sbove one, where their

predictions diverge from Section 5.1,

T. COMPARISONS BETWEEN THEQRY AND EXPERIMENT
The thepretical results reviewed above fall into three categories:

1. Predictions of the sound radiated from specified acoustic
source distributions, in the presence of uniform flow;

2. Predictions of sound radiated from an isolated blade row
operating in & specified non;uniform flow;

3. Predictions of rotor-stator interaction tones frc' steady-

flow aerodynamic data.

In this section, predictions from each category are compared with experimental_d
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T.1  Mean flow effect on fluctuating-lift radietion

The two-dimensional theory of Section b predicts a difference, due
to mean flow, between the power radiated upstream and dewnstream by an arrsy
of fluctuating 1ift forces. Lipstein and Mani [3&] have confirmed this
effect wsing a ducted rotor of hub-tip ratio 0.7Th, operating in the wakes
of a regular array of rods. The blade-passing sound power was measured on
the iplet and exhaust sides, and for a particular configuration {Figures 15
and 16 of [38]) differences of up to 9 dB vere measured over the Mach mumber
range MR=O.32-0.53. In this range only one interaction mode waa sble to
propagate in either direction, and the predicted.power differences followed
the measurements within 1 4B except very close to cut-off.

Further indicstions of the same effect occur in same broadband
fan noise measurements reported by Snow Eﬁﬂ. The fan consisted of an
IGV/rotor/OGV combination of 0.55 hub-tip ratie. Here the source is less
well defined, but is assumed to consist of fluctuating lift forces on the
bledes, with no correlation between blades. Equation {30) then predicts
the exhaust/inlet power ratio in & narrow freguency band, sssuming multi-
mode propagaticon (krt »> 1). The pover rgtio vas measured in 100 Hz lmnds,
at frequencies chosen to soid blade-passing harmonics; measured and
predicted values are compared in Figure 3.

At each frequency two theoretical curves are shown, one for the
stationary blades (IGV, OCV) and one for the rotor. The rotor prediction
involves the spectrum slope parameter g, which was estimated frem the
spectrum of the total (inlet # exhaust) power by means of equation (29).
In generai the measured date lie between the rotor and stator predietions.

Measurements were also made at lower freguencies, but these show

little significant Gifference between exhaust and inlet radiated power.

T.2 Isolated blade row in & measured non-uniform flow

Two types of inflov disturbance are discussed under this heading:

(a) turbulence, and (b) pericdic wakes.

{a) Rotor in turbulent flow:

Folloving the early work of Sharland [}7], who measured the power
radiated by & rotor running in turbulence of known intensity but unknown scale,
some more detailed measurements have recently been reported by Chandrashekhars [ho].
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An open fan rotor was run over a range of speeds (Mtip = 0.08 to 0.28) with

8 turbulence-generating ring upstream of the blades. Measurements of the
fixed-coordinate turbulence spectrum showed most of the energy to be at low
frequencies compared with the fan rotation rate, leading to & sound power

spectrum concentrated arcund multiples of the blade-pa551ng frequency.

By inserting scale and intensity measurements into an expression
for the fluctuating lift, and then treating the rotor as an array of point
forces, the sound power around blade-passing frequency was estimated at
each speed; the maximum h/A value was 0.22. Reasonable agreerent was found
between the predicted and memsured power, the prediction falling about 5 dB

low OD average.

(b) Blade row passing through periodic wakes:

Smith [36] hes measured the blade-passing sound field dovnstream
of & ducted rotor of hub-tip ratio 0.75, runnihgrat lov Mach numbers
(HrDt < 0.1} with & sinusoidal distortion imposed on the inlet flow. The
distortion pattern consisted of 2h cycles around the annulue, and the rotor

had 23 blades; eut—off of the m = -1 wave is therefore expected at Mot 2 0.0
|

Introducing the flow distortion led to an.aﬁpreciahle increase in

the blade-passing pressure amplitude sbove the cut-off speed,by a factor of
4 or more. The memsured amplitudes are plotted in Figure L, shoving a
pronounced rise as cut—off is. approached. The three sets of measurements
correspond to three different rotor incidence angles, ranging from zero to
-18 degrees; the blade camber was 20 degrees.

On the nermalized scale chosen for Figure 4, the simplified theory
of Section 5.1 predicts very neurl& equal amplitudes for each of the three
incidence values at speeds well ebove cut-off. The measurements unfortunate
do not extend much beyond cut-off; but the three incidence angles collapse
quite closely, and appear to be approaching the predicted value at the upper‘
end of the speed range.

the ‘inlet of a low speed dueted rotor (M = 0.09 - 0.16), with an equal n
of stator blades placed at fﬂﬂv dlfferent p051t1ons downstream (x/ln = 0.31

—

Peirce Euj has measured the blade-passing sound field radiataed rri



The wake pattern of the rotor hed previcusly been messured by P.D., Yardley

at Southempton, using a stationery hot-wire probe and a time-sampling technigue,
and wes harmonically analysed to extract the blade-passing component., Mid-span
values were then inserted into the two-dimensim;a.l theory of Section 5.1, and
the on-axis SPL predicted neglecting reflections from the duct inlet and
exhsust}

Measured and predicted levels are compared in Teble I, for the two
closest stetor positions. The egreement is good; but at the largest separation
the predicted levels are 5-10 dB high. A possible reason is that the rotor
wakes become skewed as they travel downstream, so partial cancellation occurs

along the stator span.

7.3 Interaction tone predictions from steady-fbwv aerodynemic date

Lipstein and Mani [38] predicted the blade-passing sound pover in
their experiment slready referred to, by estimating the rotor blade forces
according to incompressible theory and then using & two-dimensional acoustic
model. ms in Section 4 [42], Figure 5, based on Figure 16 of [28], skows
re=ults obtained for the exhsust~radiated power.

The predicted curve in Figure 5 has been modified from the original,
using an improved correlation for wake displacement thickness D13:|: -

Tor ¢ eee - OFE ()

The empirical correction (~3.5 @B) introduced by Lipstein and Mani in their
fiuetuating-lift-estimates has been removed, although a correction of this order
would probably result from the chordwise-velocity term, which was omitted from
the 1ift calculstion in [38].

The mgreement in Figure § is nevertheless quite good over the speed
range above cut-off for the lowest interaction mode. The corresponding h/a
renge is 0.3-1.1, so the neglect of reflected waves from the duct inlet and

+ This would be appropriste for krt >> 1; actual velues ranged from 1.6 to
3. A more accursate rediation caleculation would predict on-axis levels perhaps
1-2 @B higher than given.
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exhaust ia fairly well justified.

In Figures 6-8, meamsurements of inlet-radiated sound power from
aireraft-engine fans and compressors are compared with the low Mach mmber
estimates of section 5.5. The machines are all multistage, and the results

‘plotted are for the first-rotor blade-pmssing frequency. The‘predicted curves

are estimates for the sound power due to lift fluctuations on the first two
blade rows only (i.e. IGV and first rotor}. Throughout the speed range for
which results arve givén, each pair of interscting blade rows produced no

more than one propagating mode, so the single-mode predicticns of Section 5.5
vere used without alterstion.

The wake interaction curves in Figures 6-8 are based on egquation
(L7}, whth an mssumed IGY less coeffisient of 0.05. For engines A, €, and D
thig mechanipm accounts for most of the predicted power output, and the
measured levels are mostly within 6 dB. There is a tendency for the measured
levels to fall below the predictions at the higher Mach numbers, which may
be due to blocksge by the inlet guide vanes.

For engine 02 in Figure 7, the IGV—;otor interacticn is cut off over
the vhole speed range, but the rotor-stator interaction is still able to
radiste. The sound power prediction for this interaction is uncertain, as
it involves the stater 1ift coefficient which was not known; assuming a
value in the }ange 0.7-1.0 s for the upstream rotor} gives the broken line
in Figure T, which ie about 10 4B too high.
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8. SUMMARY AND CONCLUSIONS

{a) Lighthill's acoustic analogy, with appropriste modifications,
leads to a number of useful predictions concerning axial flow
machinery noise. In particular, equivalent acoustic sources are identified

in section 2 for blades opersting in non-uniform flows.

() A msjor attraction of the acoustic analogy is that simple
analytical results are availeble for radiation from sources in
& uniform flow, either without bounderies as in section 3, or inside g
wniform hard-watled duct as in section U, .
(e} A summary is given in section 5 of results, based on the acoustic
analogy, for blade passing radiation from ducted rotors.

{d) For acoustic wavelengths shorter than the blade chord; toe
processes of sound generation and ecattering by blade rows are
interlinked, and the acoustic analogy is no 1§nger appropriate. More
elaborate methods of caleulation are then necessary, as outlined in section 6.
(e} There is very little experimental evidence asgainst which the
various theories may be tested. Such evidence as exists is dis-
cussed in section 7. The acoustic aﬁalogy predictions are borne out within
the uncertainty of the memsurements (acoustic and aerodynemic), except where

waves are excited close to cut-off.

(£) It would be useful to know the limitations of the mcoustic analogy
approach in more detail. The mumerical solutions described in
section 6 have already been compared with the ecoustic analogy spproximation
for sound transmission through blade rows; further comparisons sre required
for the sound scattered from inci@ent vorticity perturbaticns.

(g} Application of even the acoustic anslogy to turbomachinery noise
calculations is held up by ignorance of the unsteady flow around

blades, particﬁlarly in the tip and hub regions. Further experimental work
is required to complement the theoretical studies reviewed in this paper.
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Meesured end predicted blade-passing SPL on fan
inlet axis, 2.4m from inlet

TABLE I

{rotor diameter 0.255 m)

X/ip = 0.55

Fan speed (révfmin.) 1500 2000 2800
SPL {dB re
200N/} : megsured 87 90 102.5
;/ER =0.3 predicted 85.0 91.5 99.7
SPL {(dB re
EONN/mE)‘ measured 80.5 a7 o98.5
predicted 81.2 86.9 a8.T




TABLE 2
Aireraft Engines - Single Stage Fans|
Compressor/fen Data

A N A D [39] (b2]
IGY No. 2 37 85 28 L3 -
Solidity 0.95% 0.99 "1.26 1.02 0.50 -
Stagger {(degrees) T 16 1k 12 13
Axial gap/IGV chord 0.0 | 0.67 | 0.88 0.3 -
1st roter No. 23 31 31 29 31 1h
Solidity ' 1.23 0.79 0.79 1.1% 0.90 0.66
Stagger (degrees) 38 35 35 28 32 66
(r,/r.) entry 0.36 0.56 | 0.56 0.5¢ 0.55 0.50
Axial gap/rotor chord 0.21 | 0.26 | 0.3 0.27 variable
1st stator No. 50 38 38 28 50 1k
Solidity 1,70 0.87 0.87 1.07 1.Th 0.75
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Figure Captions w
Fig.1l Definition sketch for free-field radiation from ring source.

\

Fig.2 Plane-wave transmission through cascade,

Fig.3 Sound radiation from broad

band 1ift forces on fan blades: -
flow convection effect, - - )

in-duct measurements of rotor hlade-passing pressure field;
rotor in sinrsoidaily distorted flow,

Sound power at blade-passing frequéncy radiated from rotor
exhaust, with and without upstream wakes,

Figs.6,7,8 Inlet-radiated sound .power at blade-passing frequency of 1st

rotor: comparison with low Mach number theory,
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