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Introduction

The elastic constants usually used to describe the properties
of a linearly elastle homogeneous and isotropic medlum are the Iame
constants A (diletational) and p (shear). From these =1l other
constants of interest can be derlved. By permitiing them to assume
camplex welues the effect of internal losses can be taken into
account. The shear modulus can be obtained directly from torsionml
messurements, but there is no motion that 1s controlled exclusively
by the dilatational modulus, and ita value must therefore be obtained
fram a measurement of cone of the derived comstants. In most of
these the shear 1s the dominant factor, and the effecis of
inaccuracies in ite determination can swamp the dilatational term.
The constant with the least component of shear, and thus likely to
lead t¢ the most accurate determination of the dilatational modulus,
is the Twulk modulus A + 2u/5. Since the imaginery component is
usually relatively small it is comvenient to write this as xk(1+,1qk),
where A.k is the real camponent and e is the bulk modulus loss
factox.

A Mmowledge of this loss factor is useful in the evaluation of
meterials such as acoustic rubbers for use as "windows"” In somar
transducers, when a low value 1s desirable, and for materials to be
used in wibration and shock mountings, for which a relatively high
value may be perferred. However its measurement ie difficult,
particularly on low-loss samples, because it is necessary to excite
s purely volumetric vibretion in the material in such a way that
the inherent material losses are not exceeded by the losses of the
driving system.

In one method the volume changes have been measured directly,
the loss factor being derived from the phase engle hetween the
stress and the strain with farced vibrations at low frequencies (1).
In another the attenuation of a traveling acoustie wave ms a
function of distence hes been measured In a liquid cootaining the
solid materinl in suspension {2).- However, this method is of
limited application, and useful only at relatively high freqQuencies
{above 200 ¥Hz}. In a third method the sample was placed at a
velocity node in a standing scoustic wave in a liquid filled tube,
gnd thie decay tine of the resonance compared with the time with
the specinen removed (3,4%). A variation of this method, employing
a U-tube with an open liguid surfece at both ends of the column,
was unsuccessful because of the losses at the walls and in the
material of the tube (5).




By using a spherical shell conteiner resonances of a body of
liquid have been obteined with & Q as high as 80,000, enabling
materials of a relatively low loss factor %o be measured by the
decay time method (5). However, there were & nuiber of practical
difficulties. It was necessary to use the same transducer for
driving and for decay measurement, placed at the cembire of the
sphere so as to excite only radiaslly symmetric modes, and the
container had to be suspended in vacuum in order to reduce damping
due to acoustic radistion. An attempt to dispense with the
vacuun Jacket by using s thick-walled container which would not
itself vibrate was unsuccessful, because asymmetries introduced by
the neeck of the container and by the weld at 1ts equator introduced ‘
a number of resonances which masked the radial resconance in the ;
liquid that was being sought (6}. Accordingly it was decided to |
try the use of cylindrical vessels.

Losses to be Expected in the Measuring System

{a) Frictional loss at the walls of the vessel due to the . :
relative tangential velocity between the walls and the neilghbouring
liquid: Tt can clearly be minimized by the use of a vessel with
very thin, resilient walls which move with the liquid, and by
choosing & predominantly radiel mode of vibratilon.

emall for a thick-walled, nearly rigid vessel, though same coupling
can be expected. They may be slgnificant for the thin-walled case.

(c) Acoustic radiation from the outside of the vessel and
from the free surface: This can be reduced by the use of a
rigid vessel or by suspending the vessel in a close-fitting rigid
outer container (ldeally spaced A/4 away) or in a vacuum jacket
(though it may be diffieult to reduce the pressure belew the
yapour pressure of the liquld without introducing further losses |
from a seallng system). “

(b) Losees in the material of the vessel: These should be J
L

{d) losses in the driving end measuring transducers and l
mounts: These may be minimized by using loose coupling, since
efficlency is not a problem, and by choosing s lovw-loss msterial
such a3 quartz.
|
)

{e) Iosses in the suspension of the vessel end of the sample:
These can be minimized by careful design.

{f) Losses In the liguid due to its viscosity, and to thermal '
relaxation: These will usually be negligible compared with other |
unavoidable losges.

(z) Losses due to gas bubbles in the liquid or adhering to |
the surfaces of the vessel or sample: These are most pernicious, J
since a single bubble can cause significant losses and erronedus ‘
results. Care 1s required to degas the liquid and to ensure ‘
proper wetting of the swrimces so &5 to restrict adhesion of the
bubble nuclei.

Normal Modes and Fnergy in the Fluid contained by a Cylindrical Vessel ‘

In terms of cylindricel coordinates r, ¢ and z the
contribution to the accustic presswre of a mode of engular frequency
w may be written |

P= Po-l'm(krr)c:)s (kzz)cos (qu)eJmt




vhere mE/c2= ¥ - k2 + k-_.-2 and m is zero or e positive integer.

For an open vessel of radius e containing liquid of height h we
have the boundary conditions k h = {2n-1)x/2 or k,b = nw for the
situation where the bottam is thick (rigid) or thin (resilient}
respectively, and J '(ka) = 0 or J {(k a) = O for the case of thick
and thin walls respectively. Uaingmthgse equations the normal
modes may easily be tabulated., Same deviation from the calculated
values must be expected in a practical case, since no container can
be asbolutely rigid or completely resilient. Additionsl resonances
mey also be developed in the vessel itself.

The kinetic energy contained in the mode may be obtained by
integration over the volume, and is

(pxhvoefem)f [kzar.l'me(krr)+(m2/r}Jm2(15‘r)
° +kr2rJﬁ'2(krr)] ar
where v, = -Pojkpc

In the radially symmetric case with which we will usually
be concerned m = O, and the integral becames

22,22

prha”K°V " {7) /2 (thick wall)
or
pnhazkavoale(y)/E (thin wall)

vhere
y = kra. is the appropriate roct of

J'l('f) =0 or Jo(y) = 0 respectively,

Frictional ILoes at the Wells of a Thick Veasel

The loss per unit area can be shown to be.Jupu/2 Voe, where
p 1s the density and p the viscosity of the liquid, and Vo the .

relative velocity between the walls and the neighbouring liguid (3,5).
From this we obtain the expression

2 2,2 2.2
Vaou /2 (nha/em) (ky "+ o fa%) Vo I (ka)
for the loss at a thick cylinder wall, and
-
2 2 2 2
fupr/a (En/em).fo [(m /r)Jm (krr)-rkr x ! (krr.)] ar
for the loss at a thick bottom.

Far the radielly symmetric {m = ¢) mode with which ve are
primarily concerned the total wall loss reduces to

2 2 2 2,.2
wpp/2 nv " (hale,"+ a”k "} " (r)
for the case of the thick walled vessel, or

2 2. 2_2
wpi/2 e kv 9 ()

for the case of a vessel with a thin side wall and a thick bottcom.



Thug the component of damping factor due to wall frictional
loboes 1s /u.p,r@p [(h/a) kzz + krz_] / K for the vessel with

2
thick sidea and bottem, ar Japfep K/ K for the thin-walled

veseel with a thick bottom. These values can readily be tebulated
along with the normal modes, and give a lower bound to the value to
be expected from any particular apparatus.

Experimental Arrangement

A canh about 12.5 cm diameter and 15 em high is suspended by
long waxed nylon cords within a thick-walled container to reduce
acoustic radlastion. In the sir space above the can was supended
either a microphone (for receiving) or & loudspeaker {for trans-
mitting); e second transducer, a lead-titanate-zirconate disc, was
cemented to the bottom of the can. The transmitter was connected
to & heat freguency oscillator through a transmit realy, and the
receiver through a preamplifier to an oscllloscope with an afterglow
tube and to a level recorder. The frequency was swept by hand
uatil a rescnance was found, and the deeay time messured on the
recorder when the transmitting transducer was disconnected.

Two thin-walled cans were tried with this arrangement. One
was fabricated from a tube of stainless steel, originally .9 mm
thick but reduced for most of its length to .4 mm, the bottom being
a brass disc 9.5 cm thick affixed by epoxy cement. The other was
a comercial stainless steel 1800 ml beaker of .8 mm wall thickness.
With neither of these could & resonance of sufficiently high Q be
found., At first this was attributed to the possible presence of
aimite air bubbles. Accardingly the cans were carefully cleaned
and freshly bolled distilled water was siphoned in through a spray
nozzle under vacuum to ensure that it was well below saturation.
Since no change in G was observed, it was assumed that the losses
were in the materisl of the cans. To corroberate this hypothesis
the @ of the longitudinal rescnance in a stainless steel bhar was
megsured and found to be of the same order of magnitude.

Thick-walled vessels are now belng tried. It has been found
poasible to support these on springs without introducing undue
demping, and this enasbles a smell excess pressure to be applied
immedintely before or even during the measurement sc as to reduce
farther the possibility of air bubbles by forcing them into solution.
Freliminary results are pramising.
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