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In this paper, aeroelasticity of a rotating blade coupled with a nonlinear energy sink (NES) un-
der supersonic flow is investigated. The bending and torsional of rotating blade is considered.
The aerodynamic load is determined by first-order piston theory. The dynamic model of a rotat-
ing blade coupled with a NES is obtained. The Galerkin method is applied to discrete the non-
linear partial equations. Then, the dynamic responses of rotating blade are obtianed by numeri-
cal method. Results show that NES could mitigate the vibration of blade and change an aeroe-
lastic instability blade to a stable blade. The flutter boundary of rotating blade is investigated by
solving the eigenvalue problem. Lastly, the influences of NES parameters (mass, damping, non-
linear stiffness, and position of NES) on flutter boundary of rotating blade are investigated in
detial.
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1. Introduction

Advanced rotating turbomachinery blades operate at high speed. As a result of the high speed
airflow, static and dynamic instabilities can occur [1, 2]. Therefore, the ability to predict the aeroe-
lastic behavior and suppress the aeroelastic response of such structural components becomes of
great practical importance.

Librescu [3] and Oh [4, 5] showed that static and dynamic instabilities are induced by high speed
airflow. Friedmann and Silverthorn [6] studied the stability of a helicopter blade in forward flight
using multivariable Floquet-Liapunov theory. Friedmann and Yuan [7] modified strip theories, and
applied in a coupled flap-lag-torsional aeroelastic analysis of the rotor blade in hover. Friedmann
and Robinson [8] studied the incorporation of finite-state, time-domain aerocdynamics in a flap-lag-
torsional aeroelastic stability and response analysis in forward flight. Kim and Dugundji [9] investi-
gated the nonlinear, large amplitude aeroelastic behavior of hingeless composite rotor blades during
hover. Nonlinear stall aerodynamics was included by use of the ONERA airforces model. Jeon et al.
[10] investigated the aeroelastic phenomena of a composite rotor blade in hover using a finite ele-
ment method. The aerodynamic was modeled by a two-dimensional, quasi-steady strip theory.

Sinha [11] studied the dynamic response of a rotating cantilever twisted and inclined airfoil
blade subjected to contact loads at the free end. Hansen [12] reviewed the major studies on aeroe-
lastic instabilities of modern wind turbines and identified coupled mode flutter as a possible dynam-
ic instability phenomenon for wind turbine blades operating in the attached flow regime. Pourazarm
et al. [13] studied the influence of random lift of flow and random variation of the torsional natural
frequency of the blade on the flutter of wind turbine blade. The influence of the natural frequencies
in the torsional and flapwise directions on the critical flutter speed for wind turbine blade was also
investigated [14].
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Recently, Vakakis et al. [15] proposed a new nonlinear absorber named nonlinear energy sink
(NES) which contained a linear damping, a nonlinear stiffness and a small mass. Georgiades and
Vakakis[16] provided numerical evidence of targeted energy transfer from a linear flexible beam
under shock excitation to a NES. Ahmadabadi and Khadem[17] investigated the bifurcations and
topological structure of nonlinear normal modes of two types of coupled NES on energy suppres-
sion of a cantilever beam under shock excitation. Bab et al.[18] used a NES to mitigate vibration of
a rotating beam under an external force. The Hopf bifurcation, saddle-node bifurcation and strongly
modulated responses were found in this system. However, they only analyzed the first model re-
sponse of the rotating beam.

In this paper, NES is used to suppress aeroelastic responses of a rotating blade under supersonic
flow. The bending and torsional of rotating blade is considered. The aerodynamic load is deter-
mined by first-order piston theory. Galerkin method is applied to dispose the nonlinear dynamic
model. Then, the dynamic responses of rotating blade are obtianed by numerical method. The flutter
boundary of rotating blade is obtained by solving the eigenvalue problem. Lastly, the influences of
NES parameters (mass, damping, nonlinear stiffness, and position of NES) on flutter boundary of
rotating blade are investigated in detial.

2. Dynamic model

Consider a rotating blade coupled with a nonlinear energy sink, as shown in Fig. 1. The length of
the blade is L, and p is the blade density, E is the Young’s modulus, G is the shear modulus of elas-
ticity, | is the bending moment of inertia, J is the torsional stiffness constant, A is the cross-sectional
area, Ky, is the polar radius of gyration of the cross-section about the elastic axis, Ky; and Kq, are
the mass radii of gyration about the major neutral axis and an axis perpendicular to the chord
through the elastic axis, e is the distance between the mass (and area) centroid and the elastic axis
(mass offset), and L, and M, are the resultant lift force and pitching moment, respectively, due to
the aeroelastic interactions. The rotating speed of the blade is @. The vibration of the blade in tor-
sional and flapwise bending is considered in this paper. To suppress the vibration of the blade, a
NES is fixed on the blade at d. The NES is a small mass m coupled with the beam by a nonlinear
stiffness ks and linear damping c¢s. The displacement of this small mass in is ws.

I @

Figure 1: Rotating blade coupled with a NES.

The nonlinear aeroelastic equations of a rotating blade can be found in many literatures[13, 14],
and the nonlinear equations of rotating beam coupled with a NES was obtained by Bab et al.[18].
Thus the governing equations of the rotating blade coupled with a NES can be written as:
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It is assumed that the blade is exposed to supersonic gas flow. First-order piston theory is used to

evaluate the perturbed gas pressure. The unsteady aerodynamic lift L, and moment M, of a rotating
blade are expressed as

ow op
L = -2pc b — —ae—=L + U
5 5 (2)
w Q
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where p, is the density of air, U is the flow speed (U = xw at each cross section), b is the chord
length, a is the distance between the elastic axis and the mid-chord, divided by e.

It is convenient to introduce the following dimensionless parameters: w = e, w_ = e&_,
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equations of the blade-NES system can be written:
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The Galerkin method can be used to discretize (3), which gives
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where W(x) and ®(x) is the first model shape of the bending and twist of a blade, respectively. They
can be written as:

P(x) = «/gsin%. 5)

cos 3, + cosh
sin B, — sinh g,

®(x) = C,|sin Byx — sinh Byx + (cos B,x — cosh ﬂox)}. (6)

Moreover, we introduce
& = O(d)g,(7) + (7). (7)
Substituting (4)-(7) into (3), and integrating over x from 0 to 1, yields
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Without NES, the discretized dynamic model of rotating blade with aerodynamic force is

.. 92 . .
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3. Dynamic responses

Dynamic responses of a rotating blade coupled with a NES in supersonic flow is investigated in
this section. In order to reveal the vibration suppression of NES for rotating blade, responses of ro-
tating blade without NES is also obtained.

The main parameters used in this paper are chosen as: p =4420kg/m®, E=123GPa, G=248MPa,
L=30cm, b=3cm, e=3mm, 1=0.16mm° J=9.16mm° A=120mm’ K,=8.7mm, Kq=1.2mm,
Kmz=8.7mm, a=1, %=1.87, p~=1.29kg/m?, c..=340m/s.

In order to suppress the dynamic response of blade due to supersonic flow, a NES is located on
the blade. If we take £= 0.1, £= 0.5, 7= 10*and d = 0.9, the dynamic response of the blade can be
obtained by solving (8) and (9). Figure 2(a) and 2(b) give the dynamic responses of blade when the
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non-dimensional rotating speeds are 13 and 15. When NES is removed, the vibration of blade is
damped to zero for Q=13, and appears unstable for Q=15 due to aeroelasticity. When NES is used,
the vibration of blade is damped more quickly for Q=13, and the unstable phenomenon is changed
as stable Q=15.
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Figure 2: Dynamic response of rotating blade.

We can conclude that NES could mitigate the vibration of rotating blade and change unstable
blade to stable blade. It means the flutter boundary of rotating blade is increased. In the following,
we investigate the influences of NES parameters on the flutter boundary of rotating blade in detail.

4. Flutter boundary

In order to study the flutter boundary of rotating blade, we introduce

. . .\
y = {q1 g q, 4, aq qg} (10)

.J7 = {ql dl q, dg}r (11)

Then, (8) and (9) can be rewritten in matrix form.
y=Br et —a. 0 —ay 0 a,dd) -1 (12)
v =By (12)

Thus, the flutter boundary of rotating blade without NES can be solved according to the eigen-
value problem of (13), and the flutter boundary of rotating blade with a NES can be solved accord-
ing to the eigenvalue problem of (12). In general the eigenvalues are complex. If the real of all ei-
genvalues are negative, the vibration of rotating blade is stable. If the real of one of the eigenvalues
is positive, the rotating blade is unstable. Generally, the real of all eigenvalues of a rotating blade
system are negative. As the rotating speed increased, the real of one of the eigenvalues of the rotat-
ing blade system may be positive. In this case, the rotating blade is aeroelastic instability. And the
critical rotating speed is the flutter boundary of rotating blade.

If the main parameters are taken as section 3, and the non-dimensional parameters of NES are
chosen as = 0.1, £= 0.5, 7= 10" and d = 0.9, the relationship between the real of all eigenvalues
and the rotating speed is shown in Figure 3. When NES is removed, the flutter boundary of rotating
blade is Q, = 13.91. When NES is used, the flutter boundary of rotating blade is Qf = 15.70. Thus,
the flutter boundary of rotating blade is increased evidently by NES.
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Figure 3. The real of all eigenvalues vs. rotating speed.

Figure 4 shows the relationship between the flutter boundary and NES mass ratio &. It shows that
increasing NES mass ratio ¢ would increase the flutter boundary of a rotating blade. When NES
mass is too small, NES could absorb few vibration energy from rotating blade.
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Figure 4: The flutter boundary vs. NES mass ratio.

Figure 5 presents the relationship between the flutter boundary and NES damping £ It shows
that increasing NES damping ¢ would increase the flutter boundary of a rotating blade. The larger
of NES damping, the more vibration energy would be dissipated.
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Figure 5: The flutter boundary vs. NES damping.
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Figure 6 shows the relationship between the flutter boundary and NES position d. It shows that
moving NES from the root to the end would increase the flutter boundary of a rotating blade. The
reason is that vibration of rotating blade near the root is small, NES would absorb few vibration
energy from the blade. When NES moves to the end of the blade, the vibration of rotating blade is
large, and more vibration energy would be dissipated by NES.
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Figure 6: The flutter boundary vs. NES pasition.

More important, from (12), we can see that the nonlinear stiffness 7 of NES is independent on
the matrix B. It means that the flutter boundary of rotating blade is independent on 7. Actually, the
nonlinear stiffness is very important for vibration energy transmission between NES and rotating
blade. Lee et al. [19] thought that the main role of the nonlinear stiffness is to provide broadband
nonlinear resonant interaction between the primary and NES subsystems.

5. Conclusions

A NES is used to suppress the aeroelastic instability of a rotating blade under supersonic flow.
The dynamic model of a rotating blade coupled with a NES is obtained. The Galerkin method is
applied to discrete the nonlinear partial equations. Then, the dynamic responses of rotating blade are
obtianed by numerical method. Results show that NES could mitigate the vibration of blade and
change an aeroelastic instability blade to a stable blade. The flutter boundary of rotating blade is
investigated by solving the eigenvalue problem. Increasing NES mass ratio or damping or moving
NES to the end of the blade would increase the flutter boundary of rotating blade.
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