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INTRODUG‘ION

In the noise and vibration environmental systems, the statistical proper-
ties of peak values and the expected numberof level—crossings are as

important as the statistics connected with usual amplitude distribution
such as mean value, variance, 1.x, beg etc. for the random noise and

vibration, especially from the viewpoints of psychological evaluation of
random fluctuation and/or noise and vibration control. As is well-known,
the expected number of level—crossings can be principally determined by
only the two characteristic quantities such as level and its velocity. On

the other hand, three characteristic quantities such aslevel, velocity

and acceleration are essentially necessary to evaluate a'peak distribution.

From the above fundamental viewpoint, the statistical peak distribution

is difficult to evaluate in a general form, but in a typical case of a

Gaussian random process with narrow frequency band, it is well—known that

the peak values are distributed according to a Rayleigh distributionIl] .

Furthermore, after once introducing a simplified peak evaluation method

based on only the upected number of level-crossings, a general expression

of the probability density function for peak values has already been

derived in a generalized expansion form of distribution applicable to any

type ofnon-Gaussian random process with narrow frequency band' [2] .

In the previous paper, we have shown that the probability density function

of the instantaneous level value of noise and vibration can be expressed

in terms of an orthogonal expansion form of statistical Hermite series

connected with a Gaussian distribution. However, the fluctuation of any

actual random noise and vibration level values measured in dB scale varies

principally only over a positive region. If we pay our attention to the

above fundamental property, it will be more rational to adopt a statistical

Iaguerre expansion series connected with a well-known Gamma distribution

as a level distribution of arbitraryrandom noise and vibration.

In the present paper, we will first introduce a bivariate joint probability
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density function of instantaneous value and its velocity in the mixed
orthogonal expansion form of a statistical Laguerre series and a statis-
tical Hermite series. Then, by use of the sbove~mentioned simplified
peak evaluation method, a probability distribution expression for the
peak values is concretelyderived in a generalized expansion form applica-
ble to any type ofrandom noise and vibration fluctuating over apositive
region. Finally, the validity of the proposed theory hasbeen experi-

mentally ccnfimed by applying it to observed actual traffic noise.

THEORETICAL CONSIDERATIONS

Derivation ofthe exacted number oflevel-crossings
Let x andit be the instantaneous amplitude and its velocity for a general
type of stationary randomprocessx(t) with an_ arbitrary probability dis-
tribution. ' Then, the expected number, Nun), of x per second crossing
over anarbitrary value, xo. of level x with only positive slope is given

by [3] ml . .
“(xaFIfl xPlxn.x)dx, ‘ (l)

where punk) is a joint probability density function of x and 5:. In the
special case with a stationary random property for the noise and vibration
fluctuations, as a joint probability density function, P(x,:‘t).in Eq. (1) ,
it is natural to adopt a mixed orthogonal expansion series of the statis-
tical Laguerre series connected with a Gamma distribution for x and the
statistical Hermite series connected with a Gaussian distribution for
it. because of the following situations.-
(i) The actual noise and vibration level values,x's. are usually distri-
buted only over a positive region.
(ii) The velocity, :1, is approximately distributed symmetrically with re-

spect to zero level under the condition of the stationary property.

Therefore, Nani) can be first expressed as follows:

 

ii
axm-l -% 1 ‘5! ' ("'1’ " ", a a 1+):Bln K) (—1 (-)P‘X") Manse 5 Eu; *{nfit ' L" a HR at L (2)

with A (In-1) ' i ————"’m"_ 1301,10 = (Ln (:Wx‘aj’ ’nnmm -
In the above Eq. (2), B(n,K) is an expansion coefficient reflecting the

linear and higher order correlations between x and it. 2' denotes the
total sum for all sets of (mm except (0.0); s, m and 63 are arbitrary

constant values: Huh) denotes a Hermite polynomial and Lifl‘l) (t) denotes
,a Laguerre polynomial. Substituting Eq. (2) into Eq. (1) , we aeasily see

"1.1—1 .3; 1 w m (m-l) x a. :2 -fi-,, — H (——)e 2aid-K. 3 -“W W magic HM“ ‘s”o " K "i "
Now we use an integral relationship with respect to Hermite polynomial:

-2 a
__x d (K=0)

as, i 20; . * 1
I xflx(——.) e an moi/2 (x91) (4)
a at

shalom; mg 2).
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the general expression of the expected number, “(30, of x per second
crossing over a level x can be obtained from Eq- (3) by

.1 J a. a
a x“ 54 (m-l) 1! IE:- (m-l) x

nm We mKnEOB(n,O)Ln (s) +-—2—nE°B(n,l)Ln (g)

Rink;(o)n§°s(n.m§:"’(-§)}. (5)

Derivation of peak distribg‘tggn paged 5m “[3]
If a random noise or vibration has a narrow frequency band, the expected
number of level-crossings canbe, for practical purposes. approximated by
the expected number ofpeaks distributed over its level [4] . Accordingly,
a cumulative peak distribution can be evaluated by use of the expected

number. N(x), as follows:

le)=l—N(x)/N(u). (6)
Based on this, we assume that the peak values are distributed only over

the region uéx<w, and then Mu) denotes the expected number of all peaks
distributed over the same region. Therefore, a probability density func-

tion of peak values is obtained by differentiating Eq. (6) with respect

to x as follows:

 

1 dN(x) (7,
Mn) dx .

Substituting Eq. (5) into Eq. (7), and using the differential relation-

ship with respect to haguerre polynomial:

P(x)=-

“‘1 . -x/s m—Z
i "_ ‘K/s (m-i) l Iae x (1...“l

dx{F(m)s"‘a Ln is” fin,”Ln+l(E)(n+i)' (a)
I a general expression on statistical distribution of peaks, P(x) , for the

arbitrary random noise and vibration with a narrow frequency band canbe

consequently derived as follows: (9)

X ' a

pun-[J *3 xm‘z(-1)E(n+m}m'“ ")(a(n,o:+'2"a(n.n+t HK_2(O)a(n.x)}]/
n—o K=2n+1 (7 T

-.1 °° (m-i) u .67," (an-1:1 °°' " (m-1)_.L][LP {ngostmuun (:HTHEDMnJH-n (s)+K521-1K.2(ol)1§°s(n.x)rn Is) I

Especially, if the probability density function of the velocity is ap-

proximated by a Gaussian distribution, the above peak distribution can

be rewritten imediately as follows: _

- - a — - a - .d" “’53:” 2H) 2 (n+1)L(:+i)(i)3(n,0)}/(un 1: L‘fl 1't-“-)a(n.°)).uo»
mo 5. nag s

Furthermore, if the probability density function of the amplitude level

is approximated by a standard Gamma distribution, we can use the first

expansion term in Eq. (9) as this peak distribution expression in {sin-

plified form: _2
-(x-u)/s x”Ptx)=e 17.1; (%‘m*1). (ué <x>-s, vane). v (u)

p(x)=(

Hereupon, we, can arbitrarily adopt the values of 0x, m and s matched to

the actual noise and vibration data. But if we wish to get a good_
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approximation with only the first expansion term in Eq. (11) , we had better

to choose m=<x>’/o§, s=<x>lm and oi=< (x—<x>)2> by use of the moment method.

As is well—known for large values of In (>>l), the Gamma diszribution can

be approximated by a Gaussian type, and for the special case with m=l, the

above Gamma distribution shows an exponential distribution fem. Thus,

the general expression of peak values in Eq. (9) is very useful for any

random noise and vibration with an arbitrary amplitude distribution type.

EXPERIMENTAL CONSIDEMTIONS

 

'In this section. we have
confirmed experimentally
the validity ofthe general

expression (9) of peak dis-

tribution by applying it

to an actual random traffic
noise wave observed by a

usual sound level meter at
a typical urban district

in Hiroshima City. Fig. 1
gives the comparison be-
tween experimentally sam-

pled points and theoreti-

cally estimated curves in
the form of cumulative dis-
tribution. From this fig—
ure, we can find a good

agreement between experi-
ment and theory even if
adopting only the first
expansion term in Eq. (ll).
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Fig. l A comparison between theory and

experiment for the cumulative peak

distribution: 9m (9.1”; mm). of
actual traffic noise.
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Furthermore, it is obvious

that the successive addition ‘of higher expansion terms moves the theo-

retical curves closer to the experimentally sampled points.

CONCLUDING REMARKS

In the present paper, especially from the practical viewpoint, a general

expression of the peak distribution for the arbitrary random process

fluctuating only over a positive region has been discussed based on the

expected number of level-crossings- Consequently, the general expression

of peak distribution is given in Eq. (9) with first and higher order cor-

relations between instantaneous amplitude and its velocity. we would like

to express 'our cordial thanks to Mr. M. Takakuwa for his helpful advice.
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