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1. SUMMARY

Vibration transmitted through the ground from a busy motorway is assumed to be a random
and statistically stationary function of time. Random process theory is used to derive an
integral equation which expresses the variation with distance from the road of the power
spectrum of ground vibration. The power spectrum of road roughness, the mean vehicle
spacing, typical vehicle suspension characteristics and the frequency response function of
the ground are required as inputs to this expression which is solvable analytically subject
to some simplifying assumptions. For solutions under more complex conditions, a com-
puter implementation is required. Theoretical predictions are validated by experimental
measurement.

2. NOTATION
A cartesian set of cordinates (z,y, z) is used throughout this paper. The road lies along the
2 axis and the z axis is an upward normal to the ground surface. u, v & w are displacements
in the r, y & z directions respectively. In the frequency domain, angular frequency w {not
to be confused with ground displacement w) and wave number v are transforms of r and
y which are the autocorrelation variables corresponding to time t and r respectively. A
camplex conjugate is denoted *.

. 3. INTRODUCTION

A long, straight, busy roadway is schematically represented in fig.1b, where a typical force
. applied to the road by a vehicle moving along it is denoted f;. Immediately adjacent to
the roadway (point *B'), an observer measuring ground vibration is aware of the passage
of each individual vehicle. At distances away from the road significantly greater than the
mean vehicle spacing (point “4’), the ground motion can be said to be random and statis-
tically stationary. The amplitude of vibrations in the ground is small, so the ground can
be considered to be a linear system and modelled as an homogeneous, isotropic. viscoelas-
tic halfspace whose frequency response function (vertical displacement output w for force
input f) is Hys(r,w). Under these conditions, linear random process theory can be used fo
calculate the power spectrum Syu(a,w) of vertical ground motion w(a.t) at a distance o
from an infinite, straight road subject to randomly distributed time varyving forces along its
length f;(t) defined by their power spectrum Sg, g, (w).-

In this paper, we first derive an expression for Sy.u(a,w) in terms of 57, 5 {w) and Hujs(r,«).
The calculation of Hy.s(r,w) and, in particular, §y, 5; () is discussed in detail. and subject
. to simplifications about the choice of vehicle model and mass distribution, an analytical
expression for Syw(a,w) can be obtained.

4. HALFSPACE RESPONSE TO A RANDOAM LINE EXCITATION

On the surface of a linear halfspace (fig.1a), the power spectrum S,,..{w) of surface displace-
ment w(?) can be expressed [1} in terms of the power spectrum of a vertically applied foree
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J() as foliows:
Swwlw) = [Hus(r.w)|® Sp(w) —(1)

where H..j(r,w) is the frequency response function for the halfspace and r is the distance
from the applied force.

applied force :
f(t) = f eiwl

vertical displacement at A :

fig.1a - Halfspace frequency response fig.1b - Random line excitation

For N independent point loads f;(2),f2().... fn(t) acting at points #1,23,...,2N respec-
tively on the surface of the halfspace (fig.1b), we write the corresponding auto spectral
density functions as 5y, 5, (W), Sg f,(w), . .. and likewise the N(N — 1) cross spectral density
functions Sy, p{w), Spps(w), ... Newlard [1] describes a method for analysing continuous
svstems subject to multiple discrete random loads where it is shown that the spectrum of
surface displacement at a point ‘A’ (fig.1b) can be expressed as the double summation

Swwlw) = 33 Hig(rssw)Hag(rh,w)Ss 1 () —(2)

j=1k=1

where r; and r; are the distances of the loads f;{t) & fi(t) respectively from the point *4".
For an infinite number of discrete loads, and since rf- =a? + z_%, we can write

Su-w(aa""")= z: Z Hl:j'(aiI_ﬁw)HH'f(ar'T'h“")Sfjfk(w)' _(3)

j==c0 b=—ot

Eq. 3 is used to compute the spectrum of vibration at a distance from a road provided that
the halfspace frequency response function Hug(a,z,w} and the power spectrum of applied
force Sy, 7,(w) can be obtained.
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4.1 Halfspace Frequency Response Function

Disturbances within an homogeneous, isotropic halfspace propagate through the body of
the halfspace as compressive and shear waves and along the surface as Rayleigh waves. For
the case of an impulsive point foree applied to the surface of an clastic halfspace. Lamb {2
demonstrated that Rayleigh waves account for 67% of the radiated energy. Furtliermore.
the Rayleigh wave decays inversely with the aguare roat of the distance from the impulse,
whereas the body waves decay inversely with the sguare of distance. At large distances, then,
Rayleigh waves account for most of the disturbance felt on the surface of the halfspace.
Taking only the Rayleigh wave component, the frequency response function for a lightly
damped viscoelastic halfspace can be expressed as [3.8]

—tw Ky fwr
Huy(r,w) = exp(~Du?r{2cr) ,:ma; e (i) —(4)

where g is the soil density, ¢g is the Rayleigh wave speed, V' is a dimensionless material
constant (a function only of Poisson's ratio v, and in the range 0.1 < K'' < 0.22). D is the
damping coefficient derived from the complex shear medulus G' = G(1+éw D), and Hf,:)(ﬁ)
is a Hankel functicn expressed in standard notation.

4.2 Power Spectrum of Applied Force
It remains to evaluate Sy, r.(w) in terms of the road roughness, the distribution of vehicles

along the road and the vehicle dynamics. In order to simplify the discussion that follows,
it will be assumed that the vehicles are not moving with respect to the halfspace, but only
with respect to the rough road surface. The road surface can be thought of as moving with
a velocity equal and opposite to that of the vebicles. The final result is not affected by this
assumption because we are far away from the road and the vehicles appear to move slowly
in and out of the ‘field of view’. We only require that the number of vehicles moving within
the ‘Seld of view’ remains roughly constant.

4.2.1 Power Spectrum of Road Roughness : The road surface profile Y(r) is assumed
Gaussian and defined by the power spectrum

Syv(y) = Sy (/7)™ —{3)

as suggested by the International Standards Organisation [4]. The roadway is moving at
speed V beneath the vehicles therefore the power spectrum of the tyre contact point dis-
placement Y{t) can be written [1]

1, w
Syy(w)= Sk v=4 -(0)

4.2.2 Vehicle Frequency Response : Each vehicle is modelled as a simple damped two
degree-of-freedom oscillator (fig.2). For a range of typical vehicles in Great Britain, the
two predominant natural frequencies (whole body ‘bounce’ and wheel *hop’) are observed
to be roughly constant, despite the wide variation in vehicle sizes and geomeiries. A similar
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observation can be made for suspension damping. As indicated in fig.2, all vehicles are
described by a single oscillator of fixed characteristics, the only difference between vehicles
being their total mass my +ma. Subject to this assumption, and remembering that the road
profile is moving at speed V bencath the vehicles, we can say for any vehicle at a position
z;. that the accelerations & _’\g are functions of z; — V¢, the position of the vehicle
relative to the moving road profile. Therefore, the force applied to the road by a vehicle
of total mass my + rp is given by f = m;.Yl + m;»_lg and is also & function of z; — 11
It is useful to define the weighted mean acceleration Z = Xy + uX, so that we can write
tdrapping the subscript on m) so that m; refers to m; of the vehicle at x;)

£(t) = miZ(z; - V1) (7

In order to calculate the power spectrum Sy, s, (w) of this applied force distribution f;(t),
an expression for the power spectrum of the mean acceleration 2 will be required.

X;L
vehicle body + lmy ow = f L2y G = m
m 2mlwl B = m_’
constant
suspension k Ul natural damping a=2 for all
frequencies ratios wy .
X, L . . s G vehicles
wheel and axle e = 4 f =2 = — =
: ma 2 o =3 —— G

tyre ks 2

vehicle velocity V

fig.2 - Two degree-of-freedom vehicle model

The vehicle response Z(t) to an harmonic input displacement excitation Y'(t) at the tyre con-
tact point is defined in the frequency domain by the expression §33(w) = Hzy{w)Syy (w).
H 5y-(w) is the frequency response function of the vehicle mode} and b) considering the equa-
tions of motion for the two degree-of-freedom oscillator of fig.2, it can be shown that (8]

Hyyp{w) = wg%(-412 - pdn) ~(8)
where A= .4”.425 — 41240 By = Qfﬂﬂ'ﬂCl(ﬁ) + #0’2
An == (27 +20(2)+1 Az = —(2G(E) +1)
A== (2G(2) +1) Ay = —p(2 ) + 2ilpaB + )0 (E) + (ua® +1).
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The excitation Y'(t) is provided by the moving road roughness. It is reasonable to assume
that the random input to any one vehicle is uncorrelated with that of any other. because
the vehicle spacing is generally large and closely spaced vehicles are not likely to follow the
same tracks. So from eq. 6 we can write that the power spectrum of mean acceleration Z(1)
for all vehicles

-(9)

e

Szzlw) = Fngy(u)st(-,), 5=

4.2.3 Discrete Mass Distribution : From eq. 7, we have that f;(¢) = m; - .-Z-'(:z'_,,f). We
write m; = f; + 1, where m; and ri; are the mean and varying parts of m;. The mean
and variance of the sprung masses.(m; in fig.2} of all the vehicles on the road are denoted
/ and o? respectively. We have already assumed that the force applied to the road by any
" one vehicle is uncorrelated with that applied by any other, so the autocorrelation function
for the applied force distribution Ry, s, (7) =0 for j # & and for j = k it can be written

Ryp(m)y=E[fi(t)- fi(t +7)]
= Elm; - Z;(t) mj- Z;(t + 7))
= E[(mj + ;) - Zi(t) - Oy +m;) - Z;(t + 7)]
= E[m;- Z;(t) - mj - Z;(t + )| + Elmy - Zi(t) - s - Z;(t + 7))
+ Elrivy - Z3(t) iy« Zi(t + 1) + Eltn - Zi() -y - Z,(6 + 7). —(10)

The expectation of a multiple product can be expanded in pairs [1,5) provided that all the
terms have zero mean and follow a Gaussian distribution. Noting also that E[h;] = 0, we

can write

Ry, (r) = RPEIZ;(1) - Z;(t + 1)) + 2mE[n; - Z;(8) - Z(t +7)]
, + Elrnj vy - Zi(t) - Z; it +7)]
= m*Ry3(r) + 0+ Bliiy - ij1E[Z;(t) - Z;(t + )}
+ E[riy - Z,- (1) Elrm; - Z_,-(t +7)]
+ Eltn; - Z;(t + 7)) Elrn; - Z;(t)]
=m Rpp(r) +6* Rz 5(7)
= (m? + 0% )R35(7). ' -{11)

Taking the fourier transform of this autocorrelation function we obtain the power spectrum

Sp1;(w) = ~(12)

(m?+0%)S5; for j =k
for j # k.
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4.3 Power Spectrum of Ground Vibration :
Substituting for Sy, 5. (w) (eq. 12) into eq. 3 the double summation is reduced to a single

sununation

Suw(a w) = Z Huf(a tjyw)Huwg(a,z;. “")SLL(“‘

Jj==—e0

- (ﬁlz + 0’2)522((4-‘) Z IH".I(G.,IJ',W)lz-

j==so

Provided that the vehicles are close enough so that H,.s(a,z;,w) does not change sig-
mﬁcanth between adjacent vehicles, the summation Z]—‘—oc approximates the integral

f dz so that the power spectrum can be written
h'n -0 .
=2, .2 1 /= 2
Swula,w)y=(m*+0c )Szg(w)u— |Hwp(a, z,w)[*dz.
0J_o '
and substituting for the power spectrum of vehicle acceleration §;3(w) we then obtain

—7(137)

e

Suwlors) = TN P Syv() [ Hustaz,o)fde, 7=

A useful obsen'a.tion is that eq. 13 is the product of four independent terms:
mass distribution » vehicle frequency response * road roughness * ground response.
For a viscoelastic halfspace model of the ground, the integration of the frequency response

function (eq. 4) can be performed snalytically so that we obtain & completely analytical
expression for the spectrum of vibration at a distance ‘e’ from a long, straight roadway

AD(D“’ “) . = % ~(14)

(o +m?)
Vo

Ko{8) is a modified Bessel function of th: second kind. _
5. EXPERIMENTAL RESULTS - VALIDATION OF THE THEORY

An experimental study of ground vibration transmission from a busy road was carried out
adjacent to the AG04 trunk road near Huntingdon (U.K.). The road is straight and well
situated on level ground above a 60m layer of homogeneous Oxford clay.

Su'u'(aaw) |HZY(“")| S}"Y('}')

cR

3.1 Impulse Tests
At the test site, the parameters for the halfspace model of eq. 4 were determined by per-

forming impulse tests. Ground vibration was measured in response to an impulse delivered
by a 13kg weight falling from a height of 2m. The compressive and surface wave fronts could
be easily distinguished from the measurements and the values of cg and K’ were obtained.
The damping coefficient D was obtained by taking the Disrete Fourier Transform (DFT)
of the impulse response and comparing the resulting frequency response function with that
expected from eq. 4. Accordingly, quite accurate values of these parameters were obtained:

cp=200m/s 2 = 2000 kg/m? D =0.00015 s

v =048 = K =0.103
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5.2 Traffic Vibration Measurements

Ground vibration levels were measured at a distance of 300 m from the road. For the
duration of the tests, a video camera was set up to record the traffic flow. Assuming an
average of three axles per vehicle (the vibration due to passenger cars is negligible). the
parameters for eq. 14 were deduced by considering each axle load independently. Thus
taking an average vehicle mass of 24000kg and the observed average three-axle vehicle
spacing of 150m:

i = 8000 kg o = 2000 kg : ug = 50 m

V=30m/s

The parameters for vehicle dynamics (eq. 8) are based on data from several sources [6,7]
(Note that the values of w; and w; given here give rise to a ‘bounce’ frequency of 2Hz and
a ‘wheel hop’ frequency of 10Hz.): ‘

£ =015 wy = 15.7 rad/s (2.5Hz) we = 3wy (7.0Hz)

7 ¢ = 0.082 (; = 0.022
For road roughness, the parameters for eq. 5 are those corresponding to a ‘good’ road profile
(4,6]:
Sy, = 0.318 x 10~% m?/rad 7 = 1.0 rad/m n=2

By substituting the above parameters into egs. 4.5 & 8, and by using eq. 14, the predicted
spectrum of surface ground vibration (acceleration) is calculated and shown m fig.3. Also
shown is the spectrum of vibration actually measured under the above conditions,
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fig.3. Spectrum of ground vibration at 300m - Theory and Experiment

5.3 Discussion of Results

The predicted ground vibration spectrum is substantially borne out by experiment. The
sharp spectral peak predicted at 2Hz reflects the assumption that all vehicles have the same
‘bounce’ frequency. In practice, there appears to be sufficient variation in ‘bounce’ frequency
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between vehicles to broaden the peak as observed, without affecting the mean square of the
spectrum. Substantial pitching modes in the range 2-5Hz for typical UK. vehicles [6] may
also contribute to this effect. A similar peak broadening is observed at the ‘wheel hop’
frequency, but this is less prominent since the predicted peak-at 10Hz is itself very broad.
Vibration levels measured at frequencies above 15Hz are not associated with the large scale
vehicle dynamics, but reflect the level of ambient background vibration. A more detailed
description of the theory and experimenta] results will be published shortly [8).

6. CONCLUSION
Random process theory can be used to model accurately the transmission of ground borne
vibration from busy roads. Sufficient accuracy is obtained by the use of simple vehicle and
halfspace dynamic models and a two parameter form of the road surface profile spectrum.
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