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This paper in divided into two quite unrelated parts.

In Part I. we will be considering the propagation of the

(“Mental frequency wnponsnt o! a plane wave. And in Part II

our attention will he directed towards the possibility of improving

the ssnveretien efficiency of the endure array.

pm I

PURE WAVES OI" mum AMPLITUDE

The propagation of finite amplitude plane waves has already

been described quite thoroughly by m‘. Nbini-Ghimnz.

alumna} and many others. The accuracy at these findings is

mt in question. The aim of this study was to devclop expressions

which describe the propagation of the Mdanental ltequency

esnpenent s! a plane wave accurately but simply. Then is sane

lei-it in having expressions requiring no sure thana slide-rule

for their evaluation. Ihile the detailed apnnach described

herein is mt a fully satisfying one. the result obtained does seem

to be remarkably accurate.

He will assume that n say calculatethe rate at vhich energy

is lost by the manual soth at a wave newly by

considering viacaue losses and the pressure-volume Honk done by

the mdamtal cenponent en the second hensnie. Other

interactions will be neglected. I believe that Iastervelt
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:deoerihed e method c! this sort at the Intenstionel Congress on
Acoustics held at Stuttgart in 1959. but. mortmtsly. I have not

yet seen a copy or this paper. The intensity of the fundamentel

component of A plane lave will be govened by the folloving

  

equation:

‘11 = .2a11 - '- ‘ u)_ v— pa .—
dx 1 at

where 11 is the intensity of the fundamental. x is the spatial

coordinate. a is the viscous absorption ooeflicient at the

modementsl frequency a). pa is the instantaneous second harmonic

pressure at 1. V1 'is the volume at a fluid element of unit mass at x.

and where the her indicatee s time average over one period.

Several anthem-en”;6 give the following spproxioste expression

for p23

-2d
pzsPEe-Zu E“— (1-9 ‘1 sin [eon-an] (2)

2 poco’ 2o

when P0 is the 11mm pressure amplitude (at 1:0). 3 is a

parameter of nonlinearity (equal to ~§(7+1) {or gases or (id/2A)

{or liquids). 9° is the fluid density. co is the sound velocity

when the disturbance is infinitesmsl. and k is the wave number.

Woo. The accuracy of equation (2) Hill be improved if we replace

P5e‘2“ by P5. the square of the fundamental amplitude at 1:.

Indeed equation (2) mdified in this v5.7 reduces to the thini

solution near the source. and to the Fey solution the slack have

region. At ranges much greater than 11-1 the modified equation

underestimtes pa by - {actor of 2 relative to the Pay solution

[though this difficulty could be overcome by replacing
_ -2ox -2n 2 Jun ~
(l-e )/2 by (1-1: ) /(1-e )1.

l dvl is given by -K.pl+q where K. is the adiabatic fluid

"1 dt 2 h 2 .
compressibility and q=(]/g°c°) a_(p1). is the nurse Motion

3t
anon»de by mun] and amplmaa by Ueetervelta.
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'hung these substitutions and noting that the pmduct of pi and p2

'avex-ages to earn. equatien (l) beeches

fl = anti—22:} (1-e '2‘") I: (3)
dx not: 2 a

his is a ter- of Bermulli's equation and. consulting a text on

elementary ditterential equations. we shuld find the exact

solutisn to be 2

. Z ' -l
‘3“ fl Luz]: 2

-211.10. [1. __PW (1-. n) J (I...)
a8 ‘p oco

or. in mash-stock's notation :

11-1o0.-er

when I" is the acoustic Reynolds number and r: I'd-x.

2 - ' 2 '1[1.{5 (L. 2I") 1 (In)

Equation (lob) was checked against Blackstssk'e solution to

Burgers' equation. It proved to be very difficult indeed to

distinguish between the tun solutions on Blackstscks published

curves of extra attenuation. Compared with the numerical values

given by Bladestoa (hr very large muses. the maximum discrepancy

mm to be 0.55 dB.

The results at an experiment at 8.75 m are compared with

equation (I!) in Figure 1. We see that the plane wave theory agrees

with the experimental points up to a range of about to ca. his

seems reasunsble considering that the nearlield limit fer the

1 cm.square transducer (Rayleigh distance) is about 60 cm. ll‘he

nrve nrhed "spreading wave" is the result of an attempt ta apply

this lethcd to the sound field of a real transducer.

A second experit (at a different frequency) was intended

P deteraine if the 0.35 dB discrepancy sated above couldbe

resolved experimtally. The experiment was carefully dasiwd

a that unsure-ants could he lads to a relative accuracy of 0.1 dB.
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In figure 2 lo nee that the experimental point. (it 1). curves

:predieted Dy both theories vith nhout um one degee e! proclaim!-

{the We not: of experimental points represent the can do“ shifted

relative to on Another dong lines parallel to the diagonal

representing linear propagation. Such n shift nun: pernitted

to allow {or uncertainty in the absolute value: of B and In. He

would have to know these two quantities to an accuracy betterthan

> I about a in order to any vieh confidence which theory gives the

better (it.

A number of useful relations maybe derived nun equations

p) m (h).
The extra attenuation is simply: '

2
0'

EXDth 1:310 [1+ TE— (1-e‘2 FF]
2 .

€10 10510 [1. . Md" (5)

510 10310 [1. . I" «0' .

The maximum fundamental intensity at acne nose I in as

given by the Fay solution:

2 Doc: n
= ___._

Hm #2 waninhzh x)

no (6)

banana (0'! r)

 

The attenuation coefficient (or the fundamental in given by
2 2

5 w
n a [1+ ——2- (l-e-w) 11]

(7) e

Bu?0 1E u [1mmu « 1.

.- ‘-_J.L

"7

 



 

Phat- lnst fiendish-expression we with Rubia, rhea P1 in

'vm can or very urge. but the transition bet-m the no

extremes Se alight}; dinerent.

The space-avenged attenuation wafflelent M defined

by the relation

P1(x)=P e ' “ma ‘
o

 

2.. .-.. 1 a “21°

:— - n g 1&— ln [1+ 5 2

M 2a: B #060
(14a'2“‘)]} (8)

Dunn-aunt“; with respect to Po. and finding the maxim elape.

we obtain

 

[22 f ] (9)

00:0

more i = uni/2'1. ! mention this quantity because it enema te have

been assume! in theliteratunlo that this quantity is given by the

ton in square brackets nlane. It also occurs to me that

measurements of a; might well yield “curate values of the

perimeter a.

In closing. I vbuld like to any that He may also use the

expression for the second harmnic developed by Permat6 and Saturn

_to obtain 3 similar solution for spherical vane. But

unrartmtely we must abandon our slide rule if u is finite.
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   .Pm II

The Enieiency of the hairs Arr-q

The generation at sun and difference frequencies by two

strong interfering sound levee has been a subject of discussion for

some hundreds 0! years. Helmholtzlz credits the original

oheervetiens to Surge and Tartini in the period who-1750. Since

then the subject has received the attention a! several authors.

but nti]. the Inst ten years or so, the effect seems to haVe been

regarded either as Just a spurious. undesirable nuiennce. or .3

a rather academic subject. With thought no- directed towards

application. it seems appropriate to question whether or not the

'traditienel' treatment of the interaction between he sound waves

leads to the met efficient scheme for generating an interaction

component at a frequency below that o! the transmitted lave or

waves. He shall adopt for our analysis the quasi-linen. source

function approach due to Rayleign13. Lighthill7. Veetervclta.

and Berktaylb. Berktay considers a primary wave of the form

p(t):E(t) sin (MON (10)

where E(t) represents the envelope of the pressure wave and m is

the primary carrier or center frequency. 1! EU) has no

components higher in frequency than W3. then there nil]. be no

overlap in the frequency spectre of the scattered and primer: eaves-

Berktey shoes that. taking frequencies up to 34’). the farfield

pressure vevetom win he of the form

2
p‘(t)=oonst. B

2
at

22(t')

where t' is the retarded time t—E/co.
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In this analysis me will take 2(t) to be a periodic Motion

having period ‘1' or repetition frequency than/1'. and rill confine

our attention to the scattered component at frequency a. The

mitude of this frequency component will be proportional to the

quantity

'1

def :2“) cos (Kc—r) dt

0

where r is adjusted to give a maximum. The factor 02 outside

the integral accounts for the double differentiation with respect

to T.

We then define a figure of merit G:

T

:02 L new one nu- r) a:
T

f 520:) a: (11)
o

G

 

G is a measure of the efficiency of the nonlinear conversion process

in that G is proportional to ratio of the s_m211tude of the scattered

signal at a mouency n. to the averagem transmitted at the

primary frequency.

He nould like to optimize G by shaping Ea“). While at the
'1‘

same tine holding] 52(t)dt constant. Nov the cosine term in
0

equation (11) sets as a weighting function having extreme values

of; 1. He will maximize G. then. by concentrating 112“) as

much as possible at one of these extreme values. Inother words.

a. would like to represent 22(2) by {(e- r). We then obtain

am I 92 (12)

Let us lav compare this optimum figure with that obtained fol-h

'canventionn! two-frequency type transmission. I! the two primer

frequency components have equal magnitudes we may let E(t)=oos(m/2)
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no em 32(:)=eo.z(m/2).a(mtm)n).

In obtain

Osman: Qfienezmt) at o 0

imam/2) a:

5 3E . m)
2

Equation (13) tolls us that the 'uunvntiounl' lantern is

annual-lth gubeptiuun. One could. in principle. obtain {our tine

as much power at the 'diflarence' frnquency try transmitting the

same average primary power in e different Inner.

0! course. the optimum Bystan— modulating the carrier by the

squar- root at a delta function - cannot ho realised; And in I”

case. our usumption that 30:) contains only lrvquency component:

below W} is violated. lat us thnrelore connider something u little

closer to reality. Consider that no repreth Ea“) by a train a!

rectangular pulses a! width a us show in Figure 5. He let

22m = 1 air/2 < c < AV;
E o < u < 1

a 0 otherwise

Then
HT2

a =39; In comet
v

n 02 sin (w)
mt ' (1b)

This result tell. u that la should try to mk- l u call u

pouible. Homer. at “0.25 - quite a realistic sort of ulna

— 9:0.9 an that v. urn still better on than the 'eonvmtiuul'

auten by 5.1 a. the performance n! the pulse ndulntin system

in described in Figure ‘6. This i'igure ha- bou mmliud so thnt

the perform“ of the tw-tmuenq ayato- il (Inscribed Dy cm

Inan line at 0 d3.

‘2‘



the ease u; is of particular significance. When we}. the

peak envelope power is twice the average power just as in the

‘ennventional‘ cane. !nt the scattered eonpenent at frequency a

is 2.1 dB greater for the pulsed transmission. I! the constraint

imposed by the equip-eat is in terms a! peak envelope power rather

than ever-ego power. it may he anon that 2:} signifies the optimum

mde of transndssion.

An experimental comparison has been carried out in water.

eperstina an eudrire arm in the 'conventiensl' node and in the

m!» pulsed made. The carrier or center frequency used was 8.7%.

Ithe difference or pulse repetitionfrequencies used were100kb,

150m. and ms:- The ease average and peak envelope powers

were transnitted in each case. The pulsed system was found to

yield s scattered cowonent 2.110.!» as greater than two frequency

mien.

fihe pulsed trenenlasion will also yield scattered frequency

components which are harmonics of the repetition frequency. The

structure of the scattered wave frequency spectrum will. of course.

depend upon I and upon the bandpass characteristics 0! the primary

transmitter. Generally, the first one or two harmonica - perhaps

Inn-e - will be comparable in magnitude to the fundamental component.

been sipala are I "henna" such may or may not be useful.

The use 9! a rectangular envelope will also allow simplification

snd higher efficiency on the electronic side of the trananitter.

The power amplifier. for example. m then be e! the switching mode

(cl-en D) vsriety. '11:- eignal generating circuits my also be of

the binary type.

In. biggest limitation placed on the use or pulses. is the

require-out for n greater prinsry-{requnncy bandwidth. The hand-

width require-It say be reduced by a teeter of two i! the carrier

is mduluted in hath amplitude and pit-5015. though the electronic
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complication are then considerable. the transducer bandwidth

requirement in. however. a technological moth rather than a

mun-entail acoustic one.

A more fundamental consideration mt he the sort at thing

discussed in Part I — high intensity attenuation of the primary

nave. Hench, Konrad. and Bro-mingle have shown mi: at very

high intensities the scatter siynl bananas lineu- x-nther than

aquan lav. Indeed it may be shown that under such conditions,

ps(t)=mnnt.ils(t,)l .
3‘2 74. 7-

hr this limiting case we night define a new ligun of merit G‘ .

‘1'

3.1] 2
n ’1' o ‘E(t)l mafitdt

1‘
1 2
E [E (t) dt (15)

0

GI:

 

This figure of merit ie‘nou a ratio or average powers and hence

is a truer measure of conversion efficiency than was G.

For rectangular pulses we find

I. 2
s. = QT ain (ma) (‘6)

I I! V

 



  

hr the tun-Mme: cane. 6' e 8 (IA/912. nu when very my:

tn‘ulltted intmities are employed. the w; puns gate- '11].

yield n scattered component 3.5 dB greater than the ‘eonventionnl'

eyeten. while the lam inpmveuent possible in new only R.) dn.

'l'o answer our original question then. the interaction

between tun “chromatic and waves doe- _nn_t lead to the mat

efficient generation of n scattered eonponent lover in frequency

than the print: an or nvee. unless treneducer bandwidth is a

serious lildtntinn. It the neeeeeery bandwidth is available. a

pulsed carrier type of transmission will give an improvement in

efficiency of between 2 and 6 dB depending upon the mten

eon-tainte-
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new: amals ‘

um 1. Experiment and than (can-Io)
comm-ad m 8.75 Ills.

figure 2- Coupariann of min-(b) with Bhukatnck'a
solution to Burger-5' quI- and are

amdmtal data {itth the ho

respective Queries.

Figure 3- Power envelope. 320:). for a twin
a! rectangular pulses.

new. '0. «when of efficiency and peak polar

‘ in the pulse—nude and two-frequency nude

Mitre arrays. mile quantities are

normalized so that the parlor-menu of the

tun-Mucus: urns is deacnbed by

unity (0 .13).
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-- A — Blacksmck (Burgcr‘s Eqn.)
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