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l. Introduction

Since Vestervelt's proposal | that mon-linear interaction
between two coincident acoustic waves be used to generate highly
directional waves at a low-frequency, the results of a number of
experiments have been published,2 The experimental results tend
to confirm Westervelt's basic suggestion that the scattered .
interaction frequency waves can exist independently of the trana-
mitted primary waves apd that they are highly directional. However,
with perhaps two exceptions, the experiments indicate that the .
difference-frequency beams are more directional than estimated by
Westervelt on Rutherford scattering basis, mssuming that the primary
beams have negligible cross-sectional dimensions and that the
obgerver is ig the far-field of the parswetric array. One possible
explanation’s put forward was that an "aperture effect" must be
taken into consideration when estimating the directivity pattern
of the difference frequency waves when the interaction volume is
substantially limited to the mear field of the projector by the rate
of absorption of the primary waves. Although some of the experi-
mental results can be explained by the inclusion of this aperture
factor, some other results have other features which need explaining.
For example, Smith's results (reference 3b, Fig.4) showed that the
measured beamwidth at the differemce frequency was substantially
lowver than the eatimated value, almoat independently of the freguancy.

In this paper, two possible causes of such phemomena are
investigated. These are the possible effects on the measured
directivity patterns due to interactions occurring in the Frespel
region of the projector apd those due to the ohserver not being at
a sufficiently great diatance from the interaction region. Only
the case of a square piston will be considered.

2+ Source distribution in the near-field of a equare piston
The acoustic pressure produced by transmission -1
piston in en infinite baffle can be represented in the form

P =1 (Pe U/A) oxp (Jut) I/ lexp(-skr)/rlds ves (1)

where U is the amplitude of the velocity of the piston, k is the
wave-puber and A the wavelength in the wedium, snd the double
integrsl is evaluated over the surface of the piston. Here, r is
the distance between the cbserver at (x,y,z) and an slemental area
cn the surface of the piston at (0, ¥ +2,), the piston surface being
assumed to 1ie in the plane x = 0.  Thed, by subetituting 1 for 1,
T
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in the phase term in the integrand, the pressure can be cl.'l.-:nil.lli:ed9
in the phasor form aas

=
B=(§P 002 exp(-jxx)/ e@(-j?)ds
B,
by
! I W('E E)dh ---(Z)
b, 2
where 2T ¥ g snegy
E=87., h=a £, .

& = af{y-b) , by =a {z-b)
& = o(z+b) , by = a (g+b)

and a = /3/Ax

Freedman ahovedg that the approximstions made in the substitutions
for r were valid in the irmediate vicinity of the transducer. In
hia derivation of F a factor cos )= x/R 18 also included. Hsre,
this is ignored as we are working withk szall angles of ) (agedn,
sxcept in the immediate vicinity of the piston). Throughout this .
treatment we slso make uso of Freedman's conclusion that, within the
near-field, P rapidly reducea to zero as ¥ or rz becomes greatsr than
b.

The coefficient of the integrals in equation (2) represents a
plane wave pro ting in the x direction. The integrals will be
denoted by F(y§ and F(t) respectively, where

Ky) = tia(3-b) ] - ¢ la (3+b) ]
and f {@) ‘is the Freonel integral,

n
iee. £ (@) =/ exp (-iz ¥) av
2

If two waves at frequencies w, and w, are launched from the
piston sicmltaneously,
P_1 = (JPocog,‘/Z) exp (-Jk11) » By . 28

and
2= (Jpn"o!e/” oxp (=jkax} . B (y) . Fzix) ves(3)

(Here, gubecripts 1 and 2 are msed to indicate that the corresponding
frequencien refer).

Then, the low-frequency scurce function at point (x, 7, 5) is
deterwined by the product P1 Pé y where the asterisk indicatea the

coEplex conjugate of the quantity. Including the abserption terms,

m
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wmtﬂ gives the linsar- goorew fusrtiie pssd by
Yentervelt', which results in Butherford scattering fo# the
difference-frequency vaves.

Using tables of Frespel integrals, I was copuled nussrically
for various values of ¥, and (for the range of W of inteiest)
and approximate expression was developed, with an srror nst
exceeding about 3% in the worst case. Using this expression, it
was found that

(z x co/uz) ¥ & 87 3 [1 + 1 0.204 Bf, x + 0,64 B ﬁ(l-rj)}
-.-(9)

Here B: = (“5.""2)/&"2 Erl'

vhere R, =t/A., i.e. the Fresmel distance at frequency w,.
1

Uning equations (9) and (6) the far-rield radiation patterin
at the difference~frequency can he calculated in closed form. We
obtain the pressure at an angular position © ,

P (o) )y 02320 -5 0028 ees(10)
whers ﬂ 200+, n0() + jk_ (1-cosd), -vs{10a)
and, for amall @ , reduces to

B I % —el) ey, -+ (200)

# = /9, ., ©, being half the 3 db beamwidth is
the case of Rutherford scattering : -

foee B =20 10, - o)k .

Pressure level along the axis can be calculated by putting
®@ =@ = o in expression 10. Then, the directivity pattern can be
calculated ag

D &) = P (&) /P (o) . ee(11)

P (o) and D (Od) were evaluated for the parsmeters of Smith's
expariment:’. which were:«

centre frequency 2.85 Mz, 2b = Jem, R = 5 @

The results are shown in TPable 1. Calculations for other
valueg of @ ghowed a gimilar pattern. In other words, the
effect of the intaraction belng in the near-field of a tranaducer
causes a small, general reduction in the difference frequency
pressire {which depends on the difference frequercy), but sffects
the beamwvidth only marginally. This varfaticn in the directivity
pattern is far too small to explain the deviations observed in
the experiment.
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31, The pear-field of a continuous end-fire-arrap witk i

exponential jtude taper

Using the conclusions of the previous sectionm, it should l
be possible to estimate parametric end-fire effects by assuming
Vestervelt's original model of a line-array with exponential taper,
additionally including ap "sperture factor”, where applicable,
aven when interaction takes place in the Fresmel region. In the
analyeis offered in this section,the sparture factor is neglected -
it emn be {ncorporated into the results.

The geometry considered ie shown in Fig. 2. A line array
with exponential taper is aseumed tobe along the x - axis. The
linear density of epurce is givep by

q = Q, exp (ju_t) exp [-(oy v, ¢+ k) x ] eee(12)

Then, the difference-freguency preseure at poimt (B.G)} will be
proporticnal to

SR, 0) = 2exp(- (o) vy ¢ 5B x -l +3k )r]. ax  (13)
- xr

As R+ ®, this gives Westervelt's result, which in the potation
used becomes

5 (R,0) —exp[-a_+ Jk ) E] /B wee{18)
where B is given in equation {10a). Thia developueat relies on
the use of the approximation rtR~xcos @ andthen
integration for ¥ between O and =."

If B> (e, + az). as a second epproximation,
r=R-xoco8@ + (X/R) eicf § _ sea{15)
It can be shown that for smll }&) , the variation in the
amplitude term 1/r with x producesa change in the radisted pressure
level, but causes only minor effects ir the directivity pattern.
Hence, for the precent purposes, we replace equation (13) by
5 (R,0) % exp [-&_ + jk)]/R [ exp (Bx - ¥e) ax essilla)

x
where Y = (o_+ Jx ) sixf 6/ 2R. lotegrsting for

o< x<™,

5 (2,9) ;$.I- (2) exp[-(o_+ )R] /B eeal16)
o

2= [lo) +a,-o )R8 W2 (ger/p+ 38 v ]
and L (2} =dx B e £ . erfec 3y vea{l?)

erfc z 2 2 [, exp (—#) du.andasahnveﬂ:O/Gd.
u=g

For 0 = # = o , equation (13a) gives
$ (3,0 5 exp[-fo_+ k)] [ (@ v, 00)R .. 08)

- -
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Hence, the normalized directivity function at range B can be written
(trom equatiomns 16, 18 and 10b} in the form

D(R,8) = |uia|. D=0} .e.(19)
where P9 =1f J1espy-
2 is & complex guantity, depending solely on the normmlized
angle @ and the attemuation term M = (°1 + e, - a') B.

In the computation of error functions with complex arguments a
ueeful amxiliary function, w(jz), is tabulated 1?0

vhere wijz) = exp 2 . erfec z .ee (20}

Then,
0RO =/n - el vaal faLdHVE e

Clearly, D(R, ©) can be calculated ag & function of @ for
various values of the attenuation term M.

L{z) for three values of M, as well as D(®, @), are shown in
Fig.3 as functions of §. The correction term 20 log [ L{z}| becomes
negligible for emall and large values of #. It is also reduced
ag M becomes large.

Comparison with experimentsl results

In one of Smith'e experiments, a 3.0 cm square transducer
was used to transmit two primery waves with a centre frequency
of about 2.85MHz. Directivity patternswere measured at a range
of 5.0 m. The corresponding value of M was 2.6 Nepers, and that
of the Fresmel distance sbout 45 cm. His results at various
difference frequencies are shown in Fig.l, plotted here againat
normalised angle @#, the value of @ used being that caleculated for
each frequency., The Rutherford scattering curve, and that
corrected using the results of Fig. 3 are aleo shown. The follow-
ing comments appear to be in order.

(i) At the difference frequemcies considered, the aperture effect
¢an be neglected. (In any case, it appears somewhat doubtful
as to whether the aperture factor should be used in this
experiment as the interaction volume is nmot confimed to the
Fresnel region).

(1i) The grouping of the experimental resulte when plotted
against normalized angle is good.

(iii) For smaller values of @ the corrected directivity pattern
agrees very well with experimental results, but the results
diverge for large values of J.

In Fig. 5, Swith's resulta showing 3dB beamwidth ag a function
of the difference frequensy are reproduced, together with the
corresponding values calculated from D {®, @) and from D(R,5).

The agreement between the computed results or the basis af the
analyeis presented in this section apd the experimental results
is very encouraging.
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H.M. Merklinger has kindly made available sooe experizental
recults, as yet unpublished. Thesze results were obtained at a
difference frequency of 1.1 MEz, the centre-frequency of the
primary waves (which were transaitted from a 1 cm square
transducer) waa 8,75 MAz. With absorption coefficienta of about
1.8 N/m, the bulk of the interaction could be assumed to take
place within the Fresmel region {about S8 cm). Therefore, the
directivity patterns obtained at varicus rapges R were corraected
for the aperture factor, and are shownplotted in Fig. 6.

In the same figure, the Butherford scattering curve and that
eorrected for R = 1.7 o are also shown. The agreesent between
the experimental results and those computed from equation 19 is
again, very good. However, computations made for R = 1.1 m and
for R = 65 cm fall far short of explaining the repid marrowing
of the beams at shorter ranges. Thie latter effect needs
further investigation.

4, Conclusions

In designing an experiment with & parasetric end-fire-array,
the observer should be placed at as great a distence from the
projector as possible, An idea of the value of B necessary for
the Rutherford scattering formula te be valid can be obtained by
considering an gsymptotic expansion of L(z) for large values of z.
It can be Bhounlo that

Liz}) =1 - 1 &+ 1.3 = eee +ee(17a)
2rt 2z

For example, at a 3dB point (1;9. for @ = 1)
z = Wa)‘"z Rence,

Mgy =1- 1 + _2
How

Therefore, for the measured valuea of the 34B beamwidtb to agree
with Westervelt's result (with the inclusiom of the aperture
affect, where appropriate) the value of the attenuation term
M= (al + a0 R wust be large.

The agreement between Merklinger's experimental results and
the theory confirms the need for the inclusion of the aperture
factor when the bulk of the interaction tékes place within the
Fresnel region of the projector., The results of the analysia
in section 2 suggest that the consequence of the bulk of the
interaction occurring in the Fresnel regicn may be a slight
veduction in the source level at the difference frequency,
without any noticable variation im the directivity pattern.

The analysio presented here does not explain the very
narrow beams obtained at ouch shorter ranges. This effect
needs further astudy.
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TAELE 1

Application of the results to Swith's experiment’
Difference freq. ) »_(o)/P"(0)] 'P_(Od)ﬁ.h)'
s _ - -
w0 ) 0.6 -3.1
300 1.1 =3.1

P: (o) the axisl pressure obtained from Westervelt's result.
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Captions for tigures
Fig. l.

Fig. 2.

Fig. e

Fis- ,*-

Fig« 5.

The geometry used for the source diatribution
in the vicinity of a piston.

The geometry for the pear-field calculations in
an end-{ire array.

Near-field correction for mormalized directivity
pattern.

. - AR = 2.6
xxXx AR = b2
oco0 AR = 7.15
- Rutherford Scattering Curve

Comparison with 3mith's experimental results -
beam patterns.
Rutherford scattering curve

d A e Corrected for AR = 2.6
Experimental results at various difference frequencisé:-
PR 100 KBz, ooo 160 kEz

XXX 240 kfz

Comparison with Smith's experimental results -
3 dB beamwidthe.

For Rutherford scatteriag

- - - Corracted for AR = 2.6
oo Various experimental results.

Comparison with Merklinger's experiments
Rutherford scattering

-—-— Corrected for AR = 7.15 (R = 1.7)
Experimentel results:-

-} R= 1.7 o, . e R = 1.5 o,
xxx R =1.0m, a4 s R = 0.625 ma
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