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1- Introduction

Since Hestervelt'a proposal 1 that non-linear interaction
between two coincident acoustic waves he used to generate highly
directional waves at a low-frequen . the results 0! a number of
experiments have been published.2 The experimental results tend
to confirm Heatervelt's basic suggestion that the scattered .
interaction frequency waves can exist independently of the trans-
mitted primry waves and that they are highly directional. However.
with perhaps two exceptions, the experiments indicate that the
difference-frequency beans are more directional than estimated hy
Hostel-welt on Rutherford scatteringbasis. assuming that the primary
beams have negligible cross-sectional dimensions and that the
observer is is the far-field of the parametric array. One possible
explanation7- put forward use that an "aperture effect" must be
taken into consideration Ihen estimating the directivity pattern
of the difference lrequency waves when the interaction volume is
substantially limited to the near field of the projector by the rate
of absorption of the primary IaVee. Although some of the experi-
mental results can be explained by the inclusion of this aperture
factor. some other results have other {eatures which need explaining.
Eb:- enmple. Smith's results (reference in. Fig.0 shaved that the
moored heemuidth at the difference frequency was substantially
lover than the estimated value. almst independently or the frequency.

In this paper. tuo poseihle causes of such phenomena are
investigated. These are the possible effects on the measured
directivity patterns due to interactions occurring in the Fresnel
region of the projector and those due to the observer not being at
a eullicieatly great distance from the interaction region. Only
the case of a square piston till he considered.

2. Source distribution in the near-field or s s9uere piston

Il'he acoustic pressure produced by tune-mission a
piston in an infinite baffle can be represented in the torn

p = .1 (hog/l) an) (m) {I [mogul-VA“ (1)

where 2 is the amplitude of the velocity of the piston. h is the
Ive-lubed- and A the wavelength in the uedium, and the double
integral is evaluated our the surface of the piston. Here. :- is
the distance between the observer at (xdvz) and an elemental area
on the aux-race of the piston at (o. y .51). the piston surface being
Issued to lie in the plalu x = c. has. by substituting% for l.

:-
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g a (jnocoy/z) exp (-ka) exfl- H:

h 51

x I m(-Eh‘)dh ...(2)
h,‘ 2

m" ’0'1‘11.8°=e-:1’,"

S = I 10: h = a so ,

31 = e(y—b) . I11 = a (I—b)

Q =e(y*h) . 1‘ Infield

end "’75

Freedman shovedg that the emuvxinetione made in the substitution
{or :- were val“ in the immediate vicinity of the truedueer. In
his derivation o! g e rector one r: #8 is aha included. Here.
this is ignored an we are working with sun angles eif (wen.
except in the imitate vicinity of the piston). Throughout this .
treatment we also nuke use of Mama's cnnelueieh that. witth the
near-field. 2 rapidly reduces to sen ee 3' or 1 become greater than
I).

The coefficient 01 the integrele in equetion (2) repreeente a
plane wave pm ties in the x directicn. fie integrals will be
denoted by fly; and 17(5) "speedway. mere

fly) a f [a (y-b) J - I L- (you) J

an: t (a) 1. the Fresnel integral.
II

Le. x (m) =4 exp (-45 v3) dv
2

If two waves at frequencies u1 end the ere handled m- the
piston simultaneously.

2—1 e (Jpocogn/z) exp (-Jk11) . 11(1) - 21(5)

and

2: (Jflocoge/Z) exp (-11:31) . 5(3‘) . 11(3) "-0)

(Here. subscripts I. end 2 are used to inflate thet the arm-pending
frequencies refer).

Then. the lee-frequency some meetien at point (x. y, I) 1.-
deteminedjy the product P1 P5 . where the extend: Meet.- the

couple: conjugate of the quantity. Including the shaman tam.
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Wm(6} shes theWWWus bylestsrvelt . which results in Rutherford scatteringto! the«utterance-frequency saves.

Using tables o! h-esnsl inky-ale. I was ennui!” mflflllifor venous values of v. and (for the nose of V of semi-est)end mwnmte expression has developed, with an error notexceeding about 3“ 1n the worst case. Using this expression. itwas found that

(x x co/uz) :3 5:81;: ['1 .1 0.201. a; x - 0.644 no Ham]

...(9)
Ben D: = (ml-<02)/% 12,1.

where R! = 153/11. Le. the Fresnel distance at frequency m1.1

Using equations (9) and (6) the far-field radiatlon patternat the difference-Inquest: can be calculated in closed form. weobtain the pressure at an angular position 0 .

1 ' 0.283 sou - .1) _ 0.102 a?P (6),: _ 0 ...(1o)

there F €011 9‘2 -fl(_) e Jk_ (1-0059). ...(10a)

and. !or small 0 . reduces to

(5 .503. +°‘2--(_) (14-190. tuna»)

p = o/or1 . ed beinghalfthethbcemvidthin
the case at Rutherford scattering '

1... a; = 2 (d1 .«2 -e(_)/k_.

Pressure level along the axis can be calculated by puttingO = fl : o in expression 10. Then, the din-activity pattern can becalculated as

13(9) = P_(9)/P_(o) . ...(n)
P_(e) and D (Gd) «ere evaluated for the parameters of Snith's

experiment}. which were:-

centre {requency 2.55 "In. 2b a Ben. E = 5 m.

The results are shown in Table l. Calculations for othervalues of 0 shoved a similar pattern. In other words. theetlect ol the interaction being in the near-field of a transducercauses a small. general reduction in the turret-coco frequencypressure (which depends on the dlflerence h‘eqmq). but slfectsthe heanddth only mrglnally. This variation in the directlvitypattern is far too mall to explain the deflation observed in

9,” ,  



   

3. The near-!ield of a continuous end-m Iith

W
Using the conclusions of the previous section. it should

be possible to estimate parametric end-lire effects by assuming

Ueetarvelt's original Ddel of a line-array with exponential taper,

ndditionnll: including an "aperture factor". uhere applicable.

even um: interaction takes place in the Fresnel. region. In the

analyeie offered in this aeotiun,the aperture factor is neglected —

it em: be incorporated into the results.

The geometry eoneidered is sbwn in Pig. 2. A line array

with exponential taper is named tebe along the x - en‘s. The

linear density a! source is gun by

q = Q0 exp (ju_t) exp[-(u1 0 a2 0 jk_) x] ...(12)

Then. the difference-hean pressure at point (3.9) will he

Wrtional to

s (a. 0) =1; exp [- (:21 ~ :2 o 55) x -(a_ ~3k_)r]. dx (1})
— x r

As H 4 a. this gives Hestervelt'a result. which in the notation

used becomes

5 (3.9) =- exp [— e_ o jk_) n] / m ...(1I-)

where B is given in equation (10-). Thie development relies on

the use of the appznximotion :- E E - x cos 0 and then

integration for 1 between 0 and “n'

If I! >> 1/(u1 o are). as a second approximation.

2 = B o 1 ms 9 # (ll/ZR) sin2 6 . -..(15)

It can be ahnln that for small IGI . the variation in the

amplitude ten 1/!- uith x pnducaa change in the radiated pressure

level. but muses only minor effect: in the directivlty pattern.

fiance. for the present purposes. we replace equation (1}) by

s (3.0) f exp [4:_ O jk_)]/nf exp (-6: - ya?) a: maze)
- x

where r = (a_ q Jk_) an? e / 2n. Integrating for

o < x < a,

s (2.63 (a) up [- t a_ 9 in) e] as ...us)

where

a: [(a1 .a2 .=._)1z/a]1~/2 [go 1/9. :06- um]

and I. (e) sf: 2 up i . erlc or ...(17)
-

amuse/l: I.m‘-\F) du. andasebvefleo/Od.
IFS

For 0 = a = o . equation (13a) gives

S (3.0) up [-(o_ o jk_) 31/ (:11 0 oz - e_)R ...(18)
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Hence. the normalized directlvity function at range R can be written
(from equations 16. 18 and 10b) in the form

30%. o) . lug), . D(".O) ...(19)
where D(‘°.9) =1/l1.1n?[-

n is a complex quantity. depending solely on the normalised
angle .0 and the attenuation tern H e (cl1 9 I12 - a_‘) R.

In the computation of error functions with complex arguments a
useful auxiliary function, wUz). is tabulated 10

"here wuz) = exp 22 . erfc : .--(20)

Then.

nm. e) =/n .'z|.[w(12)l / u 4“)“ ...(21)
Clearly. DUI. 0) can be calculated as a function of n for

various values of the attenuation tem M.

Hz) for three values of H. as well as N". O). are shown in
Fig.3 as functions of H. The correction term 20 log |L(z)l becomes
negligible for small and large values of £- Itis also reduced
as H beeches large.

Corgparison with eflerinentnl results

In one of Smith's experiments. a 3.0 cm square transducer
was used to transmit two primary waves with a centre frequency
of about 2.8%. Directivity patterns were measured at a range
of 5.0 m. The corresponding value of H was 2.6 Nepal's. and that
of the Fresnel distance about ‘05 on. His results at various
difference frequencies are shown in FigJ. plotted here against
normalised angle [5, the value of 0 used being that calculated for
each frequency. The Rutherford scattering curve. and that
corrected using the results of Fig. 3 are also shown. The follow-
ing cements appear to be in order.

(i) At the difference frequencies considered. the aperture effect
can be neglected. (In any case. it appears somewhat doubtful
as to whether the aperture factor should be used in this
experimmt as the interaction volume is not confined to the
Hamel region).

(11) The grouping of the experimental results when platted
against normalized angle is good.

(iii) ihr smaller values of H the corrected directivity pattern
agrees very well with experimental results. but the results
diverge for large values of p.

In Fig. 5. Smith's results showing SdB bandwidth as a function
of the difference frequency are reproduced, together with the
corresponding values calculated from D (a. 0) and from 1302.0).
The agreement between the computed results on the basis of the
analysis presented in this section and the experimental results
is very encouraging.

I75

 



 

   

    

 

     

        
       

     
      
  

  
  

       

        

   
  
   
   
  

    
  
  
  
    
  
  

 

   
    

results. as yet unpublished. These results were obtained at a

difference frequency of 1.1 IGI. the centre-frequency of the

primary waves (which were transmitted from a 1 as square

transducer) was 8.75 MEI. Hith absorption coefficients of about

1.8 N/m. the bulk of the interaction could be assumed to take

place within the Fresnel region (about 53 an). Therefore. the

directivity patterns obtnined at various ranges R were corrected

for the aperture factor. and are shonplotted in Pig. .

In the same figure. the Rutherford scattering curve and that

corrected for R = 1.7 m are also shown. The qreemant between

the experimental results and those computed from equation 19 is

again. very good. bwever. computations made {or R = 1.1 n and

for E = 65 cm fall {or short of explaining the rapid narrowing

of the beans at shorter ranges. This latter effect needs

further investigation.

Edi. Psi-hunger has kindly made available some wet-1mm l

‘

    b. Conclusions

in designing an experiment with a parametric end-tire—array.

the observer should he placed at as great a distance from the

projector as possible. An idea of the value of R necessary for

the Rutherlord scattering formula to be valid can be obtained by

considering an asymptotic expansion of L(z) {or large values of 1.

It can be shown1 that  

 

LU) =1- l 1: LE - ... ...(17a)

22’ 2‘ z

 

For example. at a 3:13 point (Le. {or £3 = l)

e = (It/all2 Hence.

L(:)=1—lo_L
“ n?

Therefore. for the measured values of the 5d! beamwidth to agree

with Vestervelt's result (with the inclusion of the aperture

effect. where a pmpriate) the value of the attenuation tern

H = (a1 4 nz-e_ R must be large.

The agreement between Herklinger's experimental results sad

the theory confirms the need for the inclusion of the aperture

factor when the bulk o! the interaction takes place within the

Fresnel re3icn o! the projector. The results of the analysis

in section 2 suggest that the consequence of the bulk of the

interaction occurring in the Fresnel region they be a slight

reduction in the source level at the difference frequency.

without an: noticahle variation in the directivity pattern.

The analysis presented here does not explain the very

narrow heme obtained at much shorter ranges. This elfect

needs further study.
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Fig. 2.

Fig. 5.
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Fig. 5.

Fig. 6.

The geometry used {or the suurce distribution

in the vicinity n! a piston.

The geometry for the near-field calculations in

an end-fire arm.

Near-field correction for normalized directivity

pattern.
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Rutherford Scattering Curve

Comparison with Smith's experimental results —

beam patterns.

Rutherford scattering curve
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Experimental results at various difference frequencies:—
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Comparison with Smith's experimental results -

5 dB hesmuidths.

For Ruthermrd scattering
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Various experimental results.

Comparison with Hsrklinser's experiments

Rutherford scattering
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Experimental results:-
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