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Active noise control has been used in a variety of applications where it is impractical to achieve
significant levels of noise control using traditional passive noise control treatments, for example,
at low frequencies. In recent years, a similar performance benefit has been gained through the use
of acoustic metamaterials, which achieve levels of noise control performance that are not achiev-
able with naturally occurring materials. The high levels of noise control performance are generally
attributable to the dispersive properties of these metamaterials and, as such, their behaviour has
generally been evaluated in terms of their effective material properties, such as the effective den-
sity and bulk modulus. It is well known that the performance of active noise control systems is
also frequency dependent, however, the links between these two advanced noise control strategies
have not been extensively investigated. Therefore, this paper presents an investigation into how
active noise control systems implemented in a duct modify the effective material properties. This
work, therefore, begins to make links between the behaviour of acoustic metamaterials and active
noise control systems.
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1. Introduction

Active noise control is a well developed technology that has been applied in a variety of applica-
tions to control low frequency noise. For example, it has been applied in the automotive environment
to control low frequency engine and road noise [1], in the maritime sector to achieve high levels of
noise and vibration control performance [2, 3], in the aerospace sector [4, 5], in consumer audio ap-
plications such as headphones [6] and in the built environment [7]. The key benefit of active control
systems over traditional passive techniques is their ability to achieve high levels of control within
a lightweight and compact package compared to traditional passive control treatments. In addition,
they are able to adapt to changes in the noise and the acoustic environment, and provide the ability to
not only reduce the noise level but shape its characteristics to manipulate the sound quality [8].

An alternative approach to achieving high levels of noise control performance at low frequencies,
which has received significant interest in recent years, is the design of acoustic metamaterials. These
materials do not achieve their noise control performance through the properties of the material itself,
but through the engineered sub-wavelength structure of the system [9]. For example, metamaterials
have been designed to achieve band gaps, which are spectral ranges over which the transmission of
sound is limited, by using periodically arranged arrays of locally resonant elements [10]. These ele-
ments can take on a range of different forms, but could, for instance, simply be an array of Helmholtz
resonators [11, 12]. Acoustic metamaterials have been shown to be able to achieve high levels of
noise control performance in a traditional sense, for example by limiting the transmission of sound,
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but have also been used to achieve more novel sound field manipulation objectives, such as acoustic
cloaking [13]. In these applications, acoustic metamaterials are designed to achieve specific effective
material properties, such as anisotropic behaviour [13], or negative effective density and bulk mod-
ulus [14]. Although these controlled effective material properties have been achieved using passive
metamaterial designs [13, 15], recent attention has begun to focus on active acoustic metamaterials,
where it is possible to increase the bandwidth of control, overcome losses that are inherent in a passive
system and allow the system to be tuned or adapted [9].

Although a number of different active acoustic metamaterials have been demonstrated, the method-
ology adopted in the design of these active acoustic metamaterials generally differs from that em-
ployed in traditional active noise control. Recent work, however, has demonstrated how a traditional
feedforward active noise control strategy can be used to control the transmission, as well as the ef-
fective bulk modulus, using an array of active Helmholtz resonators [16]. Metamaterials have also
recently be used to solve the acoustic cloaking problem by designing metamaterials with particular
material properties, however, in [17] it has been demonstrated that this problem can instead be solved
by using active control to minimise the scattered component of the sound field, rather than attempting
to directly control the effective material properties.

The work presented in this paper aims to further investigate the links between traditional active
noise control systems and acoustic metamaterials, by investigating the influence of active noise con-
trol systems on the effective material properties, which are the usual metrics used when designing
acoustic metamaterials. This study will be conducted within the context of controlling the sound in
an anechoically terminated duct. Although this is a well studied problem, with well known solutions,
it provides a transparent mechanism for beginning to investigate how such an active noise control
system affects the effective material properties. Section 2 describes a number of different approaches
to active noise control in an anechoically terminated duct and Section 3 presents the results of a se-
ries of simulations into the effective material properties of the active noise control strategies. Finally,
Section 4 presents the conclusions.

2. Active Noise Control in a Anechoically Terminated Duct

The active control of noise propagating in one-dimensional ducts has been well studied and the
theoretical formulations are summarised in [18]. Although the majority of work in this area has prag-
matically focused on directly controlling the downstream pressure or minimising the acoustic power
in the duct, as summarised in [18], a number of studies have also considered directly manipulating the
acoustic impedance in the duct [19, 20]. The aim of the present study is to understand how standard
active noise control strategies modify the effective material properties and, therefore, the control prob-
lems will be formulated as in [18] to minimise the downstream pressure or minimise the total power
in the duct. In each case, the influence of the control strategy on the effective material properties will
then be investigated.

Figure 1 shows the setup of the system that will be simulated to investigate the different control
strategies. From this figure it can be seen that the primary source is located at one end of an ane-
choically terminated duct and the active control unit, which may consist of a number of different
secondary source configurations, is located at some distance along the duct. If the frequency range of
interest is restricted to low frequencies, where the wavelength is much larger than the largest cross-
sectional dimension of the duct, it can be assumed that only plane waves propagate and the pressure
at a position x in the duct due to the primary source can then be expressed as

pp(x) =
ρ0c0
2S

qpe−jk|x+L|, (1)

where ρ0 and c0 are the density and speed of sound in air, S is the cross-sectional area of the duct, qp
is the volume velocity of the primary source, k is the wavenumber, x is the coordinate position in the
duct and L is the distance between the primary source and the front of the active control unit at x = 0.
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Figure 1: Diagram of the anechoically terminated duct setup with the primary disturbance loud-
speaker, the four pressure evaluation positions and the location of the active control unit.

In active noise control, a secondary sound field is introduced in order to control the primary sound
field. This process can be described by the superposition of the primary, pp, and secondary, ps, sound
fields and can be expressed as

p(x) = pp(x) + ps(x). (2)

In the following sections, a number of different approaches to specifying the secondary sound field
are described.

2.1 Minimisation of the Downstream Pressure

In the first instance, a single monopole secondary source located at x = 0 can be used to minimise
the downstream pressure. In this case the objective of the secondary source can be expressed as

p(x) = 0, x > 0. (3)

Using eqs. (1) and (2) and the definition of the pressure due to a monopole plane wave secondary
source, this objective can be expressed as

ρ0c0
2S

qpe−jk(x+L) +
ρ0c0
2S

qse−jkx = 0, x > 0. (4)

It is then straightforward to show that the optimal secondary source strength is given by [18]

qs = −qpe−jkL. (5)

The second active noise control configuration that will be considered, which is not considered
directly in [18], is the case when a single dipole place wave secondary source located at x = 0 is used
to minimise the downstream pressure. The sound pressure due to a plane wave dipole source can be
expressed in terms of the downstream and upstream pressures as

p(x) =
f

2S
e−jk|x|, x > 0 and p(x) = − f

2S
e−jk|x|, x < 0, (6)

where f is the dipole force. The pressure downstream of the dipole secondary source can then be
minimised by fulfilling the objective defined by eq. (3), which gives the net force required from the
dipole secondary source as

f = −ρ0c0qpe−jkL. (7)

This is clearly related to that required by the monopole secondary source in eq. (5), but it should be
highlighted that the pressure produced upstream by the dipole source differs from that produced by a
monopole secondary source.
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Finally, control of the downstream pressure using two monopole secondary sources will be con-
sidered, as in [18]. In this case, one monopole secondary source is located at x = 0 and the second
monopole secondary source is located downstream from the first source at a distance d, as shown in
Figure 1. The secondary sources are then driven to minimise the downstream pressure, whilst ensur-
ing zero radiation in the upstream direction. Zero upstream radiation from the secondary sources is
given by driving the first source with a volume velocity that is related to the second source by [18]

qs1 = −qs2e−jkd. (8)

The total pressure can then be expressed through the superposition of the sound fields due to the
primary and secondary sources, and the objective of minimising the downstream radiation can subse-
quently be expressed as

p(x) =
ρ0c0
2S

qpe−jk(x+L) +
ρ0c0
2S

qs2e−jkx(2j cos(kd)) = 0, x > d. (9)

The optimum source strength for the secondary source located at x = d is then

qs2 = −qp
e−jkL

2j cos(kd)
. (10)

2.2 Minimisation of the Total Sound Power

Although minimisation of the downstream pressure is generally a practical approach to the control
of sound propagating in a duct, there are a number of alternative approaches that may have benefits
in certain circumstances or simply provide further insight into the mechanisms of control. One such
alternative strategy is to minimise the total sound power in the duct, which attempts to minimise the
radiation both upstream and downstream from the secondary source. The total sound power can be
expressed for the primary and a single monopole secondary source as [18]

W =
1

2
<
{ρ0c0

2S
(qp + qse−jkL)∗qp

}
+

1

2
<
{ρ0c0

2S
(qs + qpe−jkL)∗qs

}
. (11)

This can be shown to provide a quadratic cost function and the optimal secondary source strength,
which minimises the total acoustic power, is given by [18]

qs = −
1

2
qp cos(kL). (12)

As in the previous section, instead of using a single monopole secondary source to minimise the
total sound power, it is interesting to consider the result when a dipole secondary source is employed,
which has not previously been presented. If it is assumed that the sound field produced by the dipole
source can be expressed in terms of two closely space monopole sources of equal and opposite source
strength, then the total sound power can be expressed as

W =
1

2
<
{ρ0c0

2S
(qp − qse−jkL + qse−jk(L+d))∗qp

}
− 1

2
<
{ρ0c0

2S
(qse−jkd − qs + qpe−jkL)∗qs

}
· · ·

+
1

2
<
{ρ0c0

2S
(qs − qse−jkd + qpe−jk(L+d))∗qs

}
. (13)

Through some manipulation, the optimal secondary source strength that minimises the total acoustic
power is then given by

qs = −
1

2
qp

(
cos(k(L+ d))− cos(kL)

1− cos(kd)

)
. (14)

The total pressure field due to the dipole source can then be calculated according to eq. (6), where the
force is given by f = jωρ0qsd.
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Finally, the control of the total sound power using two independent monopole secondary sources
is considered, which is again distinct from previous work. In this case, the vector of secondary source
strengths, qs = [qs1, qs2]

T , which minimises the total sound power are given by

qs = −
[
2I+

[
0 2 cos(kd)

2 cos(kd) 0

]]−1 [
2qp cos(kL)

2qp cos(k(L+ d))

]
. (15)

2.3 Performance Metrics

In order to assess the performance of each of the active control strategies outlined above, the
transmission, reflection and absorption coefficients, as well as the effective material properties have
been calculated using the four microphone method. As described in [21], the pressures at the four
microphones can be used to calculate the positive and negative travelling plane waves in the upstream
and downstream sections of the duct, which are indicated by the coefficients A to D in Figure 1. The
transmission, reflection and absorption coefficients can then be calculated respectively as

T =
C

A
, R =

B

A
and α = 1− |R|2.

The effective material properties of the active control unit can then be calculated using the transfer
matrix method described in [21], which relates the pressures, P , and normal particle velocities, U , on
either side of the active control unit via the transfer matrix, T, as[

P
U

]
x=0

=

[
T11 T12
T21 T22

] [
P
U

]
x=d

, (16)

The elements of the transfer matrix can be calculated from the pressure and particle velocities at
x = 0 and x = d, which in turn can be calculated from the positive and negative travelling plane wave
components [21]. The effective characteristic acoustic impedance can then be calculated as

zeff = ρeffceff =
√
T12/T21 (17)

where ρeff and ceff are the effective density and speed of sound through the active unit, and the
effective wavenumber can be calculated as

keff =
ω

ceff
=

1

d
cos−1 T11, (18)

where ω is the angular frequency. The effective density and bulk modulus are then given as

ρeff =
zeff
ceff

=
zeffkeff

ω
and Beff = zeffceff = ω

zeff
keff

. (19)

3. Results

3.1 Minimisation of the Downstream Pressure

Using the geometry presented in Figure 1, the performance of the three active noise control strate-
gies described in Section 2.1 have been calculated in terms of the transmission, reflection and absorp-
tion coefficients and the effective density and bulk modulus. These results are presented in Figures 2a
and 2b. From Figure 2a it can be seen that the single monopole secondary source (blue lines) and the
single dipole secondary source (red lines), achieve zero transmission, but perfect reflection and, there-
fore, zero absorption. It is insightful, however, to observe from Figure 2b that the effective density
and bulk modulus of these two control strategies differ. The monopole secondary sources gives an
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effective density and bulk modulus of zero, which correspond to the impedance of a pressure release
boundary at the active unit. Conversely, for the dipole secondary source, although the transmission
and reflection coefficients are identical to the single monopole case, the density and bulk modulus are
very large (tending to infinity), and this corresponds to a rigid boundary at the active unit. Finally, it
can be seen from Figure 2a that the pair of monopole secondary sources (black lines) achieves both
zero transmission and reflection, and thus perfect absorption. The effective bulk modulus in this case
is again close to zero, but the effective density is equal to the ambient density of air and this leads
to a perfectly absorbing condition. Although, the results presented in Figures 2a and 2b are consis-
tent with those already presented in the literature, observing the effective material properties directly
provides a clear link to the concepts of acoustic metamaterials.
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Figure 2: The performance of the active control systems optimised to minimise the downstream
pressure using a single monopole secondary source (blue), a single dipole secondary source (red)
and a pair of monopole secondary sources (black). (a) shows the transmission, T , reflection, R, and
absorption coefficients, α. (b) shows the effective density and bulk modulus normalised to the ambient
values in air.

3.2 Minimisation of the Total Acoustic Power

An alternative approach to actively controlling the sound within a duct is to minimise the total
sound power, as introduced in Section 2.2. This approach does not minimise the downstream pres-
sure and, therefore, has received less attention in the literature; however, it leads to some interesting
effective material properties that are linked to the objectives of many acoustic metamaterials. Figures
3a and 3b show the performance metrics for the three secondary source configurations, when they are
driven to minimise the total sound power. From Figure 3a it can be seen from the blue and red lines
that the single monopole and dipole secondary sources have transmission, reflection and absorption
properties that are frequency dependent and fluctuate alternatively between perfect transmission and
perfect reflection. In both cases, the total power in the system integrated over frequency is one half
of the primary source power [18]. What is interesting, however, is that from Figure 3b it can be seen
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that the monopole secondary source (blue lines) achieves bands of negative effective bulk modulus,
and a normalised effective density of unity, whilst the dipole source (red lines) achieves bands of
negative effective density, and a normalised effective bulk modulus of unity. These effective material
properties are consistent with the resonant properties of acoustic metamaterials, in that a monopole
resonance gives a negative effective bulk modulus and a dipole resonance gives a negative effective
density [22]. This, therefore, makes an interesting link between active control mechanisms and the
physics behind acoustic metamaterials.
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Figure 3: The performance of the active control systems optimised to minimise the total sound power
using a single monopole secondary source (blue), a single dipole secondary source (red) and a pair
of monopole secondary sources (black). (a) shows the transmission, T , reflection, R, and absorption
coefficients, α. (b) shows the effective density and bulk modulus normalised to the ambient values in
air.

Finally, it can be seen from the black lines in Figure 3a that the pair of independent monopole
secondary sources achieves zero transmission and perfect reflection, which is identical to the single
monopole and dipole secondary source configurations optimised to minimise the downstream pres-
sure in the previous section. However, from the black lines in Figure 3b it can be seen that this system
achieves bands of both negative effective density and bulk modulus. Double negative metamateri-
als have been the focus of significant research due to their ability to control wave propagation and
achieve negative refraction. Although such behaviour does not apply in the one-dimensional sys-
tem considered here, the demonstration that these effective material properties are directly achievable
using active control mechanisms provides significant insight into the design of future metamaterials.

4. Conclusions

The active control of sound in a one-dimensional duct has been well studied, however, limited at-
tention has been paid to how these active systems influence the effective material properties. This has
become of significant interest in recent years due to the surge in interest in acoustic metamaterials and
their ability to induce unusual wave propagation. Therefore, this paper has investigated the effective
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material properties of active noise control systems in a one-dimensional duct using monopole, dipole
and pairs of monopole secondary sources to control the downstream pressure and total sound power.
It has been shown that active control systems that minimise the total acoustic power lead to negative
effective material properties and, therefore, may allow significant advancements in the realisation of
active acoustic metamaterials.
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