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1. INTRODUCTION

The problem of Interacting discontinuities in a waveguide cccurs when the
distance between two dlscontinulties 1s smaller than the transverse
dimensions of the gulde, the coupling being due to evanescent modes. Feor
perforations between two waveguldes (and the application to perforated tube
mufflers), the theoretical problem 1s not simple because the complete model
of a perforation includes both symmetrical mode effects (a shunt
inductance} and antlsymmetrical mode effects (see ref.1). A simllar problem
is the problem of interacting branched tubes Intc a wavegulde (see flgure
1), an application being the side holes on woodwind musical instruments. We
will here discuss the latter problem and show that the general result is
effectively rather complicated, but an approximate result can show the
effect of interaction on the equivalent circult without interaction in a
rather simple way. The main result is the theoretlcal treatment of the
general case where overlap between holes can occur (see fig. 1] Relation
with radiation 1s discussed in the conclusien.

The methed is based on an integral equation and modal decomposition,
written using a matriclal formalism (see refs. 2 and 3), eguivalent to the
integral formallism (see ref.4).

2. THE FIELD IN THE MAIN GUIDE : THE MATRICIAL NOTATION

In the main guide, the pressure field is decomposed into the incident and
reflected fields, as follows :

plr) = "wiw) [(E'(2)P" + ET(2)P7]

where ¥(w) is the (column) vector of the eigenmodes of the wave equatlon in

the guide ; P and P are the (column) vectors of the complex amplitudes of
+ + ol

the modes, and E™(z) are dlagonal matrices deflined by : E;I(z}= e+Jklz

where k1= (k*- 12)1/2

eigenvalue of mode 1.

is the wavenumber of mode i, k = w/c, ¥, is the

The coefficients P* and P~ differ in the three parts of the main gulde ;

on the left of hole A, between holes A and B, on the right of hole B. ]f-

the holes are sufficlently far from other discontinuities, PLA and P

reduced to the propagating modes (the planar mode only at low
frequencles}, It is convenlent to define the coefficlents with respect to
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the centers of the holes (zA and zB]. i.e.

- L +* _ » . - _ -

plr) = "¢u) [E (2 zA)Pu+ E (2 zA] Pu] to the left of hole A (1)
t + + - -

plr) = "ylw) [E (z-zB)PRB+ E (z-zB) PRB] to the right of hole B (2)

The diagonal matrix of the characteristic impedances is defined as follows :
= pc k.

2c == (3)

H i
3. THE INTEGRAL EQUATION

If one consliders the volume V to be bounded by the waveguide walls and the
areas of the branched tubes, S‘ and Sn (see fig.1), one can write the

Helmholtz-Huyghens integral equation for the volume V.

t_.
x
-
&
-
P

(a) (b)

figure 1 : geometry of the waveguide

{a) case without overlap, (b] case with overlap.

By projecting the integral equation on the surfaces LA, RB, 5‘, 53 and
decomposing the field on the modes *", and u':B of the surfaces EiA and SB.

respectively, one obtains the following equatlons :

P, =" —;- zctq: u - % zce'(zA—zB)"q; U, + e—(z"‘-zﬁ)pl"B (4a)
p;s = - % Ze e.[za-z.\)tq; u - % zctq; Ug* ‘—'"ZB‘ZA’PL (4b)
N q;p:A * g (z,72 0P, (4c)
L AT T q;e‘(za -z‘)p;A r q;p;s (4d)
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~

where p;‘. p;B. p;m. p:A are the planar mode coefficients of the vectors
defined in equations (1) and (2} '(p;B and P]:A are the source guantitles),
P‘, PB, U‘. UB are the pressure and outward veloclity vecters for the
surfaces SA and Sa (for UA and UB the velocities are multiplied by their
respective areal). The other quantities are :

. —
'z = pe/S, e (z) = e‘sz.

-

.q‘

+ t_ 1 +
I e (z—z‘)wads, 9, = z J. € (z-zB)deS,
S‘ B*S
. - Jue "yt . . =
2” = S‘SJ J'S IS wlfr)G(r.r ) wj(r' )dSldSJ (i,J = A or B),
1

3
*Gi{r,r') is the Green function for the infinite guide.

1
3
A

4. THE SEPARATION OF THE TWO HOLES

The equations (4) do not allow to exhibit the limit of no coupling by
evanescent modes occurs. This result ls obtalned directly by using the
description for each hole separately (see refs.1,3), and the Junction
between the two holes through the planar mode In the maln guide. The
equivalent circuit is shown in fig.2,

ul.A' LAa LAe uRA uLB LBa LBa uRB
[z Mz
)\ P % L 5] — N —
'[ (L -L }rs2 (L -L_ J)/2 I
P AS A2 Bs Ba P,
LA z, RB
zZ, %

figure 2 : equivalent circuit for the iwo holes when no coupling occurs

_ kd _
z,= zcjtgtf-). 2=z Jsin(kd}.

Thus 1t is convenlent to use Iintermedlate quantitles p;‘, p;‘, P, p‘

LB LB
deflined as follows :

- __1 t_+ - + 21 - +
PL="2% 9V, * P, (Sa) Paa © 32,9, U, *p, (6a)
- __1 e - ¢ __1 - +
Plg =" 2% 9% U * Py (5b) Paa = " 72 9% U5 * Py (eb)
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In the case where no overlap occurs between the two holes, these quantities
correspond to the coefficients for the planar mode to the right of hole A
and to the left of hole B. The important feature 1s that these quantities
can alsoc be defined for the more general case where overlap occurs, and
equations {5a), (5b), (6a}, (6b) are equivalent to equatlons {4a) and (4b)

if t_.t( ): ;
Pea ™ € 15,75 Py (7)

Then, by using equations (4c), (5b), (7), one obtains :

+ o+ - -
Po=-2,u - MU 4P, P (8a)
4 » - -
and, similary : PB = - HBAUA - ZBBUB *+ QP ot 9gPrer (Ba}
_ 1 - - _ Lo+ _t
where HMB = Z“B 5 24,8 [zA zB) 9, and HBA- H“B.

By decomposing the Green function G into the planar mode and the higher
medes {(G' ), Hm can be rearranged as follows :

- Jup , , . .
n = 32 J J' v ()G’ (r, e )y, (r" )dS,dS, (9)
A"B "5 "5
A B
ch .[ J' 1
- v (r][sin(k]z—z’l} + sinlkiz=-z' )]] Wy {r*)ds ds .
ZSASB SA 53 B A B

Some interesting properties of thls result will be discussed in section 5.
It remains to rearrange equatlens (Sa), (5b), (6a), (6b), (Ba), (8b) in
order to exhibit pressure and volume velocity of the plane mode (pu, u

La

Pa' Y Pet Ya' Prer uRB). It 1s made in the same way as for the

problem of a single hole (see refs 1,3). Finally, one obtalns :

£

Pla” Py chl‘eau.\ Pig” Ppe © chtﬂsua

) ViaT Y T tuaus Y187 e T taBUB {10)
LA N Hole * % @ (P,* pm) _% Jz 8, (u um)
Py= MU, ~Help * % AL T pna) -% JZ:BB[uLB+ Urg!

\

where Hn and 1{"‘B are obtained from Zn and znn by replacing G by Rel(G),
.cand Baredefined by : 2e=9q +q , 2B=q¢ -q .
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5. DISCUSSION

The known results for a single hole can be obtained by setting either UB=0
or Ua=0' respectively. For two holes without overlap, the second Iintegral
of l-lAB in equaticn (9) vanishes, and coupling occurs only through the
evanescent modes of the main guide : if the distance [z‘—zB) tends to

infinity, G' tend to zero and HAB too.

We know that all matrices Hl) are Inductive, 1l.e. proportional to Jjw for
low frequencies. If the holes have a plane of symmetry. thus the modes W,,
and l,trB can be divided Into symmetrical and antisymmetrical modes, the
vectors o and £ being zero for the antisymmetrical and symmetrical modes,
respectively.

There 1s no interactlon between symmetrical and antisymmetrical modes for a
given hole, i.e. Hn and HBB can be divided into four submatrices, the two
submatrices of the second diagonal being 2zero. On the contrary, H‘B does

not involve zeros.
6. SOLUTIONS OF THE SET OF EQUATIONS

If the holes are terminated in known impedances, the lnput Iimpedance
matrices ( or the Green function )} are known :

PA= Z.‘UA and Pn= ZBUB' {11)
These equations, with equations (10) and (7), allow one to calculate the
transfer matrix for the planar mode relating the quantities (Pu'uu) to
[p“.um). This is in general a tedlous calculation. Our aim is to glve an
answer to the feollowing question : is 1t possible to simply represent the
effect of the interactlon terms (HAB] on the equivalent clrcult obtained

when no Iinteractlon occurs, i.e. when the interhole distance d is large
(see flg.2) 7 We think that the answer is ne in general.

Nevertheless, we can restrict our study to the case of open heles [thus ZA
and ZB' are inductive, the planar mode impedance z, and zg including the

radiation impedance, see ref.4) and low frequencies : thus the planar mode
equations (see equation 7) in the maln gulde are :

[pm] 1 sopass |[ .,
u
RA

1l

H
JudSspe® 1 u
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If we Introduce these equatlons _into equations (10), It is easy to show
that the capaclitive term (JwdS/pc”) can be lgnored, because it 1s always in
parallel with inductive terms. Thus the planar mede equations are simply :

_ _ Juwpd
Pea” Pig " T g M Y S Yp oM

Now, we see that all the impedances in equations (10) are inductive, thus
the form of the final result is :

P ij“ -Juk U, (12)
Prg Jubg,  ~Jdulgg Yrs

and the equivalent circult as shown in fig.3.

] P La “. Prg

figure 3 : equivalent circuit for the two holes when coupling occurs.

Nevertheless, the expressions of the quantities LIJ are very complicated ;
therefore, we are searching approximations. As a matter of fact :

1) for one hole, the effect of antisymmetrical modes 1s very
small compared to the effect of symmetrical modes (see ref.5).

11) for two holes, the effect of Iinteraction [HAB) can be
regarded as a perturbation of the result for large interhele distance d.
Thus, we can consider that the effect of antisymmetrical modes for ohe hole
(LM and Lm in fig.2) and the effect of interaction are small

perturbations of the simplest, classical result for open slde holes. We
notice that these approximations depend only on the geometry and are
independant of frequency. Thus, we can show that the flnal result is the
egulvalent clrcult shown in fig. 4, the effect of the interaction belng the
inductance Lh“, given by the followlng expression :

-1 -1

t
1/ July o= e (2 0 ) o H L (Zr B e,
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flgure 4 : equivalent circuit for the two holes when coupling occurs,
=i - = 1L -
Ll- E(LAS LAa) * th +L ! La- ZILBs Laa) +L n Llnf

tnt B

7. CONCLUSION

As a consequence, we see that the effect of interaction 1s mainly the
modificatlon of the "inner length correction” (lnductance Llu]. and of the

planar mode inductance pds/S. Nevertheless, at low frequencies, the effect
of shunt Inductances is more important than the effect of series
inductances, thus the main effect of Interaction is the modificatlon of the
inductances L“. vhich can be regarded as a radiation Iimpedance of a hole

into the main guide. This result is not a surprise (it remains to verify if
this modiflcation is negatlve, as for radiation impedances, or positive).
But our derlvation shows that the complete effect is rather complicated,
and is reduced to analogous effects for radlatien Iimpedances only as an
approximation. As a matter of fact, the present study can be directly
applied to the so-called "flute” mode of the lattlce constituted by two
. waveguldes coupled by perforations (the other mode beilng a planar mode, see
ref.1). Moreover, concerning the open side holes of woodwind instruments,
the present problem is the internal interactlen, but ancther problem occurs
as well, that of the external interaction (through radiatlion into inflnite
space). For this latter problem, 1t <can be shown that, 1if the
antisymmetrical modes effect is ignored, the equlivalent circult has the
shape of the cirecuit of flgure 3, but resistances need to be added 1n
parallel with each inductance.
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