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In the active vibration control of large structures, multiple-channel, i.e., multiple-input and mul-
tiple-output (MIMO), control is required, since there are usually multiple vibration sources, the 
force of actuators are limited and the control objective is usually global. Resulting from the 
complex dynamic behaviour of large structures, the performance of MIMO control will be dra-
matically influenced. Thus, the design of controller should base on the structural analysis of the 
controlled plant. However, the present structural analysis methods for large structure (e.g., finite 
element method) are separated from the controller design and simulation process. In this paper, 
we embed the finite element model into the control loop to form a finite element model in-loop 
simulation (FEMilS) scheme for active vibration control. First, we extend the active noise 
equalization (ANE) algorithm, a universal narrowband adaptive control algorithm, to MIMO, so 
that it is able to cope with large structures. Then, the convergence analysis of the MIMO-ANE 
algorithm is conducted. Afterward, the FEMilS scheme is systematically illustrated. Finally, 
MIMO-ANE control case studies that considering multiple primary sources are conducted on a 
variable section cylindrical structure based on FEMilS. The simulations have similar procedure 
to real-life control and can be easily extended to physical model platform. 
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1. Introduction 

In the active vibration control (AVC) of large structures, multiple-channel, i.e., multiple-input 
multiple-output (MIMO), control is required, since there are usually multiple vibration sources, the 
force of actuators are limited and the control objectives are usually global. Most of the vibrations 
are caused by rotational machines (e.g., engines, propellers, compressors and motors), producing 
line-spectral vibrations [1, 2]. The line-spectral vibration will reduce structural strength and ride 
comfort of vehicles and, specially, reduce detection ability and stealth of military vehicles. Narrow-
band active vibration control algorithm is specialized for the control of line-spectral vibrations [3]. 
There are lots of methods, like optimal control, pole placement, robust method, adaptive method, 
positive position feed-back (PPF), etc., for controller design, in which the adaptive method is the 
focus of interest due to its self-adaption capability [4]. The most popular adaptive method for active 
control is called filtered-reference LMS (FXLMS) algorithm, in which the narrowband FXLMS is 
very popular in multiple-source and multiple-harmonic control application [5]. Active noise equali-
zation (ANE) algorithm is one of the most general narrowband FXLMS algorithms, which can can-
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cel, supress, neural and enhance the line-spectral vibration [6, 7]. Thus, it provided a universal solu-
tion to line-spectral vibration control, no matter cancelling or reshaping. 

In the active control system, an analytical model can act as a controlled plant if it is simple. How-
ever, for a complex plant, the analytical model is difficult or even impossible to obtain. Fortunately, 
with the development of computer technology, finite element model has been introduced as the con-
trolled plant for the controller design and verification. Some researchers integrated the control algo-
rithm into the CAE software [8]. Some other researchers extracted the state space model from the 
FE model [9] or directly solved the dynamic response of the FE model [10], and then conducted the 
control on the extracted numerical model.  

In this paper, we will conduct a multiple-source and multiple-channel active vibration control on 
the finite element model of a variable section cylindrical structure. First, we will extend the active 
noise equalization (ANE) algorithm to MIMO, so that it is able to cope with large structures. Then, 
the convergence analysis of the MIMO-ANE algorithm is conducted. Afterward, a finite element 
model in-loop simulation (FEMilS) scheme is systematically illustrated. Finally, two case studies of 
2-soruce-2-input-2-output active vibration control were conducted based on FEMilS. 

2. Universal MIMO Narrowband FXLMS Algorithm 

Narrowband FXLMS algorithm is specialized for the line-spectral vibration control. ANE al-
gorithm is a universal narrowband FXLMS algorithm which is able to cancel, supress, neutral and 
enhance the primary noise and vibration. Next, we will extend ANE to MIMO using matrix repre-
sentation.  

 
Figure 1: diagram of MIMO-ANE system 

As shown in Figure 1, we consider J primary sources, K secondary sources and M error sensors, 
in which the ith primary source contains jI frequency component. For narrowband FXLMS algo-

rithm, all the frequencies of all the sources can be combined into one (I×1) dimensional column 
vector to generate reference signals, i.e., 

   , 1, 2,...,
T

r ri i I ω , (1) 

where 
1

J

jj
I I


 . Accordingly, two (I×1) dimensional reference vectors can be defined as 

    ( ) ( ) cos , ( ) ( ) sin , 1, 2,...,
T T

a ai r b bi rn x n n x n i I    x ω x ω . (2) 

For each secondary source and each frequency component there will be two coefficients in the con-
troller. Thus, the controller coefficients can be defined as two (K×I) dimensional matrixes, i.e., 
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    ( ) ( ) , ( ) ( ) , 1,2,..., , 1,2,...,a aki b bkin w n n w n k K i I   W W , (3) 

where ( )akiw n and ( )bkiw n denotes the controller coefficients for the kth secondary source and the ith 
frequency component. ANE system makes use of equalization parameters for the residual spectrum 
reshaping. The equalization parameters can be defined as a (I×I) dimensional diagonal matrix, i.e., 

  diag , 1,2,...,i i I T , (4) 

where i denotes the equalization parameter of the ith frequency component. ANE system has two 

branches, in which one, called cancelling branch, is used to drive the secondary sources and the 
other, called equalization branch, is used to build pseudo-error signal. According to Eqs.(2)-(4), the 
output of the cancelling and equalization branch ANE can be expressed as 

    ( ) ( ) ( ) ( ) ( )c a a b bn n n n n   y W I T x W I T x , (5) 

 ( ) ( ) ( ) ( ) ( )b a a b bn n n n n y W Tx W Tx , (6) 

where ( )c ny and ( )b ny  are both (K×1) dimensional vectors. The real-error signals are superposition 

of primary noises and secondary noises, i.e., 

 ( ) ( ) ( ) ( )cn n n n  e d S y , (7) 

where ( )ne  denotes (M×1) dimensional real-error vector, ( )nd  denotes (M×1) dimensional primary 

noise vector, ( )nS  denotes (M×K) dimensional impulse response function matrix of secondary path, 

in which the element ( )mks n denotes the impulse response function from the kth secondary source to 

the mth error sensor, and * denotes linear convolution. The pseudo-error vector is used to feedback 
to the adaptive algorithm for the controller coefficients updating. It can be express as a (M×1) di-
mensional vector, i.e., 

 ˆ( ) ( ) ( ) ( )s bn n n n  e e S y , (8) 

where ˆ ( )nS is the identification of ( )nS . The filtered reference signals are also required for the con-
troller coefficients updating. They are (M×K×I) dimensional matrixes, i.e., 

 ˆ ˆ( ) ( ) ( ), ( ) ( ) ( )a a b bn n n n n n    X XS x S x , (9) 

According to the stochastic descent method, the updating equation of the controller coefficient can 
be expressed as 

 ( 1) ( ) ( ) ( ), ,T
l l l l sn n n n l a b    XW W e , (10) 

where T
lX is transpose of lX and is a (K×I×M) dimensional matrixes. 

3. Convergence Boundary 

Due to the coupling between multiple secondary sources and multiple error sensors, the con-
vergence of the MIMO-ANE system will be dramatically affected by the characteristics of the ei-
genvalue of the FRF matrix. The influence of secondary path to different frequency component is 
different. For the ith frequency component, the secondary path matrix will introduce amplitude rati-
os and phase differences, which can be defined as (M×K) dimensional matrixes, i.e., 

  ( ) , ( ) , 1,2,..., , 1,2,...,si mk i si mk is j s j m M k K        P Φ . (11) 
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From Eqs.(5)-(8), consider ˆ ( ) ( )n nS S , and expand the controller coefficients and reference signal, 
there is 

  
1

( ) ( ) ( ) ( ) ( ) ( ) ( )
I

s ai ai ai aii
n n n n x n n x n


   e d S w w . (12) 

Exchange the position of controller coefficient and secondary path matrix, there is 

    
1 1

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
I I

s ai ai bi bii i
n n n n x n n n x n

 
     e d w S w S . (13) 

According to Eq.(11), the filtered reference of ith component can be expressed as 

 
 
 

( ) ( ) ( ) cos ( ) sin ( ) ,

( ) ( ) ( ) sin ( ) cos ( ) ,

ai ai si si ai si bi

bi bi si si ai si bi

n n x n x n x n

n n x n x n x n

      

      

X S P Φ Φ

X S P Φ Φ
. (14) 

where cos siΦ and sin siΦ  are defined as  cos mki  and  sin mki , respectively, for all m = 1,2,…M, k 

= 1,2,…,K. Substitute Eq.(14) into Eq.(13), the pseudo-error vector can be written as 

  
1

( ) ( ) ( ) ( ) ( ) ( )
I

s ai ai bi bii
n n n x n n x n


  e d w + w . (15) 

where 

    ( ) cos ( ) sin ( ) , ( ) cos ( ) sin ( )ai si si ai si bi bi si si bi si ain n n n n n        w P Φ w Φ w w P Φ w Φ w . (16) 

Suppose the primary noises ( )nd are defined as 

  
1

( ) ( ) ( )
I

i ai i bii
n x n x n


d a + b , (17) 

where ia and ib are both (M×1) dimensional coefficients vectors for primary noises. According to 

Eqs.(15)-(17), the expectation of the squared pseudo-error can be expressed as 

    
1

( ) ( ) ( ) ( )
I TT

s s i i i i i ii
E n n n n


      e e c S w c S w , (18) 

where 

 
( ) cos sin

, ( ) ,
( ) sin cos

i ai si si si si
i i i

i bi si si si si

n
n

n

     
            

a w P Φ P Φ
c w S

b w P Φ P Φ
. (19) 

The gradient to the ith controller coefficient vector is 

  
( ) ( )

2 ( )
( )

T
s s T

i i i i
i

E n n
n

n

      


e e
S c S w

w
. (20) 

The update equation of the ith controller coefficient in mean square sense (using upper bar) can be 
express as  

 ( 1) ( )T T
i i i i i i i in n      w I S S w S c . (21) 

Let 

 1( ) ( ) ( )T T
i i i i i in n  v w S S S c . (22) 

There is 

 ( 1) ( )T
i i i i in n    v I S S v . (23) 
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The auto-correlation matrix of secondary path is a (K×K) dimensional matrix and can be decom-
posed as 

 
2

2

0

0
T T si
i i i i i

si

 
   

 

P
S S Q ΛQ

P
, (24) 

where iQ  is the modal matrix, and  diagi kiΛ  is the eigenvalue matrix. Since T
i iS S  is nonnega-

tive definite,  0ki   for all i = 1,2,…,I. Define the rotation vector as 

 ( ) ( )R T
i i in nv Q v . (25) 

There is 

  ( 1) ( )R R
i i i in n  v I Λ v . (26) 

For the ith frequency component, the system convergence when 

 1 1i ki   , for all k = 1,2,…,K . (27) 

Thus the boundary of the step-size is 

 

1

2 2
0

maxi
i ki

k K


 

 

    , (28) 

where i  is spectral radius of  T
i iS S .From Eq.(24), it can be seen that the convergence of the ith 

frequency component of MIMO-ANE are influenced by the amplitude ratio of secondary transfer 
matrix at the ith frequency. More specifically, from Eq.(28) the maximum step-size of ith frequency 
component is restricted by the spectral radius, i.e., the maximum eigenvalue of T

i iS S . The larger the 

spectral radius is, the smaller the upper bound of step-size will be. 

4. Finite Element Model in-loop Simulation System 

 
Figure 2: Procedure of FEMilS 

The basic idea of finite element model in-loop simulation system (FEMilS) is to design the con-
troller based on the dynamic of the controlled plant. The FEMilS is achieved by embed the finite 
element model into the AVC simulation loop, so it is a time domain point-by-point simulation 
whose procedure and structure are similar to that of real-life control. The general procedure of 
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FEMilS is shown in Figure 2.  It can be divided into three stages, i.e., geometric modelling, modal 
analysis and in-loop simulation. In the geometric modelling stage, a simplified model can be first 
obtained by geometrical simplification and degree of freedom (DOF) reduction. Then the global 
mass matrix, global stiffness matrix and/or global damping matrix are extracted. In the modal anal-
ysis stage, the model can be further reduced by modal reduction and sub-system reduction. Then the 
reduced modal mass matrix, reduced modal stiffness matrix, reduced modal damping matrix and 
reduced eigenmatrix are obtained. In the in-loop simulation stage, an in-loop model (ILM) for simu-
lation is first constructed according to the above reduced matrixes. Then the dynamic response 
analysis and AVC are conducted. The first two stages can be viewed as pre-processing which pre-
pares the ILM for simulation. The third stage is the finally simulation stage. The details of the three 
stages that presented based on a variable section cylinder can be found in reference [2]. 

5. Control Simulation 

5.1 The Finite Element model 

As shown in Figure 3, the finite element model for FEMilS is a variable section cylindrical 
structure, which may have application in many mechanical structures, such as rockets, submarines, 
airplanes and trains. The cylinder is divided into 20×16 rectangle elements and the baffle is divided 
into 16 quadrilateral elements. Each element has four nodes and adjacent elements share two nodes, 
so there are 356 nodes in total. Each node has six DOFs, so the total DOFs are 2136 (356×6) if the 
cylinder is unconstrained. The translations along xyz axis are considered to be main DOFs of the 
system, thus reducing the total DOFs to be 1068 (356×3). The mass and stiffness matrix are extract-
ed from ANSYS by super element method and outputted in Harwell-Boeing format (sparse). The 
size of those matrixes is 1068×1068. A few low-order modes are usually dominating, so the compu-
tational speed improvement by modal reduction is significant. We consider the first 16 low-order 
mode in this case. As illustrated in Figure 3, if we only consider the four points (P1-P2), a (4×4) 
subsystem can be further extracted from the finite element model, which can further reduce the 
computational complexity. As a consequence, we obtained the ILM for simulation. 

 
Figure 3: FE model of a variable section cylindrical structure for FEMilS 

5.2 Case A: 2-source-2-input-2-output active vibration cancelation 
In case A, primary sources are supposed to be placed at P1 and P2, secondary sources and er-

ror sensors are supposed to be placed at P3 and P4. The primary forces are shown in Figure 4 (a) 
and (b). P1 contains 10Hz, 20Hz, 30Hz, 40Hz and 50Hz component with amplitude of 1N, 2N, 5N, 
10N and 2N, respectively, with the addition to 20% white noise. P2 contains 15Hz, 45Hz and 75Hz 
component with amplitude of 3N, 10N and 8N, respectively, with the addition to 20% white noise. 
The equalization parameter for each component is 0 (i.e., cancellation mode). The sampling fre-
quency is 2048Hz, the sampling time is 6s, and the step-size is 2×108. Figure 4 (c) and (d) shows 
the real-error signal of P3 and P4. It can be seen that the harmonic can be successfully cancelled 
and it remains only broadband noises. Figure 4 (e)(f) and (g)(h) shows the controller coefficients of 
P3 and P4. It can be seen that different frequency component has different convergence rate, which 
results from the feature of secondary path transfer function matrix. 
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Figure 4: FEMilS case A, 2-source-2-input-2-output active vibration cancelation: (a) spectrum of primary 

force at P1; (b) spectrum of primary force at P2; (c) real-error signal at P3; (d) real-error signal at P4; (e) and 
(f) controller coefficient for the secondary source at P3; (g) and (h) controller coefficient for the secondary 

source at P4 

5.3 Case B: 2-source-2-input-2-output active spectral reshaping 
In case B, the layouts of primary sources, secondary sources and error sensors are the same as 

that in case A. The primary forces are the same as shown in Figure 4 (a) and (b), so the target fre-
quency is [10 15 20 30 40 45 50 75]T Hz. The equalization parameters are different from case A. 
The equalization vector for P3 is [1 0 0.4 0 1.5 0 0.4 0] T, so the target amplitude vector is [1 0 2 0 3 
0 4 0]T ×10-6m. The equalization vector for P4 is [0 1.5 0 0.2 0 1.3 0.125] T, so the target amplitude 
vector is [0 3 0 2 0 4 0 1]T ×10-6m. The sampling frequency is 2048Hz, the sampling time is 16s, 
and the step-size is 2×108. Figure 5 (a) and (b) shows the real error signal of P3 and P4. Figure 5 (c) 
and (d) shows the pseudo-error signal of P3 and P4. It can be seen that when the pseudo-error signal 
approach to zeroes, the real-error signal approach to a pre-defined signal. Figure 5 (e) and (f) shows 
the spectrum of real-error signal of P3 and P4, respectively, at 10s when the control is on and off. It 
can be seen that when the control is on, the residual spectrum are successfully reshaped according 
to the target, even though there are different targets at P3 and P4. 

6. Conclusion 

In this paper, we first introduced a universal MIMO narrowband FXLMS for multiple-frequency 
vibration control, i.e., MIMO-ANE algorithm, using matrix representation. Then, the convergence 
boundary of MIMO-ANE is derived in mean square sense. Afterwards, a finite element model in-

co
nt

ro
lle

r 
co

ef
fic

ie
nt

co
nt

ro
lle

r 
co

ef
fic

ie
nt



ICSV24, London, 23-27 July 2017 
 

 

8  ICSV24, London, 23-27  July 2017 

loop simulation (FEMilS) scheme is illustrated. The MIMO-ANE algorithm is verified on a variable 
section cylindrical structure based on FEMilS. 

 

 
Figure 5: FEMilS case B, 2-source-2-input-2-output active spectral reshaping: (a) real-error signal at P3; (b) 
real-error signal at P4; (c) pseudo-error signal at P3; (d) pseudo-error signal at P4; (e) spectrum of the 10th 
second real-error signal at P3 when control is on and off; (f) spectrum of the 10th second real-error signal at 

P4 when control is on and off 
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