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This paper presents a nonlinear free vibration analysis of functionally graded (FG) porous
beams with non-uniform porosity distributions. Timoshenko beam theory is employed to take
into account the effect of transverse shear strains. The elastic moduli and mass density of porous
beams vary continuously along the thickness direction based on symmetric and asymmetric po-
rosity distributions. The typical mechanical property of an open-cell metal foam is used to ob-
tain the relationship between coefficients of porosity and mass density. Based on von Karman
type nonlinear strain-displacement relationships, the governing equation is derived with Ritz
method and solved by a direct iterative algorithm. The effects of varying porosity distributions,
porosity coefficients, boundary conditions and slenderness ratios are investigated through a de-
tailed parametric study, indicating an effective way to improve the vibration behaviour of po-
rous beams.
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1. Introduction

Functionally graded materials (FGMs) are newly developed with material properties varying
continuously and smoothly along one or more directions, offering unique advantages compared to
conventional homogeneous materials, such as the freedom to tailor local properties to meet special
design requirements. Porous structure is another novel structural form that has attracted increasing
attention from research and engineering communities [1]. It introduces the mass density as a new
design parameter, and is considered to be a perfect candidate for lightweight structures. As a typical
form of porous structures, metal foams also present great potential in impact engineering with ex-
cellent energy absorption capacities [2, 3].

Structures with graded porosity, i.e., FG porous structures, can be considered as the combination
of FGMs and porous structures, which enable non-uniform distributions of internal pores and pro-
vide novel structural properties. The research of FG porous structures is still in the very early stage,
with most of current studies focusing on the static deformation and stability problems. Magnucka-
Blandzi [4] conducted the nonlinear analysis of dynamic stability of FG metal foam circular plate
under radial compression. She [5] also proposed the mathematical modelling of a simply supported
rectangular sandwich plate consisting of two isotropic facings and an FG metal foam core. Chen et
al. [6] presented the elastic buckling and static bending solutions for porous beams with graded po-
rosity distributions.
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The vibration behaviour of FG structures is crucial for their applications and needs to be well
understood. Fallah and Aghdam [7] derived simple analytical expressions for large amplitude free
vibration and postbuckling analyses of FG beams on nonlinear elastic foundations. Rafiee et al. [8]
applied a temperature change and a voltage to an FG composite beam reinforced by carbon nano-
tubes and bonded by piezoelectric layers, and studied its large amplitude vibrations. Kitipornchai et
al. [9] proposed a semi-analytical solution for the nonlinear vibration of shear deformable laminated
rectangular plate consisting of a homogeneous core and two FG face layers, and evaluated the influ-
ence of geometric imperfections. The nonlinear vibration behaviour of FG shells has been studied
by Loy et al. [10], Strozzi and Pellicano [11] and Pradhan et al. [12], among many others.

This paper investigates the nonlinear free vibration behaviour of shear deformable FG porous
beams within the framework of Timoshenko beam theory. Three typical boundary conditions are
employed, including hinged-hinged (H-H), clamped-clamped (C-C), and clamped-hinged (C-H) end
supports. Ritz method and a direct iterative algorithm are used to obtain the nonlinear frequency
ratios of porous beams with two non-uniform porosity distributions. A detailed parametric study is
conducted to shed important insights into the design of porous structures with enhanced dynamic
performance.

2. Functionally graded porous beams

The porosity distributions of functionally graded porous beams are assumed to vary nonlinearly
along the thickness direction. Two distributions are considered in this paper, i.e., symmetric distri-
bution (porosity distribution 1) and asymmetric distribution (porosity distribution 2), as shown in
Fig. 1. As can be observed, the size and density of internal pores reach the maximum values at the
mid-plane of the beam with porosity distribution 1, while on the bottom surface of the beam with
distribution 2, corresponding to the minimum values of elastic moduli and mass density.
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(a) Porosity distribution 1 (symmetric) (b) Porosity distribution 2 (asymmetric)

Figure 1: Two non-uniform porosity distributions.

Due to the graded porosity distributions, Young modulus, shear modulus and mass density of po-
rous beams are position-dependent and can be calculated from Eq. (1) for porosity distribution 1
and Eq. (2) for porosity distribution 2.

E(z)=E, [1—e0 cos ”Ej

G(2) =G, {1—% cos nE] 1)
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where z-axis is along the thickness direction and x-axis is along the length direction, h is the beam
thickness, E, (G,, p,) is the maximum value of Young modulus (shear modulus, mass density), E,

(G,, p,) is the corresponding minimum value, and

Ei 1 —
G = 3y (70 3)

in which v is Poisson’s ratio which is taken as a constant. The porosity coefficient e, and density
coefficient e are calculated by

g = _5:1_%

E G, @
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and can be related by Eq. (5) using the typical mechanical property in Eq. (6) of an open-cell metal
foam [6]. It should be noted that E,, G, and p, also correspond to the material parameters of

beams without internal pores.
e, =1—, /1—eO (5)
2
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Timoshenko beam theory is employed in this paper to consider the effect of transverse shear
strains. The associated displacement fields are

{ux (x,2,t) =u (x,t)+ 24, (x,1)
W, (X,z,t) =w, (x,1)

where u, and w, are the axial and transverse displacements on the mid-plane of the beam, ¢, is the

rotation of the beam cross section, and t denotes time. To include von Karman geometric nonline-
arity, the strain-displacement relationships are given as [13]

2
%H%g(%j
X

3. Theoretical formulations

(7)
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where ¢, and y,, are the normal and transverse shear strains, and can be used to obtain the corre-
sponding stresses through the elastic constitutive law as

Ty = G (Z) Vv

The strain energy U and kinetic energy K of the porous beam can be written as

2
1t ou, 1(ow, Y 0¢. ou, 104 (ow, ) 04, ) ow, \’
U:—J. L+ = +2B X0 = 0 4D, | =2+ +—2 | rdx
2J0 A“{ax z(ax” “liﬁx ox 2 ox \ ox 2 ox s X
(10)
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where L is the beam length, and the stiffness components and inertia items are defined by

8.0 EWh0 2
LT (12)

A, = j " Gz

-h/2

h/2

{1, 1}=|  p@){Lz,2°}dz (13)
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of which k=5/6 is the shear correction factor.
Assuming that the proposed beam undergoes harmonic vibrations, the following nonlinear gov-
erning equation can be derived based on Ritz method.

(K, +K , —o*M)d, =0 (14)

where K, is the linear stiffness matrix, K, is the nonlinear stiffness matrix, @ is the natural fre-
quency of the beam, M is the mass matrix, the unknown coefficient vector d, is given as

dy ={{R;}'{R,; ' {R;;}'} (15)

where R;;, Ry;, Ry; (j=12,---,N) are the unknown coefficients in Ritz trial functions [6], and N

is the total number of polynomial terms. A direct iterative algorithm [13] is employed to obtain the
nonlinear frequency o, and the nonlinear frequency ratio o,/ o, (o, is the linear fundamental

frequency) of porous beams.

4. Numerical results

A detailed parametric study is carried out to investigate the influences of porosity distribution,
porosity coefficient, boundary condition and slenderness ratio on the nonlinear vibration behavior

of porous beams composed of open-cell steel foam with E, =200GPa, v=1/3, p, = 7850 kg/m®.

The total number of polynomial terms in Ritz trial functions is taken as N =10 to ensure the con-
vergence of results. Table 1 gives the nonlinear frequency ratios of functionally graded (FG-) and
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uniformly distributed (UD-) carbon nanotube-reinforced composite (CNTRC) beams with different
boundary conditions. Wmax IS the given positive vibration amplitude. Our results are in excellent
agreement with those obtained by Ke et al. [13] from which the material parameters of CNTRC
beams, which are not given here for brevity, can be found.

Table 1: Nonlinear frequency ratio of FG- and UD-CNTRC beams (V..

cnt

=0.17, L/h=10)

FG-CNTRC beam UD-CNTRC beam
Present | Keetal. [13] | Present | Keetal. [13]
Winax H-H beam
0.1 1.0046 1.0046 1.0261 1.0259
0.2 1.0256 1.0255 1.1006 1.1000
0.3 1.0758 1.0765 1.2148 1.2135
C-C beam
0.1 1.0148 1.0146 1.0137 1.0136
0.2 1.0581 1.0574 1.0540 1.0533
0.3 1.1265 1.1252 1.1177 1.1165
C-H beam
0.1 1.0144 1.0139 1.0190 1.0187
0.2 1.0566 1.0554 1.0738 1.0727
0.3 1.1253 1.1243 1.1586 1.1570

Fig. 2(a) and Fig. 2(b) present the effect of porosity coefficient on the nonlinear frequency ratio
versus vibration amplitude curves for H-H FG porous beams with different porosity distributions.
Results show that an increase in the vibration amplitude leads to a larger ratio, thus a higher nonlin-
ear frequency. For symmetric porosity distribution 1, the nonlinear frequency ratio decreases with
the increasing of porosity coefficient. While for asymmetric distribution 2, as the porosity coeffi-
cient increases, the nonlinear frequency ratio varies slightly under positive vibration amplitude
Whax, but decreases dramatically under negative amplitude Wn,. This is caused by the bending-
extension coupling effect within the asymmetric material distribution, leading to different vibration
amplitudes at positive and negative half cycles.
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(a) Porosity distribution 1
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Figure 2: Nonlinear frequency ratio versus vibration amplitude curves for H-H FG porous beams: effect of
porosity coefficient.

Fig. 3(a) and Fig. 3(b) compare the nonlinear frequency ratios and dimensionless nonlinear fre-
quencies of FG porous beams with varying porosity distributions and boundary conditions, respec-
tively. The dimensionless nonlinear frequency is calculated as

* I
o, = o, L |~ (6)

Ao

where 1,, and A, are the values of 1, and A, of homogeneous materials without pores. It can be

seen that the nonlinear frequency ratio of beams with symmetric porosity distribution 1 is always
smaller than that of beams with asymmetric distribution 2. Due to relatively high linear fundamental
frequency, however, the nonlinear frequency of beams with distribution 1 is larger, indicating high-
er effective beam stiffness. Also, as expected, C-C beams have the highest nonlinear frequencies,
thus the best vibration resistance.
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(a) Nonlinear frequency ratio versus vibration amplitude
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Figure 3: Comparisons of nonlinear frequency ratios and dimensionless nonlinear frequencies of FG porous
beams with varying porosity distributions and boundary conditions.

Table 2 tabulates the nonlinear frequency ratios of FG porous beams with different slenderness
ratios. It can be found that although decreases the linear fundamental frequency dramatically, an
increase in the slenderness ratio only brings slight decrease of nonlinear frequency ratio.

Table 2: Nonlinear frequency ratio of FG porous beams: effect of slenderness ratio (e, =0.5)

Porosity distribution 1 Porosity distribution 2
L/h=20 | L/h=30 | L/h=40 | L/h=20 | L/h=30 | L/h=40
Winax H-H beam
0.2 1.0492 1.0490 1.0489 1.0527 1.0524 1.0523
0.4 1.1843 1.1835 1.1833 1.2184 1.2175 1.2172
0.6 1.3810 1.3795 1.3789 1.4631 1.4619 1.4613
C-C beam
0.2 1.0121 1.0120 1.0120 1.0147 1.0145 1.0145
0.4 1.0476 1.0471 1.0469 1.0571 1.0567 1.0565
0.6 1.1036 1.1029 1.1025 1.1237 1.1228 1.1225
C-H beam
0.2 1.0245 1.0243 1.0243 1.0290 1.0288 1.0288
0.4 1.0939 1.0933 1.0931 1.1136 1.1129 1.1126
0.6 1.1996 1.1984 1.1980 1.2427 1.2416 1.2412

5. Conclusions

The nonlinear free vibration behavior of shear deformable FG porous beams has been investigat-
ed within the framework of Timoshenko beam theory and von Karman geometric nonlinearity. The
effects of varying parameters are discussed in detail. It can be concluded that an increased porosity
coefficient decreases the nonlinear frequency ratio of porous beams. Compared with the non-
uniform asymmetric porosity distribution (distribution 2), the non-uniform symmetric porosity dis-
tribution (distribution 1) offers larger nonlinear frequency, thus higher effective beam stiffness and
improved vibration behavior. Also, fully clamped end supports can provide the best vibration re-
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sistance, and the slenderness ratio actually has no evident influence on the nonlinear frequency ratio
of porous beams.
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