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1. TINTRODUCTION

This paper outlines the theoretical solutfon to the problem of maximum
likelihood (ML) estimation of time-varying delay d(t) between a randem signal
s{t) received at one point in_the presence of uncorrelated noise and the
time-delayed, scaled version 3s(t - d{t)) of that signal received at another
point in the presence of uncorrelated noise. The signal 1s assumed to be a
sample function of a nonstationary Gaussian random process and the
observation interval is arbitrary. The analysis of this paper represents a
generalizatton of that of Knapp and Carter [1]}, who derived the ML esttmator

~ for the case that the delay 1s constant, d(t) = dg, the signal process is
stationary, and the recetved processes are observed over the infinite
interval (-® ,+m). A more detailed presentation of the topic of this paper
appears in [2].

We model the problem of time-varying delay estimation as follows:
A vector of real waveforms
ri{t) s(t) wi(t)

r(t) = N + (1.2)
ra(t) as{t - d(t)} wa(t)

is observed on the interval [Ty, T¢]. For convenience, we define r(t)

as zero for t outside this interval. The signal s(t) is a sample function of

a zerg-mean Gaussian random process having covariance function

Re(t,t) = E{s(t1)s(t2)}. (1.3}

The delayed and attenuated signal ds(t - d(t)) 15 related to s(t} through a
non-random but unknown invertible linear operator

a{_d(t).'g{s(t)} = Ts(t - d(t)) | | ' (1.4)
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The noise waveforms wy(t} and wp{t) are sample functions of white
Gaussian random processes having covariance functions

N
= =48 -
RH1(t1.t2) = Rw2(t1,t2) =3 é(t, tZ) . (1.5}

The signal process and noise processes are mutually independent. The
attenuation factor 3 and delay function d{t) appearing in (1.2) and (1.4) are
nonrandom but unknown. Since d(t) represents delay, we will assume
throughout thts paper that d(t) > 0. The attenuation constant 4 can be any
nonzero real number. The problem is to estimate d(t) and &.

T1. THE LOG LIKELIHOOD FUNCTION

The first step in the derivation 3s to represent d(t) as a.parameter vector
d = {dy.dy. ...) by expanding 1t into a series using any convenient
basis{¥4{t}}. We can then write

]
s(t;d) 8 s(t-2d1\l«1(t)} . (2.1)
i=1

It follows from notation (2.1) that
$(t:0) = s{t) . (2.2)

We now write r(t) of (1.2) as

rit) = s(t;d,3) + w(t) (2.3
where

ety = (r(t) ra(tnT, (2.4a)

s(tid,® 4 (st as(tan’ (2.4b)
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and
w(t) = (wi(t) wa(t))T . (2.4¢)

It follows far d = 0 and @

=&, r{t) of (2.4) is a Gaussian random vector
process having mean zero and 2 x 2

matrix covariance function

K[;g.;(t.u;g.i) 4 E{[(t)[T(u)\g =D,a = ﬁ}
= E{i(t;ﬂ.ﬁ)gr(um.'ﬁ)} + E{!’(U!T(U)}
N
= Kg.q 5(0u0F) » 3T s(t-u) (2.5)

where 1 s the 2 x 2 identity matrix.

We proceed by representing vector process r(t) as an infinite dimensional
vector r using the generalized Karhunen-Loeve expansion [3, pp. 221-223]. As
shown in [2], this leads to the log-likelihood function

104(0,A) = £r(D.R) + £g(D,A) (2.6)
where
Te Te
IRV =ﬁ‘; [ [ fowtvinbrma (2.7)
T1 T1
and
1
0% = - 5 f T e tin e (2.8)
T
i
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The 2 x 2 matrix function Ha(t,viD,A) in {2.7) 1s the solution to

.
N f
K., =(t,u;0.5) - 32 H (e, A) - f B (Vi 0 RK L 5(v.uiD,R)dy
T 2rit
1

$:d,3
(2.9)
=0 TSt usT .
In order to interpret Hu(t,v;D,A), define
T, ,
AN n By = .n K
S0 B = [ g Rrme, Tt (2.10)

Y

It can_be shown [2] that @n(t;g.A) {5 the LMMSE noncausal estimate of
s{t;D,A) when D and A are the true values of d and @ respectively,
Similarly, the 2 x 2 matrix function Hc(ti;v;D,A) in (2.8) is the impulse
response of the causal LMM3E estirrg\te%(j‘;,;g?k) of 5{t:0,A) given that
d=0Dand 3 =A. He(t,v;D,A) and Sc(t;D,A) are egual to Hp(t,v;D,A)

~

and S(t:0,A) respectively when T¢ = t.

The values of 0 and % jointly maximizing the log-1ikelihogd function (2.6}
are by definition the maximum 11kelihood estimates/g\ and ‘& of d and T
espectively from r(t), Ty £t &£ T¢. The maximum 1ikelihood es/;\imate
Dit) of time-varying delay d{t) is the waveform represented by 'D.

III. THE MATRIX IMPULSE RESPONSE _I:I_n(t.v;g‘.;)

In this section we derive a simple explicit form for the matrix impulse
response Hp(t,v;0,A). It is relatively difficult to obtain this form by
solving equation (2.9). The constructive approach taken here has the
advantage of being both mathematically and conceptually simple,
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The first step in the derivation of ﬂn(t.v;g.x) i1s to (noncausally)
transform r{t), Ty < t < Tg, into the vector process r'(u),
F(T3) € u < T¢, where

A 'e (8(u))

r'(u) = RS PRI (3.1a)
0
Fptu) + K rp(B(u))
r'qu) =3 ’ = s T2 f{Tf) (3.1b)
r1(u) - A rz(B(u))
ry(w
r'{u) = P FT) swceT, (3.7c)
0
In the above,
f(ty =t - D(t) (3.2)
and B(t) is the inverse of f(t)
BIf(t)] =t . _ (3.3)

In {3.1), A can be regarded as an assumed value for the unknown relative
attenuation constant T, and D{t) as an assumed function for the unknown
delay function d(t). We naturally require D{t) > 0. The transformation
r(t) + r'(u) 1s illustrated in Figure 3.1, where for simplicity in
interpretation, the nolse processes wi(t) and wp(t) have been drawn as
small ripples.

An examination of equation (3.1) and Figure 3.1 will reveal that the
transformation from o{t} to r'(u) is linear and invertible. Thus, r(t).

T; &£t < T can be recovered from r'{u), f{T4) £ v £ Tf, using a

1inear transformation. It follows from the reversibility theorem [3, pg.
289] that Epe noncausal LMMSE estimate‘gh(t;g,ﬁj of equation (2.10) given

d =0 and a = A, can be obtained from r‘(u). Before describing the structure
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of the LMMSE estimator, it will be helpful to observe:that 1f d = D and
= A, then, from equations (2.3), {2.4), and (3.7):

r'{u) =0 ; u < f(Ty) : {3.4a)
s{u) ny(u)
r'(u) = + P F{Ty) 2 usTg (3.4b)
0 na{u)
r'fu) =0 ; Teg<u, (3.4¢c)
where
pn]  [F w000y
= s (T 2u s T,. (3.%3)
nz(u) -0
nylu) wylu) + i']wz(ﬂtu))
= _12_ =1 P Ty cu 2 f(T) (3.5b)
nz(u) w1(u) - A we(B(u))
-n.l(u)T HT(U]
= P BT ) <ugT, (3.5¢)
"z(“’ 0

It can be shown that the noncausal point LMMSE estimator of s(t} from r‘{u),
f(T;) <t, u € T¢, conditionedon 4 = D dand T = &, is given by the system

1gure 3.2, where f(t,u;0,A) 15 the impulse response of the noncausal
point LMMSE estimator ‘n (t) “of Ayt from na(u),

f
’n\1(t) = f f(t.u;E.'A')nz(U)du s F(T) st 2T (3.6}
f(T,)
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and gq(t,u; A) is the impulse response of the noncausal point LMMSE

estimator sn(t) of s(t) from s(u) + nmy(u) -"m{u),

f
At = f 9t en® s+ a @ Rl KT ST D)
f(T,)
A proof of this assertion is given in [2].
The LMMSE estimator of 3s(t - d{(t)}, Ty £t < T¢, from r{u),
Ty €y < Tg, conditioned on d = D and @ = R, follows easily from the fact

that as{t - d(t)) is a linear transformation of s(t).
data have been used to obtain sn(t). f(T4) 2t < Tf. the noncausal

15 simply the scaled
and delayed version of Sh(t) of (3.7), namely, 3?}(t - Dit)).

LMMSE estimate of 3s{t - d(t)), glven d = 0 and_a
The specific form of the impulse response f{t,u;

f(t,u;0,A) = k{u) 8(t - u)

where
-1 - D(B(u})]
4 T .<u < F(T))
LS ¥ N T T f
0 ; otherwise.
Consequently

o
n1(t) = k(t)nz(t) .

Because all available

D,A) turns out to be [2]

(3.9)

(3.9)

{(3.10}

An equation specifying gp(t.u;D, A) can be obtained by using the fact that

gplt,u;l, A) 1s the LMMSE estimator of s(t), f{Ty) <t < T¢, from .

z{u) = s(u) +nfu) ; §(T4) Su < T§ ,
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where

nguy L nqqu) - W) 5 KT STy (3.12)

The noise process n{u) 1s zero mean, and uncorrelated with the signal process
s{u). 1Its covariance function is [2]

efntinu} = arusct-u) 5 (1) cu T (3.13)

where

N .
= 01 - D(BN] 5 HT) SugT,

Qu) = Mo 1-5 u

— - ; Ti<u < f(T,)
zl:m2 ¢ [1-0(B(u)1] i f

N, '
"7 f(Tf) <y < Tf . (3.14)

This leads d1rectiy to the equation

T .
f
Rt = [ gt Ryle,0) do
£(Ty) '

+ 0(u)g,(t,uiDR) 5 F(Tydet,u < T . (3.15)

We have now specified the structure of Hp{t,u;D,A). This structure is

shown in Figure 3-3, where the filter gp(t,u;0,A} 1s the solution to (3.15)
and where k{t) is given by (3.9). By tracing through this structure, we can
derive the explicit form for the ind¥vidual entries hij(t.u;g. ) in
Hp(t,u;D,A). Upon setting T¢ =t we 'then obtain the explicit form for

the individual entries in H.(t,u;D,A). This leads to the explicit solution
for £g(D,A) via (2.8).
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r2(u)
—| f(t,u;0,A)

Fig. 3.2 Estimator of s(t).. When
d =D and a = A, then x(t) is the
noncausal LMMSE estimator of s(t)
from r'(u).

Hatu A1

Fig. 3.3 System Hp(t,u;D,A)
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