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Abstract

The analysis of large complex engineering structures for the determination
of their natural frequencies and mode shapes requires a large number of
degrees of freedom. A substructuring technique for the reduction of the
of the number of degrees of freedom is discussed in this paper. A brief
discussion of aubstructuring methods and a description of the technique
known as modal synthesis is presented in the paperI followed by results of
_a typical calculation

introduct ion '

Prior to the advent of the digital computer one of the main emphasis in
the determination of the natural frequencies of engineering structures Has
the minimization of the number ofhand calculations. This meant that only
a fell natural frequencies and mode shapes could be considered and in many
cases did not provide sufficient information for the engineer. .

Hith ever increasing computing power the natural frequencies of the extremely
complex structures, which occurin the many branches of Hechanical and Civil
Engineering, can be determined and the finite element method has proved to
be extremely effective in this context. It is often necessary, however.
in such analysis to consider a large number of degrees of freedom to obtain
the detailed displacement information, which is necessary. for the
calculations. The direct use of techniques like the finite element method
can lead, therefore, to mass and stiffness matrices of large order. The
result is long and costly computer calculations yielding in many cases
natural frequencies and mode shapes in excess of the number required for
practical purpOSes. It is necessary, therefore, to adopt a technique which
can cope with complex structures, be economical in computing coats and
produce a sufficient number of natural frequencies.

Various researchers have focused attention on the problem of the analysis
4 of large structures and the common element in all approaches is to .
subdivide the structure into a number of substructures and obtain equations
of motion for the complete structure from the substructursl information.

Fig 1. Finite Element and
Substructural Subdivision
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One of the mre widely used approaches in substructuring employs the finite

element method and Guyan (1) reduction to obtain stiffness and mass matrices

of the complete structure. in this approach. substructures are selected and

reduced mass and stiffness matrices are obtained for a limited number of

master degrees of freedom using the mass and stiffness matrices of the complete

finite element subdivision of the substructure. These reduced substructural

nurse and stiffness matrices are then combined to give mass and stiffness

matrices for the complete structure of a .lower order than from the initial

finite element model. (563 “sure 1-)

Gladwell (2) discussed the approach known as branch mode analysis which replaces

the original elastic system by a lumped parameter model. fl system of

constraints is then imposed in turn on the body only allowing one section to

vibrate. The natural frequencies and mode shapes of each branch are determined

and the results combined to analyse the complete structure.

The method known as nodal synthesis for the vibration analysis of large

structures appears to have beenproposed initially by Harty (3). In this

approach, the structure is subdivided into a number ofsubstructures which are

analysed separately to give a set of displacement shapes. Hith the current

widespread availability of computer packages. it is advantageous to analyse

the substructure by the finite element method at this stage. The substruct-

ural displacement shapes are then used to synthesize a set of generalized

coordinates for the analysis of the complete structure which contain at this

stage a manageable nunber of degrees of freedom.

The mdal synthesis techniques, therefore, allows large structures to be

analysed using relatively few degrees of freedom and thus reduces pressure on

computational facilities. A further advantage occurs at the design stage

by allowing modifications to substructures without affecting other parts

of the structure. This is particularly advantageous in the production of

large structures which are often manufactured in stages, at different times

or by different contractors.

The Model Synthesis Method

In the analysis the structure is divided initially into a number of sub-

structures as shown in figure 1. For each substructure two types of

displacements are defined. These are attachment modes and fixed attachment.

normal modes. Attachment modes are elastic deformations produced by

applying, in turn, unit deformations at each model degree of freedom along

boundaries common with other substructures. Fixed attachment normal modes

are elastic deformations produced when commonboundaries are fixed. Hence

the deflection at. any point in the substructure is given by

u = u, 4- u£ (l)

and for all points the displacement rector is

u = M5 t u: [2)
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'i'he deflections ! are the modal deflections of the finite element mesh
and these can be related to a set of substructural generalized coordinates
g by the expression

u = [3)

I
l
o
u
o

“
U

o, u = na+gfpf m

The analysis now requires the derivation of aubstructural equations of the
form

(k z
a” '“an’Eeo (5)

To obtain the generalized mass and stiffness matrices and k in equation
(5) the finite element method is used to determine com ete Tngss and
stiffness matrices g and E for a completely free substructure. These
matrices are partitioned to give for fixed cannon boundaries massand

stiffness matrices at and Q which are used in the expression

(if-mg my ¢,‘=o (6)

to determine the fixed attachment normal modes sf of the substructure.

Having obtained the matrix equation (6) for each substructure, they are
combined to give a set of equations of the form

(5 - mnzglq = o - (7)

in which 5 and g are the stiffness and mass matrices of the cemplete structure

and 3 is the vector of generalized displacements for the whole structure.

Results

The method was used to determine the natural frequencies of a steel
cantilevered plate having a length of 12 in. a breadth of 6 in, and a
thickness of 0.25 in. li‘he results are shown in table 1 and compared with
experimental results a full finite element analysis and a Rayleigh-Ritz
analysis.
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'i‘able 1. Natural Ere uenciea of cantilevered Plate

 

Mode _' Natural Frequencies (Hz)

Shape ‘ Experimental ' Finite Rayleigh

- M... m,

 

Conclusions

The results shown in table i using the substructuring technique compare

favourably with those obtained by other methods. This means the:

satisfactory natural frequencies can be calculated for a reduced number of

degrees of freedom and with considerably reduced canputing coats.
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