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1. INTRODUCTION

The direct boundary integral formulation [1] is the usual mathematical basis selected for
developing a boundary element (BE) model suitable for modeling acoustic radiation from
submerged structures. This BE mode! can also be used with a conventional structural finite
element model for modeling fluid-structure interaction effects where it is known that the
external {or interna)) fluid greatly modifies the structural response (added mass effects).

The extension presenied in this paper deals with submerged structures with thin
appendages. In such cases, the direct pressure formulation is not well suited and is prone to
errors along the thin components. A more rational approach involving pressures and jumps
of pressure is presented together with a variational solution scheme. This choice ensures
the symmetry of the related fluid matrices and allows the effective coupling with a finite
element structural model for handling elasto-acoustic problems. The basic theoretical
background is outlined.

2. DIRECT/VARIATIONAL BOUNDARY ELEMENT METHOD

2.1 Direct boundary integral representation

The so-called direct boundary integral formulation has been described elsewhere [1]. It
allows one o relate the pressure at a field point X (in volume V) to the pressure and the
normal pressure gradient on the boundary surface S :

aG(XY)

P ooy
ey G(X. )]dS[Y) {1

p(X) = | {p(Y}
s

where G is the fundamental solution of the Helmholtz equation with a point source.

The normal derivative of {1) at some external peoint X is the starting point for the
development of a variational principle and can be formulated as

ap(x) - FPGXY) _ ap(Y) 0G{X.Y) aSeY
any j {p(Y) Ny Oy Oy Ny ] M @
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Using Stokes theorem [2,3,4], {2) can be rewritten as

ap(X) pv K -
TJ"HW(“‘ va(x.Y))}dsm k?ny !invp(Y)G(x.v)}dsm

(3)
+(ny & V) [ {{ny a Typ(V)GEX. 1)} S(Y)
S

where A denotes the vector product operator.

If the field point X reaches the boundary surface S, one obtains the refined expression

oy - [ {0yp(YIGIX, V)] 9S(Y) + (i » ¥)- [ {(my » FpINIGX, W]} aS(Y)
] s
' (@)

_ 3p(X) )
o +cpvjs’ { s v,G(x.Y})}dS(v;

where the last integral has to be evaluated in the sense of a Cauchy principal value [5] :

ap(Y) ; ap{Y)
CcPV|{-1Z(n, -V G{X.YJ}}dS(Y)-Ilm {-—-(n -V G(X,Y))}dS(Y)
H any S.L any X )

e—=0
In this expression, Eg is the neighborhood of X on the boundary surface S.

2.2 Variational principle

The variational principle is obtained by multiplying each term of (4) by a virtual increment
dp(X) and integrating on the boundary surface S, Using integration by parts leads to the
following result [E] :

k’j j {8p(X)RCY )y -y JBIX.Y)} AS(Y)ES(X) - [ f{(nx a U50p(X) - (ny & VOP(Y)IG(X, Y]} dS{Y)dS(X)

55 SS (6)

ap(Y)
any

- j ap(x)"‘aL""‘ldsgx) +j _[ {hp()() {ny va(x,Y))]dsmdS(x)
s x 55
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or

3J(p)=0 , M

whare the functional J is given by

2
29 = 5 [ (BIP0YI (g - )GX. ] S V) 85()
88

J[{nx  9x000)-(ny & 94pCY)GOX YY) dS(V) a8 (X) ®
§5

WX e vr ([ 00
-!p(xaﬁ—x—usm i ! {thJ—anY (ny v:Gtx‘Ya)}dsw)dS{xn

2.3 Discrete boundary element model

Discretization of functional (8) is based on some approximation of the boundary surface S
and the selection of appropriate interpolation {shape) functions for the koundary pressure
and the normal velocity {or pressure gradient) :

s-§-%s,
P(X) = N, (X)P ()
Vi(X) = Nv (x) Vn

where P and Vi, are vectors of nodal pressures and normal velocities, respectively while Np
and N, are the matrices of interpolation functions,

Note that the normal velocity vy, is related to the narmal gradient of pressure through the
relation '

1 _9p(X)
Vo(X) = T (10)

Substitution of (3-10) into (8) allows one to write the discrete functional J as

JP) - %PTD(I-:)P +ipmVT [C+BW))P (1) |
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where

Dik) = k2 ” {{n -ny INTDON, () B(X, V) }dS (Y88 (X)
5§

-IJ{(nx A VN (0} (ny VYNP(Y})G[X,Y)}dS(Y}dS(X)
55

C- J{NT,(X)N,(X)}dS(X)
3
Bk} = ” INTOXN, () - 94 GUX, YD)} 4S(Y)8S(X)
33 ‘

Stationarity of {11) with respect to P leads to a system of equations :

O(k)P = -ipa{CT + B(K)T}V, {(15)

where D(k} and B(k) are frequency dependent matrices. D is symmetric while B is
unsymmetric,

3. REFINEMENT OF THE DIRECT FORMULATION
FOR STRUCTURES WITH THIN APPENDAGES

3.1 Updated variational statement

If the vibrating structure has thin appendages, the (clesed) boundary surface can be divided
into several pans related to the main body and the upper and lower faces of the thin
components. The methodology to be followed in this case can be formulated with reference
to the boundary surface presented at Figure 1.

Figure 1 : Structure with a thin appendage
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The whole boundary surface S is made from three parts S,, S; and S; (as indicated in
Figure 1) :

S=5,US;US; (16)

The boundary element model presented in the previous section remains applicable for this
case but further simplifications can be introduced by a careful examination of the terms
involved in the funclional (8).

Looking at the first double surface integral involved in (8), the boundary surface partition (16)
allows the related (l4) term to be decomposed as :

Iy = J I F (X, Y)dS(X)dS(Y} + ”F,(x.v) dS(X)dS(Y) + I J'F,(x,v)dS(x)dS(Y)
$,5, 5.5; 8,5;

+ ”F,(x.Y)dS(x)dsm+ j J'F,(x,v)dS(X)dsm + ”a(x.vjdstxmsm (N
&8, %5; i85

+ [ [rxY)as0assv) + [ fRix. Y as(xias(y)« | [rix.vrespaasy)
55, 5:5; $;5;
where Fy(X.Y) is given by the expression
2
F{X,Y) = (- Jp(X)PYIGIX.Y) (18)

This expression can be further simplified because S; = S; and n* = - n" along the mean

surface S, . The result is that expression (17) can be rewritten as

l - I j F, (X, Y)dS{X)dS(Y) + 2 I J' F,(X.Y)dS (X}dS(Y) + 2 j' JF,(X,Y]dS(X)dS(Y)

5.5, 5,5; S5.8; (19)
+ _[ JF,{X.Y‘,dS[X)dS[Y) +2 _[ IF,(X.Y}dS(X)dS(Y) + j jF,(x.Y)dS(xadscv;
Sis: S8 S5

Defining the jump of pressure variable m along 5 as
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pe=p’-p (20)

allows further simplification of (19) and leads to the final form

e [ il m)POORMIGE VIS () dS(Y)
5,5,

+ [ J1e(ne-ny JpOORYVIGX, VS (X)eS(Y) @1)
5,55

o | [Kenx n MG Y)esX)8S(Y)

SiSe

The second double surface integral involved in (8) can also be transformed following the
same process. The resulting integral {I5) can be expressed as

lp = --2‘- [ [(ax & Z3p(X0)-(my » Fyp¥))GEX, V)dS(X)dS(Y)
s.sl

= [ [(on 4 24p0X0) {0y  Tyu(YGIX, Y)aS(X)aS(Y) (22)
5,5;

2 [ (e  FxutX)- {0y & Pyn(Y)IGX, Y)AS(X)dS(¥)
2 S35,

The third integral in (8) also takes the alternative form

1= - [p00 a5 - [ B gs 0 (23)
3, M & %

while the last integral can be transformed according to
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I, = -J' J'F.(x,Y)dS(xms:Y) - J J’ F, (X, Y)dS(X)dS(Y)
5,5, 555

- _[ _[ F,(x.Y)dS(X)dS(YJ-_[ J F.(X.Y)dS(X)dS(Y) (24)
&S, s$;

-j IF. (X, Y)dS({X)dS(Y)
55;
where F4 stands for the following function

F,(X.Y)= p(x)%l(nx VG, Y)) (25)

Again the identities S, = S; and n* = - n" lead to the final form

=~ [ [p00 2B 94Gex )ospqasm)

5 (26)
- [ Juo i, 9,60 11)as(x1a5(1
$:5.

The sum of the two last integrals in (25} is zero because normal velocities on S, and S; are
related through

Vo = -V (26)
so that the normal pressure gradients along S; and S, are equal in absolute value but have
opposite sign.

3.2 Updated discrete variational form
The discrete form relies on approximating the boundary surface S,and S; (Figure 2). Note

that S, has been removed from all the integrals involved in the above variational statement
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and that 5} can be made the same as the mean surface S, provided the thickness s smail
versus the acoustic wavelength.

s_-Es: s,,-Zs: (27

Appropriate interpolation functions for the pressure p on §,and the jump of pressure m on

S, have to be selected :

PX) = N, (X)P (28)
B =N, (X}, (29)

where P and J,, are the vectors of nodal pressures and jumps of pressure, respectively.

S

Figure 2 : Boundary element discretization

The discrete updated functional therefore akes the following form

P.J,) e %{PTDu(kJP + 2PTD,, (), + J},’D,b(k)Jp}

{30)
+ irxu{V:.C.P +VECydy + ViB L (KIP + V,LBhlk)J,}
where
Daa ) = 1 [ [ gy IN, DXINu (Y)GEX, V) IS0} 4S(Y)
$.8, (31)
- J [ 2 900 00) (& TN ()G(X. V) ES (X)aS(Y)
§.8,
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Bua(k) = [ [N, (X)N,a (¥){y - O¥BIX, Y}) a5 (X)alS(Y) (32)

5,5,
and
Cy = [N (XN, ()9S (%) (33) I
5

Similar expressions can be obtained for the other matrices involved in (30).

Stationarity of (30) with respect to P and Jp leads to the following set of equations :

';ig, = 0= O, (KIP + Dy, k), = -ipCV,, - ipuBl, (K)V,,
(34)

% = 0=+ D, (KIP + Dy (k) = ~IpoiCTV,y — ipoBl, (K) Voo
(-]

or

Daa(k) Dy (k) P ; cl+BLi) © [VM] (35)
= =]

DL D)%) "™ 8Lt CThVe

The solution of this symmetric system of equations (with prescribed boundary normal

velocities) gives the nodal pressures on S,and the jumps of pressure on S;. From these
boundary variables, field pressure can be computed using the integral form (1) rewritten as

AGIX.Y)

piX) = j{pm das(Y) (36)

""‘Y’ ) 5x, ‘ra}dsm jum "’G‘:v"’

3.3 Limit cases
It is instructive to look at the particular form of {35) when one of the boundary sub-surfaces

S, or §;.vanishes.

If the boundary surface reduces 10 S, (S,.= 0), then the system (35) appears as

Dea (kIP = ~ipi(BY, (k) + C1 )V, (a7
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while the case S = S; (S, = 0) leads to the system
Dy K}y = ~lpaCiVin (38)

already encountered with the so-called indirect boundary element formulation [7) which
applies to a wide range of thin (open or closed) structures and is available within the
SYSNOISE program [8).

3.4 Compatibility requirements

The discrete model for the mixed case relies on the use of appropriate interpolation
functions. This requirement is also related to the compatibiiity of pressure and jump of

pressure along the intersection of S, and S; sub-surfaces. Looking at the junction line
(Figure 3), the following constraint can be formulated

B =Pu-Pi (39)
where m; is the nodal jump of pressure at the junction on S; while py, and p; are the upper

and lower pressures at the closest nodes on 8.

Figure 3 : Junction between S, and S; surfaces

Complementary refations like (39) are constraints between nodal variables which can be
accounted for using the Lagrange multipliers technique. They have 1o be supplemented with
free edge constraints (Mg=0) at the other end extremities {Figure 3).

4. CONCLUSIONS
An extended acoustic boundary element model has been presented in order to handle
radiation from structures with thin appendages. The formulation relies on a direct boundary

integral representation. The simplifications related to the thin components have been
introduced in the variational statement and leads to a mixed form involving pressure
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variables on the main body and jump of pressure variables along the mean surface of the
thin appendages. These two sets of variables have to be matched along junction lines using
appropriate constraints. The resulting boundary element model is characterized by an
optimal choice of the boundary variables which contributes, in turn, to reduced model size.
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