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INTRODUCTION

The problem of estimation of noise correlation between sensors (NCS) occurs
very often in the area of spatial signal processing and specially for appli-
cation of high resolution methods.

High resolution methods are, indeed, based upon separation (by linear algebra
methods) of the outputs of an array into a coherent part (corresponding to
point sources) and an incoherent part (related to ambient noise). Hypotheses
(corresponding to an a priori information) about structure of ambient noise
cross—spectral matrix (CSM) is fundamental for the use of high resolution
methods.

The lack of efficient and simple methods for estimation of parameters defi-
ning NCS often leads to consider ambient noise as decorrelated (sensor to
sensor). This hypothesis is not without danger and may lead to damage strongly
performances of high resolution methods.

One considers, in the following, that ambient noise is the sum of all non
coherent signals received by the array, ie traffic noise, surface noise, flow
noise, etce...

Some methods for estimation of NCS problem have yet been proposed. Among these
one may mention :

1) Use of the likelihood as a function of eigenvalues of C.S.M. of whit ened
outputs [4 1.

In that method one considers influence of variations of noise correlation
parameters on the eigenvalues of whitened cross—spectral matrix. Unfortunate-
ly, eigenvalues of whitened CSM are not easily related to the parameters of
NCS in the general case. Iterative algorithms are, then, not easily effi-
cients. An heuristic criterion [ 4] have been proposed and gives interesting
results for wusual modelisation of NCS (Spherical noise, surface noise,
etCeee)e

2) Another interesting method is to use high resolution methods behind beam—
formers [1 ]. .

The approach which is here proposed is completely different of the precee-
dings. One wants describe parameters of NCS in a general way.

For the resolution of that problem a priori information is however needed,
but must be as little as possible. One uses, indeed, the following a priori
information : the number of parameters defining NCS a "little" in respect to
the number of sensors (of the array). Thus information on spatial structure of
noise received by the array is very redundant.

One is, thus, led to define a functional depending only on sensors CSM and
ambient noise CSM. That functional will be named, in the following, relative
entropy functional (R.E.F.). R.E.F. will be maximized by iterative methods
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(Gradient's like) relatively to the parameters of NCS.

One obtains by this way an estimation of NCS parameters which will be more
acurate as sensprs number increase relatively to number of parameters defining
NCS. These estimates will be used for whitening of CSM outputs.

Firstly, one presents the relative entropy functional and the accuracy of the
method. Then one considers an iterative algorithm for maximization of R.E.F.,
convergence is studied. Lastly one presents some results of simulation and
data performed at sea. ‘

Some ideas presented here have yet been proposed by D.R. Farrier in a somewhat
different context [2], [ 5] and specially the introduction of the R.E.F.

RELATIVE ENTROPY FUNCTIONAL
FORMULATION OF PROBLEM AND DERIVATION

Let be an array (linear) constituted by ng sensors, and B the CSM of ambient
noise. B is assumed a Toeplitz matrix and will be, consequently, defined by
its first row.

One supposes. moreover that noise is decorrelated béyond q sensors, therefore B
is completely described by q parameters. (The first q coefficients of the
first row of B).

Consider the following cutting of the array (At least in mind !).

sed L Lt 2 L L L L L Ll LN u////J/l/LLIIBJ\:1 V/)III/IIIIIITIS
NS AT T T 77777777 IN/ T T 77777777779
s X1 ‘ X9 X,
{ X, }? are the outputs vectors at a given frequency (omitted).
%om% 48 5% =8 48 5.3 % =8 +3 M
S N T S A S RS A
( §i = signal part |, ﬁi = noilse part)
Then :
> > %
E (X1 . Xl ) = Rq (q,q) matrix
> > %
E (B, - B, ) =8 (q,q) (2)

Moreover vectors ﬁ_ and ﬁ. are assumed decorrelated i # j (because spacing
between sensors coftespon&&ng to B, and B, is superior to q).

i
One considers then the vector (g. (L4+1l), 1) defined by :
> t > > > > =
x = (Xl ’ Bl ’ BZ > *°° BL)
Supposing that is a gaussian vector, the entropy corresponding to is

given by the formula :

Rq B

BB\O
0 B

Computation of H ( z ) becomes very expeﬁsive if L becomes great. This for

computation of (3) one uses the following classical result for determinant of
block matrices. '

H (X ) = Log det (3)
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1

det (A B) = det A . det (D - C.A ".B) (4)

c D

In our case one considers the following block decomposition :

H( £) = Log det /Rq B 0 0

0 .
o .

0 B

Now using (4), one obtains :

. B, O B .
H (%) = Log { det Rq.det s - (Q Rg- + (B O ...0) }
0 B

X2}

Now :

._1 -
B Rq (BO.Q. 0)= BquB Oooc 0
0 0
0 0 \o
Therefore :

> ~1
H(&)=1Log { det Rg . det [B-B .Rqg B () }

= Log { det Rq . (det B)L det (B - B .,Ral. B) }

det B . det (Id - Rc_11 B)
-1
= det B det Rq det (Rq - B)

Now : det (B - B . Ral. B)

One obtains therefore :
H(ZX) = Log det (Rq - B) + (L + 1) . Log det B , (5)
which is the formulation of the R.E.F. using only (q,q) matrices. The (L+l)

factor (about n /2q) represent redundancy of information about noise received
by the array.

The preceeding formula uses only the first q sensors, one may consider the
functional obtained by averaging functionals related to a given choice of q
sensors. Indeed, one prefers use of the Toeplitz matrix Rq which is obtained
by orthogonal projection of R onto the Toeplitz subspace, ie :

R(j-1+1, 3
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In that follows one considers the R.E.F. defined by :

Hq (B; , «+, Bp) = Log det (Rq - B) + (L + 1) Log det B (6)
where B = B (ﬁla ﬁz, cee, ﬁp) P <q
B = By By oo Bp O B = igl By U; (real case)
Bz \\\\\
: B, { U, } basis of Toeplitz subspace
BP\\\\\ g o= (1 1\\\\0
B Bl i - 0
O P 0\\\\T 1

Obviously another approachs of computation of R.E.F. are possibles.
DECORRELATED NOISE

Now one assumes that the noise received by the array is decorrelated (sensor
to sensor). Then computation of the R.E.F. is very simple in this case and
permit to connect the result with the eigenvalues of R.

Noise is assumed decorrelated, therefore B = A\ Id.
Consider the eigensystem decomposition of R, let be :

q > > % > > . . > .
R= ) o ¥, .0, ,vilvj(1¢3),||vi||=1 Vi (7)
i=1
with o, 2 a, 2 «e0 2 o
i 2 q
Then :
H = % Log (ai - A) +L . qLog A (8)
i=1
and :
q
OH_ 1 L. a_ _
o e £
i=1 i

f ()\) may also be written :

q
_ L .g 1
£ (A) = -2-=-9- ¢ - -
A =1 A aq) + (aq o)
= b
If A=a ( ) ), then :
1
£ (\) = (L+1). —aﬂ- + _% T
q i=1 - -ziiis— aq + (aq - di)
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Now : aq -a,. <0 A=1,2, e, q

i
Therefore :
( ke L@ 4 (¢ = @) )~ » = (L41) -
(L+1) i aq

Thus : £ ( 'E%T' L)oo

Now, if A tends towards aq , f (\) tends towards - =. H being a differentiable
and concave function in the interval ] 0, aq{ one can deduces .from that
preceeds that H as only one maximum in ] O, aq [ and this maximum A is

between o . ( ~-Ek_ ) and o .
q . q
(-3 Jen<a 9)

Obviously, if L becomes "great", A tends to o . If the noise is correlated
the preceeding approach is not valid and one must considers iterative methods.
ITERATIVES METHODS FOR MAXIMIZATION OF H

Study of convergence

(B = 2 By U.)

_g%;_ i—l, B) =-tr [ (R-B)T . Ul +Ltr [B—i - U] . (10)
and : (11)
'S%E%ET' (R,B) = - tr [(R-B)L. U, (r-8)"L. Ul +L tr_{B—l. U, gL, Ul
(Using 325- Log det R (B) = - tr (R™L(p) . gg ) and gg = -r! —%%— R
Let be X some vector og RP (X = (%7, +++, %)). Then :

LR A
H, being the Hessian matrix. From (11), ome obtains :

Fouy k=-erg (R—B)_l (1P 8,0,). R-B)7S EP 3 ujj ] (12)

S zpéii) TCE

Each term of (12) may be written :
-tr(A.C.A.C) (A = (R-B)"1 or B-1)

A being supposed definite positive, may be decomposed in Choleski factors, ie
A =T . T*, therefore :
-tr [A.C. A . C] -tr [T «.T*C.T. T* C]

-tr [ (T* CT) (T*CT)] =~ |JT*cT|?2 .
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Finally, one obtains that Hy is definite negative and consequently H is (rela-
tively to the Bl s) a concave functional on the set of parametrised matrices
B (B = l B U, ) such that B and (R-B) are definite positives matrices.

One can thus deduces from the above that gradient's methods (optimal step)
will be converge on this subset.

Computation of optimal step
Computation of the gradient vector is straight forward, one has :

G (1) = = tr [ (R-B)7" U] +Ltr (B Ul . (13)

A gradient method is written as :

—> —
fen = Km0+ G (14)
L3t _ ok K

with ik (B 5 «ves Bp)

Py is the step of the algorithm, one wants to determine the optimal step for

ensure convergence and principally satisfy constraints (R-B) and B definite
positives.

The matricial translation of (13) and (14) is :

Bk+1 = Bk ~ Py Dk A (15)
. = P
where : Bk Z B 1
= p
Dy Z G, (1) . U

One wants obtaln an explicit formulation of H (R,Bk+1) in function of p . By

and (R-By) being positive definites one may uses a Choleski decomposition of
them, ie :

Bk=Tk.Tk*andR—Bk

S+ Syt (16)

Therefore :
>

*
= Log det (S . S

Log det (R - Bk +p Dk) K +p Dk)
-1 -1%
= Log det [S, (Id +p S D8 ) sk ]
1 —1%
= Log det (R - Bk) + log det (Id +p S k k ) .

By the same way :

-1 -1%

Log det (Bk K Dk Tk )

= Log det B, + Log det (Id - p T

D) K

Finally :

-1 -1% _ -1 —1% 17
w Dk Sk ) + Log det (Id - p Tk Dk Tk ) (17)

+ constant term (p) ,

H (p) = Log det (Id + p S
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. -1 -1% - -1% . ]
Matrices Sk Dk Skl and Tlek Tk1 belng hermitians, they are diagonalisa-

bles. Let | x? }9 and { p? }q be their respective eigenvalues, then :

i=1 i=1
= v4 k q k
H(p) = )Y*Log (1 +p M ) + Y*Log (1 - p “i) + constant (p) . (18)
i=1 i=1
Constraints (R - By41) and (Byyy) definite positives are translated in :
k
1 -pxi_}() i=1’ e, q
. . 19
l—p p,i >0 1=1’ ce ey, q

will be therefore determined by maximization of H (p) given by (18) under
conistraints (19) by an unidimensionnal Newton method initialised at O.

Implementation of algorithm of maximization of H

The price paid for computation of optimal step using formulas (18, (19) is not
neglegeable but its great advantage is to explicit constraints of positivity
on B and R-B. In that meaning, it is a very simple version of a projected
gradient method.

In practice, one uses directly the algorithm defined by (13), (15), (18),
(19), Gy being calculated by formula(13) for the first iterations followed by a
conjugate gradient method. Extension to complex parameters Bi is straightfor-
ward.

SIMULATION AND RESULTS

Signals received by the array are simulated as :

_n . .
X = 121 oj ﬁei +B (ﬁei : steering vector) (20)
where 4, 1is N (o, p-) and B is a gaussian vector of given covariance
matrix B kB is obtained by Choleski decomposition of B).

At the end of running (of the algorithm) one obtains an estimate of B (na-

med Bf). One tries to determine the acuragy of the algorithm by computa-

tion of cosine (Bg, B) dgiined by :
- tr (Bf . B)

cos (Bf, B) = (21)

| tr (Br . B.) tr (8B . .

- When By is colinear to B then cos (B. , B) =1, so cos (B_ , B) must be
as greater as possible (< 1). Then Be %s decomposed in triangular factors
B = Tg . Tg* and R the C.S.M. of sensors outputs is whitened by the
formula :

—t -1* 22
R‘J—Tf.R.Tf ()

The Pisarenko method is applied concurrently to R and Ry by formulas :
T - Bs 2k 12 2441
f1(6)={ ) s U, -Dg 2}1;f2(9){ ) S v, - T; Dg }
> i=n —T i=ns—n
{ Ui } s Vi being eigenvectors associated respectively to R and Ry.
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One presents in figure 1 and 2 results corresponding to f () and £, (0).
In this.case q = 4 B, =15.,8 = -4., 8

rithm B, = 12.6, B, = - 3.8, B3z= 1.0, B
(Bg,B) = 1.0 0.999).

This result for estimation of the { B_} is good but it obtains for almost

all choices fo { Bi . Each maximization of the R.E.F. needs about twenty
iterations or less.

;= 1.5, 8, = 0.0 with ouralgo-
L= 0.7 and the average of cos

One may also remark that sources are much more perceptibles on figure 2
rather than on figure 1. But in fact another great problemn is the exis-

tence of numerous spurious sources when NCS parameters are not or bad
estimated. In another hand the misadjustement of p is not important.
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One may remark that the use of Pisarenko method on the estimated CSM leads to
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HIGH RESOLUTION METHODS WITH NOISE CORRELATED SENSORS OUTPUTS.
Results for data performed at sea are illustrated by figures 3 and 4.
many spurious sources.

these spurious sources and to strongly enhances the true sources.
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[
Consequently that method leads to an important improvement of high resolution

The method which is presented here is very suitable for simulation and data
at sea, and provides a very convenient estimation of NCS parameters.
Furthermore it is robust and not very expensive in computation time.
method.

Conclusion :
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