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1. Introduction

A general and comprehensive description of the rele of ronlineer analysis in
structural dynanics kas been given recently by Barr [1]. It is clear that the
dynemieist must {reluctently) include nonlinearities in kis predictive models
of structural behaviour to account for a wide range of corrlex response
phencmensa, vwhich cannot be expleined on the basis of lineer system response,
With the retention of quadratic nonlinear terms sycter equstiorns may he seen to
adriit the possitilities of internal resorance when, if sirple coineidental
relationships exist between the undarped natursl mcdal frecuencies comrlex
scettering ¢f vibrational energy may result during forced or rotional
excitaticn end modes having natural frequencies remote fror the excitation
frequency may respond significently.

There is no attempt in the present paper to extend the gereral analysis of
such systems, but rather it is a descripticon of work on a specific exanple of a
configuretion which gives an interesting range of responses. The svsten
considered is m system of two beams coupled at right angles (Fig. 1}. The
prioary beam AB is considered toc he force excited in the verticel plane,

The secondary beam CD is arranged to have low stiffness for bending out of the
vertical plene. ‘This type of arrangerent is commen in mery structural forms,
During an investigaticn of random vibration response of & model of this tvre
[?] it was found thet 8 narrcw btand excitetion centred et m relativelv high
frequency (52 Mz typically) produced large responees in the first out-of-plane
bending mode of CI at typiecally 4.5 Hz mnd in the first ir-plane bending mode
of the structure at 9 Ez. It was subsequently esisblished that the effect
also oeccurred with deterministic force excitmtion and was due to m four mode
nonlirear irteraction invelving two rlane bending rodes, topether with torsion
and out-of-plane bending of the coupled team CD. Fip. Z shovs some
rerresentative transducer traces of the effects. The arelysis sumrarised
below leads to en approxirete prediction of the zone of intermsction ms a
stebility boundmry for the onset of cut-of-plane rcotion, msnd e quslitative
explanetion of the respense,

2. Syeter Equations of Moticn

We represent the in-plane motion of the primary bear by &n n degree of freedom
lumped perereter model, with cecrdinates Q,..0p, excited tr an external fcree
and the interaction loads at the coupling point, Ve rodel the coupled team

€D es a ressless syrpetric elerent vith a single diserete rmass, driven by the
transverse dlqllaeement W ané slope angle o at the covrling point C. (Flg 3.
Trree cartesian displacerent functions u, v, v specify the deformed elastic
lire and three Euler engles specify the section principal directions at any
Toint. To quadratiec order, the locel curvatures ené tcrsion rate are reduced

to: 'fl e -'v"+u"¢ H K;; =yt eyt le H = ¢'+L:“V‘ (l)
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Tre following ccestraint releticns, tesed on inerxtension of the glastic lire
and negligitle curvature in the local stiff plene of tendirg roy be applied:

Z z
wiz) = -t J u'?dz_ 3 vig) = [ (z-2 Yu''dez {2)
c ] < o
0 0
Then uging Galerkin's method with zssumed deformation forms:
ulz) = {2y 5 80z} = nl2)e i £(2) = ml2) =1 )

ieadr to o two degree of freedcr representation of the coupled beam in terms of
its out-of-plane bending coordinate Y, ang torsicn coordinate §,; reteinirg up
tc quadratic terms.  Thus:

. . z “ 0n .
+ 2 i v XX =
U 2ae o fyy e VB ek B;J u, + 25 B¢ =0 (L)
" . 2 + : . '= c
¢, * 28 w8+ uié %i_Eh au =0 (<)
"o
together with equetions of plane motion:
EH + 2& +Kg =P q]E Wy qzz a {€)
Pz-rall - (0% +uX ) . ()
i i 0 e o
E - L] ':C‘ - + -
I-‘2 “mu(uo b, + 2u b u ¢ ) (&)
P, = Pcosft {9}

It in clear from {4) and (5) that in-plsne motion mey excite cut-of-plane
vending end torsion threugh the quedretic ceurling terms.  Fessible Terms of
interactiorn are discussed below.

3. Discussicn

™o mode Interaction: For the case of & close to an in—plabe neturel frequency,
e gingle node representstion of the in-plane rotion may te conridered by using
2=1r;yin (&) where rj is an eigenvecter cf the linemerised piene pretlen with
corresponding natural frequency wg. {€£) ther has the form

M.(‘i + 28w, +uw2 )= —rr . B (02 +uu) -
FART IR 0 AT BRI 3 (95 * U,

1
s 15: (uo¢° + 2uo¢° + ubeo) + rkj Feosit {10}
vith .
rljcg Yo rzj cj = a

If there it some transverse displecenent at the coupling point C associsated with
this mode, then ¥ will act as & parazetric losé im the Uy equeticn, vhile u,
rotion will generate u recction force fror (7). This is autcruresetric
covpling es descrited ip [3} snd is known tc be significarnt if
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Three Mode Intersctior: Once more considering e single rode rerresentation of
the in-plane motion excited by the externel ferce ac in (10} ard sssuming
pigrificant yitch arple st the coupling point, the errangerent of the quadratic
ccupling terns in a in (k) end (5) suggests & close perallel vith pararetric
excitation cf a tva degree of freedcm systec and the poseibility ef combinetion
type instability when @ is in the neighbourhicod of wy + wy, ¥ith the tangential
ecceleration f4 ms the excitetion parameter |[h]. We mey expect in addition
that @ will be dynamically magnified by the external resorance if § # wj sa that
the eondition @ = wj = wy *owy may te expected to denote & region of strong
three riode interaction. In the coupled motion u, and ¢, will respond more or
less et their individual resonant frequercies, so that the quadratic reaction
rcomect term () on the in-plane system will contain significent frequency
content &t wy + wy = wj and will modify the in-plane motion. lote that purely
in-plane response is &° solution of the system of eguetions (b) - (6). The
stebility of this solution for smell out of plane disturbences ray be considered
Ty neglecting products of u, and &, in (€).  The equatlens then represent a
pereretric excitetion problen with excitation parameters ¥V &nd a taken in the
fcrm of steadv-stete frequency resronse functions, derived from the pricary
excitation. The well known soluticn for the boundary curve of the combination
instebility zone [L] mey then be applied in the form:

g 14d (w22} 5 a = ugs ——T
+ =] t =— H] tt;B=?mbwtéhét
“pTe 2/d wy by o v e

vhere the excitstion parameter p ie given by:

(12)
uy, ¥+ owy

ni? n
Eh/To 2 ag (2}

we= i (13)
2(mb+mt) Y owy Wy
{12) predicts a V¥ stepe instalbility zone in the (u, R) plene centred on
(wr, + wy). @g s the sterdy state piteh ungle at the corpling point for
forced vibreticn at frequercy £, end will itself be subject to dyvnamie
megnification et resonence of & with wj. This sirple epproach gives good
correlaticn with repions of three mode interaction ohserved on the model.

Four Mode Interaction: As an extension of the previcus case we may exarine
four mode irterecticn formelly by taking e two rode representstien of in-plane
motion § = T2 4§ + Lj G- Tris will leed to second equetion of the form of
{10} representing a mode excited at a freguency remote from its resenance by
the externel force and the quadratic reaction moment terr. We will consider
these effects to be small. The rereining quedratic terc in uy admits an
inteyesting possibility. During out-of-plane motion u, response will oceur in
the close neighbourhood of the out-of-plane bending frequency wy,. The
quadratic term will have strong content at a frequency 2wy and this may be
resonant with the seconé in-plane mede, leading to m complex pattern of four
mode motion i the conditions € = w; = wyp + wg 3 @i = 2wy, are realised. This
is precisely the type of response observed on the model end the systen resonant
frecuencier plotted in Fig. b chow that the rescnance conditicns are satisfied.

L. Corclusions
Fellowing derivaticn ¢f syster differential equations we have giver a

quelitrtive explenction of the corplex interactive motions observed with this
structural errangererl. Vork is proceeding or response prediction by
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FIG. 3 MODEL DEFORMATIORN
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