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l. INTRODUCTION

The pores in naturally-occun'ing granular materials are difficult to specify in length, shape or connectivity.
Nevertheless a platsible approach to understanding their acoustical characteristics is to start from some idealised
pore microsuuatn-e.

Previous publications “ 2 lulve introduced a modified classical approach to the description of tile acoustical
propaties ofair filial granular materials based upon a model microstructure ofidenfigal tortuous capillary pores
of arbitrary shape. The relationship of the resulting theory with the rigid frame limit and high frequency regime
ofthe widely-used Biol lltwl'y 3 has been discused also 4. Useful approximations have been derived and applied
to results of acoustical measurements. In its final form the modified classical theory 5- 5 predicts that the
acoustical properties of porous media depend on porosity. flow resistivity. tonnesin and a pore shape factor
ratio. The first three of these may be mmured non-acoustically by gravimetric. air-flow and electrical
conduction methods respectively. However. the basis for introduction of the pore shape factor ratio is
phenomenological and it ins been used as an adjustable parameter relating the effective or acoustic flow
resistivity to that defined for steady flow and measured non-acoustically. For cylindrical pores the pore shape
factor ratio has avalue of 0.5 and acoustical arid steady flow resistivities are identical. Exact explosions may be
obtained for the propagation constant and wave orcharacteristie impedance in a rigid medium containing eitha‘
identical parallel cylindrical pores or identical,parallel sided slits. 1-3. 7%. Non-is 9 liar provided a rigorous
derivation of the acoustical propmiu ofa medium containing identical arbitrarily—shaped pores. His genus!
results for the low frequency approximation areexprcssed in terms ofthe steady flow permeability and an inertial
factor defined as product of porosity and the real part of the complex density of fluid in the pores divided by the
fluid density. It should be noted that the inertial factor introduced by Norris9 may be distinguished clearly from
tortuosity irt having a non-unitary value even for straight pores. His result {or thelow frequency
approximation of complex density suggests that effective and actual flow resistivities are equal and irtdependertt
of pore shape. Nonis9 considers also the effects of pore size disu-ibution and pore interconnections.

[n this papa we consider the effect ofa log-nonnal disuflrulion ofpore characteristic dimension (eg. radii or slit
semi-widths) on the acoustical parameters of a rigid porous material modelled as an array «arbitrarily-shaped
tortuous pores.

2. THEORY

2.] identical straight cylindrical and slit pores
The complex density of fluid in a medium containing identical parallel cylindrical pores ofradius r with their
axes along the direction of propagation is given by 1-219“

Sc(m)=(p{fl) ( (-1004?) M 12 (N51) (2)
where “represents the equilibrium fluid density and

t:r (3)
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(D = 2r: f. {being the frequency. ‘\) = tripr and p. is the dynamic coefficient of viscosity of the fluid.

The complex stiffness o! fluid in this ideal medium is given by 12-7

20—1)“ Nor: ) "

l _
NW1; dugonfiirpi)

where you is the isothermal bulk modulus. 1 is the ratio of specific heals and Np,- is the Pmndtl number.

ice to) = (W0) 1 + (4)

The governing equations for the bulk medium are an equation of state.

[i c (m)]" = (1/90 (do/d9) (s)

where p[ represents the equilibrium fluid density and p is pressure. an equation of motion

- (39/31) = 5:01!) (3WD ' (6)

where it represents the average fluid particle velocity. and an equation of continuity

- (Bu/3x) = (fl/pt) (Bard?) (Splat) (7)-

Combination of these leads ID

3m [futon/EC on] f; (8)

from which a propagation constant kc may be defined as

kc2=flw25c(w)/Ec(w) (9)

It should be emphasized that equation (2) is an exact and rigorous result for an ideal rigid porous medium

containing identical parallel circular cylindrical pores and in which thermal effects are ignored. It has been

duived also by Norris 9 as a particular result of a general rigorous homogenisation prom for a medium

containing pores of arbitrary shape. Similarly equation (4) is an exact result for an idmi cylindrical pore

medium containing a conducting non-viscous fluid. Strictly the equation of motion for such a rigid porous

medium containing a viscous. conducting fluid should be solved. However Zwikker and Kosten 7 have shown

that the inaccuracy resulting from separate munentof viscous and thermal eil'ects is small. Consequently

equations (9). (2) and (4) together with we = pic},2 may be considued to cmslitnte a result that is close to

exact for an ideal rigid porous medium containing parallel identical cylindrical pores.

Similar results {or an ideal medium containing identical slit—lite pores of semi-width b with their axes along the

direction of propagation are

55(0)) = wmI 1 - (Asit- o)
-I .1

tanh (1.54 (. i) i] (10)

- (1-1) i
K a t t h A -N (11)s(m) opo>[ + hwy“ (sit: mi]
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as = b J (0/0)

Again equation (lo) has been derived as a particular case of a general homogenisation tlteory9.

22 Size distributions of cylindrical and slit pores
Following Yarnamoto and Turgut 10. we consider fust a medium containing circular cylindrical pores and we
assume a log-normal distribution of pore radii given by '

60') = Fm) = (1/6) (20*15 exp [ - (a - 69/202]

where a = - log: r (r in mm). a is the standard deviation and 6 is the mean value of o.

Fora medium containing circular capillary pores, aligned with the (x -) direction of flow. and subject to an
oscillatory pressure gradient ap/ax where time dependence exp (-iux) is understood. the fluid velocity. averaged
over the cross sectional area of a single pore, is given by

  

I
U ac 12Ave E ax imam) ( )

The average velocity in the medium containing a log-nonnal disu'ibution of pore radii, is then given by

_ a.

Um = l comm (w. v) d: (13)
o

The bulk complex density may be defined by

an

anew): 351m 6A“: Ie(t) mom
0

, u }¢ 14J¢(I)n{120‘,i—) ()

0

Yamamoto and Turgut 10 derive an equivalent expression for the complex viscosity correction factor used
originally by Biol 3 and evaluate this for tltree values of the standard deviation 0 in the assumed log-nonnal pore
radius distribution. They do not offer any detail of how the evaluation is carried out. Probably a numeriral
metltod was used since it is tmliltely that the integral in (14):): their equivalent has a suaight forward analytical
solution. However. a situation of interest in mssing the acoustical properties of air filled soil at frequencies
in the range 100 Hz to 5000 Hz is that ofl<< 1 corresponding to low frequency and small pore radius (or
width). By expanding Ilte Bessel functions in o (11) it is possible in show that 11-4." equation (2) gives.

Ec(w)-§§§+ (is)
Hume
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4 . “a v 1 -' 2 .DAve(m)~5%i+.J;—g;{d%;° exp[1.3ssza—19;%L]do (16)

whmnsehubeenmadeofr2=22° =4°=e1-3853°.

and J." mm = 1.
0

The remaining imegml may be rewritten as

i=§ifig§1171rup[i.3ssa x - x2/202] dx (W)I ..

Wheru=¢~6 andf.themeanporeraclius=2'a

A standaid intents] of this form is evaluated straight forwardly. '2

- r» 32..22 =—J‘ exp(p x iqx)dx p cxp(p2) (18)
‘6 4

irpa—l— andq: 1.3863. um:
65

I = (ab/m) exp [4 (cu-2F] (19)
when for s log-normal pom size disu-ibution. the bulk flowminivin (qt/penneability) is given by ‘0

‘0'b= 331:5) exp [(-2 MW] (20)

Substitution of (19) into (16) and compatison with an equation of the {amt

~ '49mm) = gg + '3‘?" (2-)
leads to an explicit retaiionship beam Sn and u for A<<L

. ‘
sd = 5 exp [2 (oln2)2] (22)

‘r }n equation (21) 4 5801, (a ac) may he termed on monstic armflow resistivity and 5.1 rqnwents a sin
I. .I . E ‘ .

v
For slit-like pores ‘33

Sam-g + (23)

Assumption ofs log-normal distribution of slil widths with mean value 5. standard deviation 6 and a bun: flaw

resistivity 0}, given by
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at, = exp [-2 (oln2)2] (24)
m:2

leads again to the definition (22) for 5,: given above.

As alternatives to (15) and (23). it is possible to consider approximations for A >> 1 corresponding to high
frequency and large pore radius (or slit width). These are relevant to the acoustical properties of low flow
resisrivity sands. snow. artificial air-tilled media consisting of glass beads or lead shot and pervious road surfaces
in the frequency range 1000 Hz and above.

The relevant approximation for an ideal medium containing identical cylindrical pores is 1-2-7

5c (m)- (pt/fl)(1+2\ri/7\c)
' I

a (pr/m [1 + i] (25)
wherer=m (26)

and 01; is given by equation (24) witlt a = 0.

1 After substituting in equation (14). again making use of equation (18) and comparing with an equation of the
form

.. S tpAveW) = (pr/n) [1 + {7‘ (2mm new] (27)
a relationship between 5.1 and s may be derived as

Sd = % exp (aln2)2] (28)

Figure I shows a plot of Sd for 0 < ct < 1. Both the low and high frequency deductions in Figure 1 indicate a
range 0.5 < Sd < l.3. for this range of standard deviation For a < 0.3, the value of $4 is approximately
constant and similar to the value (0.5) for identical pores.

The similarity between the pairs of equations (2) and (4) and (10) and (1 I). and consequently of their
approximations suggest. without rigorous derivation. that the influence of pore size distribution on the complex
softness of the fluid in the pores. will also be indicated by Sd evaluated from equations (21) and (22) or (27) and
(28). These results are consistent with domination of viscous and thermal processes within the bulk medium
by smaller pores where the size distribution is sufficiently broad.

As remarked earlier. the expressions for Sd are independent of pore shape. consequently. as long as the pores in
the medium are assumed to have identical shapes. the mum in equations (24) and (28) may be extended to
media containing arbitrarily-shaped pores.

2.3 Approximations for propagation constant
Fora medium containing identical circular cylindrical pores of radius r aligned with the driving pressure gradient,
approximation (15) may be combined with the equivalent approximation to order )3 of (4). through equation
(9). to yield a low frequency approximation for the bulk propagation constant.

Hence
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i- t (3:)ziG- LEW») + “it—2.31]
wine or}, = sit/ail

A similar expression with 4n replaced by 5/4, follows from roximation (23) and the equivalent

approximation to order )3 of (l I). where for slits 01, = awn . For media containing aligned straight

arbitrarily shaped pores with log—normal distributions of characteristic dimension having standard deviation 0’.

2 a, 2 . 1 4iS 2c! 9
Erik) [0° "it—"v0 * Jp—mh—l 02>

Note that (32) may also be written

“Vi i190: a]; [l _ rm]
Co pf 2m!c

to satisfy causality, and with a = lo 1%]pr for arbitrarily shaped pores.

Note tltat in is the inertial factor evaluated by Norris9 for sevaal specific pore shapes. If thepores are tortuous

then :7: may be modified to include a factor qz. which also appears explicitly as a factor multiplying a.

At high frequencies or for b> l, approximation (26) together with the equivalent approximation of (ll) lead to

1 + 2iA}
a 291m

kh - q (tn/Co) (36)1_2(1-12$‘ (mt
tin—wanna

for a size dismlautiort of tortuous circular cylindrical pores.

it is not difficult In show that equation (36) applies also to a medium containing a size distribution of tortuous

slit pores. This suggests tint (36) is a general result and is independent of pore shape. Although Norris 9 did

not extend his analysis to high frequencies it is likely nevertheless. that the high frequency approximation for

arbitrarily—shaped tortuous pores will also be independent ofpore shape. Physically this can he understood as a

consoun ofplug [low at high frequencies. It should be noted that. as temarlted earlier, furtha

approximation of (36) leads to the result that the ratio of sound speeds inside and outside the rigid air saturated

porous medium at high frequencies is related simply to turmosity (strictly the square root of lonuosity). This

result has been used extensively in the literature 1‘.

Approximations (34) and (36) enable deduction of best fit parameters (at;2 and 3;?) from measured data of

propagation constant and stuface normal impedance at low and high fiequencies (defined in terms of A). For

example. representing lq, by c 4 id where c is the phase constant and d is the attenuation constant it ‘5 possible

to deduce from (34) that allow frequencies

2
2_Bi__ 2_ 2at “W (c d) (37)

and that 5d2 - 155% (38)
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For fluid constant values appropriate to air at sea level and 20°C 1 = 1.4,
pf = 1.2 Kgrn'3. and C0 = 343 In s'l, these approximations reduce to

aq2-2128 (:2 - d2)lf2 (39)
aid

53- 3024.3 cdl(mo) (40)
At high frequencies it is possible to deduce from(36) that

c .
q--n§;[—dl = 54.6(c-d)/f (4t)

and um SP7- - 2pm242/(nmu) = 42247 d2/(tna) (42)

using tlte some fluid constant values as above. and where b = l

3. COMPARISON WITH MEASURED DATA

3.] low frequency approximations
While Zwiltker and Kosten argue that the degree of approximation given in (3!) and hence in (34) is valid only
for h, < l. numerical calculations carried out by the author and others ‘5 indicate tttat it is valid for h< 4.
Consequently (34) has been used together with approximations (38) to (42) to fit data from msim probe
microphone measurements over a frequency range It!) Hz to 5000 Hz in soil and sand. The theoretical basis {or
the deduction of Negation constant from these data and the experimental technique are described in detail
elsewhere ‘5‘” . An example result is shown in Figure 2 where tlte real and imaginary parts of the
propagation constant are termed phase constant and attenuation constant respectively. Although there is liule
difference in the theoretical predictions for slow wave propagation constant in the high flow resistivity sand and
in the dry loam. the introduction of an adjustable pore size distribution factor and an adjustable structural factor
enables improved ayeement with data in the moist sandy loam and in a low flow resistivity sand. Use of the
Bnrggeman relationship for suits (q2 = 9-!) without allowance for a pore-shape dependent inertial factor and
without allowance for pore size distribution fails to achieve reasonable predictions for these cases.

3.2 High frequency approximations
Data obtained by high frequency pulse measurements on spherical glass had packings in an impedance tithe20
have been fitted by equation (36) after use ofapproximations (41) and (42) together with the measured flow
resistivity and porosity. For these media the acoustically fitted tortuosities are close to the values expected for
stacked spheres according to the self similar model.

4. DISCUSSION AND CONCLUSIONS

By making we of low- and high- frequency approximations the classical theory for the acoustical characteristics
of rigid porous media containing identical circular capillary pores or parallel-sided slits has been extended to
allow for a log-normal size distribution of such pores. Reference to recent rigorous results for the low frequency
behaviour of media containing arbitrarily-shaped pores. has enabled further but non-rigorous extension to media
containing log-normal size distributions of arbitrarily-shaped IDrluOItS pores. The acoustical properties of such
media may then be described in terms ofporosity. flow resistivity. a structural factor depending on pore shape
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and tortuosity (aq2) and a pore size distribution factor (Sn) which is related to the standard dev'uttion of the (log-
normal) size distribution.

A value of Sn greater than 05 implies an acoustical or effective flow resistivity which exceeds that measured for
steady flow at low velocities. Comparison ofpredictions of the extended classical model with data for air-filled
media. whose (low resistivity and porosity have beendetermined non-acoustically. reveals the necessity for an
adjustable structural factor and pore size distribution factor. For soils and sands with relatively high flow
resistivities valrtes of 5d less tltan 0.5 are required. However, for low flow resistivity packings of spherical
particles. higher values of 54 (greater than 0.5) are required. It should be remarked that our earlier suggestion

2'4. based on fitting impedance tube data 21.0! 5d = 0.26 for stacked spheres, was mistaken. It was the result
of using values for the flow resistivity of the stacked spheres and sands featured in those data that were a factor
of to too large. Reanalysis of these data yields values for Sd which are consistent with those deduced for the
glass beads in section 3.2. Clearly. a model with a tortuous log-nonnal distribution of arbitrarily-shaped pores
may not be an adequate represmtation or the interstices between stacked spheres. 0n the otlter hand. the
consistency of Sd values found for the various stacked sphere media suggest that the representation and
interpretation in let-ms of: pore size distributionis plausible and that the acoustic properties are dominated by
the narrower cross-sections in the interstices.

It is also clear that interpretation of the acoustic data on soils and sands in terms ofa log-normal pore size
distribution. at prsent. can only be qualitative without any independent (non-acoustical) information on this
disuibuu‘on. However. it is possible to measure pore sire distribution non—aooustieallyu. Consequently
future work will be devoted to study ofaooustical data for media where porosity. flow resistivity and pore size
distribution have been obtained non-acoustically. Further study will concern the influence of distributions other
than log-normal and variation ofpore cross sections along their lengths.
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