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INTRODUCTION:  Over the last dacade, the matrix displa-
cement method, which 1s lmown to be a £inite slement
analogus of the Raylelgh-Eitz method, has been widely used
for vibration anglyslas of structural components, It is
possible to develop new and equally useful finite aelement
methods adapting other known ngprozimate methods 1in the
analyals of solid continuoa. n this paper, we present
two methods, onae based on the modified Rayleigh-Rite
method followlng Reglasner and tha other basaed on the
Galorkln method. An assessment of these methods in com-
pariacn wlth the conventionagl dlsplacement method 13 given
with the ald of simple examples.

NCMENCLAT URE:

ral 1t displacetient trgnsformation matrix
[byl 1t load tranaformation matrix
1153 ¢ inertia losding
n 1t mass pe® onit length
L : displacement distribution over 1D glement
iz} t local or element degrees of freedom
123 1 global or structural degrees of freedom
E 1 loecal coordinate in the glemaent
]

w natural frequency

THE MODIFIED RAYLEIGH-RJITZ METHOD:

Bnglg: Por the aake of drevity and clarity we deseribe
the method with reference to vibrations of besms. In
this method cne steris with assumed displacements over .
the gstructurs, Assoming sinusoldal vibrgtion, the imer-
tia loading in the structure iz the product of the square
of tha frequencies, mass per unit length of the beam and
the local dlaplacement., Minimigatlon of g functien,
defined as the difference of the strain snergy correspon-
ding to tha lnertis loading and the kinetle energy corre-
gponding to assmmed dlsplacement distribntion, provides
the procedure for approximating the natural frequencies.

Finite Elemant Anaplogugs The principal steps in this
procedure ars as follows:




(1) Divide the structure into a set of sub-domains
¢nlled ‘elements’.

(2) Assume a sultable displacement dlstributlon over each
alement. In the case of a beam we choose & linezr
dlsplacement distribution as

V(ii) = [Eli 1 -11]{31 Y 52} = [f(E-L)]fz,f lﬂtl)

(3) Derive the mass matrix of the alemant using the
principls that the derivative of the kinetlc energy
with respect to =4 Eives the inertia load in that
direction. With Eq,(1), the mass matrix 1s essily
seen to he

. o |2 1
(=) - SL 21 .o(2)

(4) Total kinetic energy of the structure is

v <1o? g’ ) tE)w g . (3)

(5) Tha strain energy corresponding to the inertia loa-
ding for the assumed dlsplacements (Eq.1l) 1s

v =2 gxz}T [bI]T Feyd gl i1, .o(4)
where,
1,1 = e {2¢ED ] [al A2

{by] = load transformation matrix, relating {1+ with
assuned generalized losds in the element.

It may be noted hars, that U of Eq.(4), corresponds to
the straln gnergy asscclated with the deformed shape of
the structure under the inertia loading and it 1s expre-
ssad ag 1in Eq.(4) for convenlencs.

{6) The condition that S(U-T) = 0 glves the necessdary
aquations to complaete the solution.

THE GALERKIN METHOD:

Basis: In thls method one starts with the displacement
expressed in tarms of a set of displacement functions
each satlsfylng the boundary conditions. Thils expressicn
subatituted in the governing differential aguations,
yielda an error function. Intagrsls of the error fune-
tion multipliad by each component function of the agsumad
axpresaion for displacement distribation, are set Lo zero,
to cbtaln the necessaTy equations for completing the
gsolation




Finite Element Anglopue: Wa will describe the procedure
here with reference to flexural oselllations of uniform
beans, ’

(1) Divide the structuore into s 9et of aub.domains callad
'alemants'.

(2) Assume a suitable displacemant distribution in each

element. For g begn thae dlaplacemant distributlion
ovar the elament, may be taken as

vy () = [HEDT {=43 «»(5)
(3) Substitute Bq.(5} into tha governing differantial

equaticn to gat the error function. For fres flaxural
oscillations of beams the governing equation 1is

viv 4 22 v - 0, In this case the error function is

€k = [ % (BT {agf . (6)

{4) Assumad dlsplacemsnt distribution over the entire
atructure iIn terms of the global coordinates 1Z} 1a
aa3zlly geen to be t

2 = [31(51)] [a] {Zii +a(7)
and the corresponding error function becocmes
€= (e%E T Tal §aq4 + Nly(5] [adzgd (2

so that, following the Galerkin procedure, one gets the
tinal equatlon as .

o Fepd lal+ A2t Logl ) = © . (9)
whara,
t T iv z T
Loy} = j L] (£ Na¥y & CE ‘L[r] [£] af
° (10}

W¢ may note hare that, 1f the rod is of varlable cross-
saction, Bqs.(10) get modified, TUsing Bq.{9) elgen-
valoes amd elgenvectors can be computed.

ILLUSTRATIONS: The first threg natural fraegusncles

of a simply supported umiform begm are estimated uaing
various methods and the errors are compared Iin Table 1.
The relative suparlority of these methoda 1s clear
from these comparisons.




Tgble 1 ¢+ Percantage Brror in Bigenvalues for

a Simply Supported Beam

Order of Conventi- Finite

the matrix onal Matrix Elemant Finite

and No., of Displaca- Method Blemant  Numbaer
dagraes of ment based on Mathod of
fregdom Mathod Modified based on Mode

Rayleigh- Galeridin
Ritz Method Mathod

4 0.781 0.0610 0.00005

Firat
8 0.0517 0.,0034 0.00002
4 23.1 1.4521 0,00600

Second
8 0.791 0,0610 0,00005
4 53.74 12,0609 5.67572

Third
8 3.0 0,3668 0.00396

CONGLUDING REMARKS: We have prasanted here, two flnite
element methoda, bassd on the modifled Reyleigh-Rite
gnd the Galeridln methods, for the analysls of natoral
vibrations of structural components. For the example
analysed thase mathods are found to be superior to the
conventional matrix displacement method for estimating
gigenvalnes. It is worth exploring the posalibility

of developing useful finite element analoguas of other
powgrful approximate methods which are avallable for the
analysis of solid continua.




