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Acoustic streaming in fluid-filled resonators with the spatial distribution of wedisiperature is
studied within this work. The method of successive approximations is emptoyeetive linear
equations for the calculation of ambient, primary acoustic, and time-avesageddary fields in-
cluding the mass transport velocity. The model equations have a standard/hich allows their
numerical integration using COMSOL Multiphysics. The numerical resultvaidated for the
case of a resonator with spatially-constant ambient temperature by coampaiith previously
published analytical results; an excellent agreement is found. ExamipéEostic streaming
structures in resonators with heated walls are given showing a strongrioéwn the walls’ tem-
perature distribution and the resonator cavity dimensions.
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1. Introduction

Acoustic streaming ]1,12,] 3] refers to a second-order netmilegd flow generated by and su-
perimposed on the first-order acoustic field. Within this ky@n attention is paid to the boundary-
layer-driven acoustic streaming generated in the standage of an acoustic resonator. This type
of acoustic streaming plays an important role in thermosatics, see e.gl [4], or in acoustofluidics,
see e.g. [[5,16]. Here, we are particularly focussed on thenbetr of acoustic streaming in the
temperature-inhomogeneous fluids. This area is intege$tom the practical point of view, as in
thermoacoustics, acoustic streaming serves as a means/ahted heat transport, reducing the effi-
ciency of thermoacoustic devices; on the other hand, thestetould be employed for the cooling of
hot objects[[7]. From the theoretical point of view, the natgion with the thermal fields could be the
cause of the discrepancies between theoretical predicéind the experimental data [8, 9].

Behaviour of acoustic streaming in temperature-inhomogeséuids can be, and has been stud-
ied in a rather straightforward way by the methods of the aatatonal fluid dynamics [10, 11, 12,
[13,[14]15]. However, these methods require great amourdgropatational effort, which makes the
study of acoustic streaming, especially in larger georegtnery difficult.

Within Section 2 of this paper, we propose a simplified matigral model based on the method
of successive approximations, allowing study of the inteoa of acoustic streaming with a thermal
fields using a reasonable computational resources. Thermaahgrocedure, employing commercial
software COMSOL Multiphysics, is briefly described in Seet® Examples of numerical results are
given in Section 4, some conclusions are drawn in Section 5.
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2. Mathematical model

Theoretical study of acoustic streaming usually starth Wivier-Stokes equations

A VA la

du
L V.o+f 1b

dr d
pcpa—aTd—]tg — V. (kVT)+7T:VU, (1c)

see e.g.[[16], whergeis the densityu is the velocity vector] is the temperature,is the pressurd,is
the body force density, if the resonant channel is drivenrbipartial force (by entire-body shaking) it
readsf = —pa(t), wherea(t) is the channel’s acceleration. Furthgrjs the specific heat capacity at
constant pressure,is the isobaric coefficient of volumetric thermal expansaaodx is the coefficient
of thermal conduction. The total stress tensas defined as

>
o= —pl+71=—pl+p|Vu+ (Vo) - ?M(V )l @)

whereT is the viscous stress tensar,is the shear viscosity, anfl is the identity matrix. In this
study, it is assumed that the shear viscosity and the caaffiof thermal conduction are temperature-
dependent.

In Egs. (1), the material derivative is definedds-)/dt = 9(—)/0 + (u- V)(—). Itis assumed
that the fluid is an ideal gas for which the state equation hasfdarmp = pRT, whereR is the
specific gas constant and thws= —(0p/0T),/p = 1/T.

Within this work, set of Eqs[{1) is solved using the methoduafcessive approximations the same
way as in work[[17]. It is assumed that the field variables caexpressed as series

p=pot+ep+€Ep+.. ., U=el + ety + ...,
p=pot+epr+ept..., a= ea,
T=Ty+€el) +e*Ty+ ...,

wheree < 1 is a small dimensionless parameter (corresponding to thestic Mach number)y,,
po and Ty are the ambient quantities (without sound) considered astants in time. It is assumed
thatp, = const., Ty = To(r) andpy = po(r) = po/RTy(r). Further,py, p;, 71 andu, are the
primary acoustic variables supposed to be harmonic withilanfrequencyv, which is the frequency
of driving. The quantities with indices bigger than one dre nonlinearly generated terms; in this
case, the terms with indices bigger than two are neglected.

Within the method of successive approximations, the aberiesare substituted into Eqsl (1) and
the equations for the same ordereaire found.

For ¢, we obtain

V - (ko VTp) =0, (3)
wherery = x(Tp).
Fore!, we can write
0
% + V- (pot) =0, (4a)
ou, T 20 o
po g = V3 =il + o |V + (V)| = ZAV - u)I = —poar,  (4D)
oT 0
PoCpo (a—tl + Uy - VT()) — % -V (IioVTl) =0, (4C)
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wherecy = ¢(10), 1o = p(1h), together with the linearised state equationp, = 71 /7, + p1/ po.
Equations[(#) can be used for calculation of the primary atotield.
For 2 the equations for the steady state, see e.g. [17], can berviit form

V- (pol) = M, (5a)

2
-V {—sz + 1o [VUQ +(Vp)'| - %(V : Uz)I} = F, (5b)
pocpolls - VT — V - (kgVT) = Q, (5¢)

where the bar denotes the one-period-averaged quantities.
The source terms in Eq$.](5) read

M = -V. <p1U1), (63.)
F = —<P1 (a1+%)> — pof(ur - V)uy)
+V - <Iu§_,b'uT1 |:VU1 + (VU1>T — %(V . U1)Ii| > , (Gb)
0
Q@ = —co <P1%> — pocpo (U1 - VT1) — cpo(prthr) - VT + (Ur - Vipr)

+V. <“;i“T1VT1> + 1o < [Vul + (V) — <§ — V) (V- ul)I] : Vu1> . (6¢)

where(fg) = %[fg*]/Q; the tildes represent the complex amplitudes of the coomdipg quanti-
ties and the asterisk stands for the complex conjugate.h&witt, = 7(9p/9T )1, /110 @andb,, =
To(ali/aT)To/lio.

3. Numerical procedure

The formerly presented equations were solved numericalBxi-symmetric cylindrical coordi-
nates using software COMSOL Multiphysics as follows.

First, ambient fluid temperatuf is calculated using the Heat Transfer in Fluids, Statiostugly
type, which implements Eq.](3). As a boundary conditionspribed wall temperature distribution is
used.

Second, primary-field quantities, u;, 77 and p; are calculated using the Linearised Navier-
Stokes, Frequency-domain study type, which implements Hds As the boundary conditions,
isothermal no-slip ones were used at the walls; symmetryemgsloyed at the symmetry-axis, see
Fig.[.

Third, time-averaged quantities, ., 7> and p, are calculated using the Linearised Navier-
Stokes, Frequency-domain study type (with frequency sétHa), which implements Eqs[](5). As
the boundary conditions, isothermal no-slip ones were aséte walls; symmetry was employed at
the symmetry-axis. The source termk (6) were evaluated tissnprimary-field quantities calculated
in the previous step.

The numerical calculations were performed on a structunealpped) mesh refined along the
resonator walls.

4. Results

In all the numerical results presented below, air at norrrabapheric pressure was used as the
medium filling the cylindrical resonator of length= 30 cm and radiug? = 1.5cm.
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Figure 1. Geometry of the problem.

4.1 Comparison with an analytical model

In order to validate the numerical results, they were combavith the ones obtained using the
analytical model[18] for the constant ambient fluid tempam, which was set té, = 20 °C. Driving
acceleration with amplitude, = 5.49 m/s’* and direction along the channel axis was used for driving;
the frequency of driving was set to the first resonance frecué..s = 569.2 Hz. In this case, the
ratio of the resonator radius and the viscous boundary lyeknessk/é, = 163.4, whered, =

V 24/ pow.
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Figure 2: Acoustic pressure and velocity amplitude distidn along the axis of a resonator driven
at the)\ /2 resonance.

Figure[2 shows the comparison of the primary-field quamstiélong the resonator axis. It can be
seen that the numerical model (blue line) predicts lowerlanges than the analytical model (red
line). This is caused by the fact that the analytical mod8] does not take into account thermal
losses at the resonator end-walls= 0 andz = L). If these losses are removed from the numerical
model (by imposing the adiabatic end-walls), the analytieadel and the numerical model (pink
line) provides the same results.

The streaming velocityzécomponent) calculated using the current model is compartédthe
Rott’s approximate formula [19, 18] valid fa? > d:

) 9 VPr 2r2\ | 3 ug

where~ is the adiabatic exponent, Pr is the Prandtl numbés,the wavenumber,, is the speed of
sound, and, is the maximum longitudinal velocity amplitude along theaeator axis. The quantity
ur is so-called Rayleigh streaming velocity.

Normalized streaming velocity
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Figure 3: Normalized streaming velocity along the resonaxes; driving at the\/2 resonance.
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Figure[3 shows the streaming velocity along the resonatisrrexrmalized by the Rayleigh ve-
locity calculated by the current model (blue line) and emilg the Rott’'s formulal{]7) (red line). It
can be seen that the numerical and analytical results Bligkiter, which can be attributed to the
simplifications in Eq.[{7).

4.2 Streaming in temperature-inhomogeneous fluid

Let's assume the resonator walls with the temperatureldision given as

Ty = % [1 + cos (2%2)} + Two, (8)

whereT, is the minimum temperature of the resonator walls &dis the maximum temperature
difference. The formuld{8) serves as the boundary comdftio Eq. [3) for calculation of the fluid
ambient temperaturg,(r). In all the following casesl,,o = 20 °C and temperature&T differ.

The wall temperature distributiofi](8) corresponds to theeaaf the thermoacoustically-driven
heat transport along the resonator walls from acoustigevigl antinode towards the acoustic-velocity
nodes, see e.gl[8].
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Figure 4. Streaming in the resonator with individual tenapere differencesAT =
0,20, 40, 60, 80, 100 °C; driving at\/2 resonance frequency.

Figure[4 shows the streamlines in the resonator for indalidalues ofAT = 0, 20, 40, 60, 80, and
100°C. In all the cases, the resonator is driven at its first resmfirrquency. The counter-clockwise-
rotating streaming cells are depicted in red colour, thelalase-rotating streaming cells are depicted
in blue colour. It can be observed that with increasing tawmpee difference\T’, additional outer
vortices appear in the centre of the resonator.

The reason for emergence of the additional streaming cafisbe seen in Fid.15. The imposed
temperature inhomogeneity supports the streaming nearefmmator ends (streaming velocity in-
creases); whereas the streaming is opposed in the centtal greaming velocity decreases and
for AT £ 30°C. the streaming velocity reverses its direction giving tisehe emergence of the
additional vortices.
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Normalized streaming velocity

z [em]
Figure 5: Normalized streaming velocity along the resonates for individual values of the temper-
ature difference\T = 0, 20, 40, 60, 80, 100 °C.

5. Conclusions

Linearised model equations have been derived for the geegeriof the primary as well as steady-
state secondary fields in acoustic resonators with heathsl Waese equations have a standard form
of linearised Navier-Stokes equations, so that they camlved in a straightforward way employing
an universal solver; in this case, COMSOL Multiphysics wasdus

The numerical results show that the fluid temperature intgemeity can result in the appearance
of additional vortices, if the temperature difference ig énough. The additional vortices appear (are
more prominent) for bigger rationg/J,.

The proposed mathematical model takes into account theemdftiof temperature inhomogene-
ity on the acoustic and steady-state streaming field, haw@vdoes not account for the acoustic
streaming as a means of the advective heat transport, whilclemces back the fluid temperature
distribution. It means that the proposed model is only vadidsmall values of the streaming veloc-
ity. Addressing this issue would require a more comprelvensiathematical model, which is the
subject of our future work. In any case, the current resaltiicate that the streaming dynamics in
temperature-inhomogeneous fields, thanks to the feedlfiackse can be rather complex.
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