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I. Introduction. _

In course of the last 10 years there has been an in-

creasing interest in the study of non-linear wave effects,

such as for instance interactions between sound waves, and

a number of reports concerning the distribution of diffe-

rence frequency sound generated by nonlinear interaction

of two coaxial primary waves have appeared 1-11. In another

L paper presented at this meeting12 we discuss the axial dis-

tribution of the difference frequency sound. In this paper

attention will be focuSed particularly on the angular dis-

tribution of the difference. frequency sound. In addition

to discussing the results derived from different theoreti-

cal models, we shall present experimental results which

demonstrate that for accurate comparisons with existing

theories it is important to use small primary intensities

and to measure sufficiently far from the interaction region.

II. Theory.

Analytical solutions to the far field of the diffe-

rence frequency sound produced by interactions in a beam

have been obtained by several authorsz'a's's. We shall be

concerned mainly with models applying to die case where the

primary beams are radiated from a circular piston source.

All the soulutions may be expressed in the form

P_-(r,e,t) = R(r)D(e) sin(u_t - k_r + v(r,e)) (1)

where (r,e} are spherical coordinates, u= Zuf =angular.fre-

quency, k a Zn/A a wavenumber. We are here only interested

in the pressure amplitude

P_(r.e) = R(r)D(e) (2)
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and expressions {or the phase fine) will not heconsidered.

The well):an result of Westervelt2 for an axial ar-

ray (line distribution of virtual sources) may be written

as

M2 2 2 '“-‘
RA“) a "ck-ha LA)uaub r (3)

‘ dam) - (1 + (21:.A):.sinzl'£9)32,4j

 

where A is the nonlinearity parameter of the medium (=B/M ,

n - maimdensity, a - source radius, a a attuuation

coefficient. and u a primary velocity amplitude at the

source. The suffix 0 refers to ambient values while a,b

and - refers to the different frequency components.

I.A a (al+u.b-n_)' is. the array length.

when interaction takes place cnly in the far field of

the primary waves (Bessel array) Lauvstad et al.5>obtained

e=hm
nB' —{"n‘°’ {Hermann - uu-uzz") “<1

0 “‘1 (4)

where u = %-k_a sin (e) .

For a beam of plane but collimated primary waves (col-

limated array) Naze at al.6 found

RC7“ Fl‘rI.

23 (k and ))
Dc a DA“) _1'—e_ (5)

k_a.~ 5111(3)

 

a DA(0)DD(B)

where DD is the directivity which should exist if sound of

difference frequency was radiated directly from the pri-

mary source. I

We shall of course always have DA.DB,DC;DD 8 l. Pram

the expressions for the directivity factors we mayat once

draw some general conclusicns. Since nB/DA 5 l and

Dc/DA § 1, the Bessel array and the coliimated array must

always give a directivity at least as strong as that of

the axial array. Since also lac/DD ‘ 1. the collimated
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array will never give a broader directtvity than direct

radiation from the source. For the collimated array we

may now easily recognize two factors which determine the

angular distribution: (1) an aperture factor DD depen-

dant only on the cross section of the array (k_a), and

(2) a length factor depending on the effective (nondi-

mensional) array length LAk_ only. (The Bessel array

has a corresponding aperture factor DB/DA Which is not as

easily recognized as DD). Thus the distribution will

tend towards that of an axial array when the array ra-

dius is reduced, and towards that of direct radiation

when the array lenoth is reduced.

Recently attention has been drawn toward the effects

which appears when dreat primary intensities are used.

At great intensities the primary waves are more strongly

attenuated, an effect which may be attributed to non-

linear attenuation which adds to the linear one. From

the discussion above one may easily arrive at a qualita-

tive description of what one should expect to happen to

the directivity when the primary intensities are increased

to such a level that nanlinear attenuation becomes impor-

tant. When attenuation is increased, the array length

will be reduced and thus the distribution DC will

approach DD which should, however, only be reached in

the limit.

From the expression for DC it will be noticed that

the difference frequency sound will have a system of side-

lobes with zeroes at the same angles as for direct radia—

tion. A proof of the existence of such side-lobes is

demonstrated in fig. 1, which shows the observed angular

distribution D(G) of 3 WI: difference frequency sound

(a=6.5 mm, fa=l7.6 MHz, r=60 em). The first side-lobe

is easily recognized, while the rest are embedded in noise

(because of BA). The existence of side lobes cannot be

explained in terms of the side-lobes of the primary beam.

These are also neqlected in the model of the collimated

array. The observation of side-lobes is thus qualita-

tively in accordance with the latter model.
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6.10' 3.06 O 3.06 610 8
deg.

Fig.1. Angular distribution of 3 Mn: difference frequency

sound, which shows existence of the first side-lobe.

The amplitude relations between the side lobes and

the main lobe should be different from those of direct

radiated sound, because of DA which attenuates the side-

' lobes more strongly. Hence We may notice that the aperture

factor DD, or rather k_a, should determine the positions

of the side-lobes, whereas the length factor DA, or

rather LAk_, determines the relative amplitudes of the

side-lobes relative to those in a direct radiation pattern.

When non-linear attenuation is important, reducing the

array length LA, we should expectthe relative amplitudes

of the side-lobes to increase, while they remain fixed in

space. Accurate experimental investigations of these

effects should, of course, be performed at a sufficient

distance from the interaction region.

The above discussion is based upon idealized theo-

retical models. The real near-field of the primary waves

may therefore still give different distributions for the
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difference frequency, if the models are far from experi-

mental conditions. This point will be touched upon in

the next section (see also {121).

III. rimflnt.

The experimental configuration in the erperiments

was basically the same as earliers. The two primary waves.

with frequencies Ea = 17.68 MB: and 2b = 16.63 MB: are

radiated from a plane, circular quartz source with an

'effective radius of 6.5 mm into a tank of (tap) water

2 m long. The difference frequency sound is measured with

a probe whose effective diameter is 1.5 mm. Because of

the resonant conditions of the source and the probe

syst, and the desire to use small primary amplitudes,

the frequencies could not normally be changed much from

these values. The calibration of the equith is dis-

cussed briefly in (12].

Use of the primary frequencies 17.6 and 16.6 MB:

leads to the Re values 480 and 454 respectively, and

near field lengths (I.=a2/A) of La30.50m and Lb=o.47m.

since the array lengfix is 550.069 111 the interaction will

take place well inside the near-fields of the primary

waves. This may seem to make discussions of our resuleg

rather complicated since, until recently, the near field

has been poorly understood. the question has therefore

been raised6 how the complicated fluctuations of phase

and amplitude inside the near field will affect the gene-

rated sound. Recent numerical computations of the near

fieldl'3 has brought some light to these problems. The

computations show that in a region near the source ( <L/2)

and within the distance a from the axis, the amplitude

and phase does not deviate much from those of a plane

wave}2 except in a small region at and very nearthe axis

(paraxial region). Energy is still radiated away from

this region, which leads to a slight spatial tapering of

the 'plane wave region'. If, however, the array length

LA is much less than the length of the primary near-

fields I.“ b it seems reasonable to expect that the
.

 



 

model of plane collimated primary waves should apply.

The Bessel array model should be appropriate when

LA) LA b. For both models one must have ka>>l for thel
primary waves.

IV. Results.

The effect of increased primary amplitudes on direc-

tivity is demonstrated in fig. 2. The observed half-

pressure angles Bk are presented versus the primary pres-

sure (in atmospheres) when Pa=Pb, and also versus the

Reynolds number

Re = matey“, Rem = P—‘gfil-b- <6)
2co°o“a,b

The latter is a more fundamental quantity when one is con-

cerned with the nonlinear attenuation of the primary waves.

The observations are taken at a distance 40 cm from the

source. Also the half-pressure angle on for direct radia-

tion and ac calculated from the collimated array model are

shown. Fig. 2 shows clearly how the half-pressure angle

increases with the primary intensity. From a relatively

stable region below Re=0.05 the angle increases with

intensity, most rapidly between Re=0.l and 0.15, and

thereafter more slowly. The latter deceleration may

perhaps be affected by the existance of still more com-

12'14- Anyway it is

clear: that we are still far from reducing the effective

length of the array to zero at these intensities, since

(3,5 is far from reaching B”. It is also evident that if

comparisons are to be made with the present theories,

observations should be made in the stable region at low

intensities, and that this sets an upper limit to the

primary intensities which should be used.

plex forms of nonlinear attenuation

In fig. 2 the correspondence between the low inten-

sity observations of 6,5 and the calculated BC is not too

good (note the expanded scale). How it turns out that

measurements of the angular distribution at different

distances from the source show systematic variations.
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05 to 1.5 an F

Fig.2.Variation of the half-pressure angle with primary

intensity. The latter is presented both in terms of

the Reynolds number and the pressure in atmospheres.

Also shown is the corresponding angle BC calculated

from the collimated array model, and direct radia-

tion DD. Note the expanded scale for 0.

Fig. 3a shows the result of such observations of 85 with

primary intensities in the low intensity region, Prom

large Values near the source Bk reaches a minimum at

some distance from the source,and thereafter increases

toward a limit in the far field. These effects are shown

more clearly by fig. 3b, which indicates what really

happens in the y—z plane.Here the observed halt-pres-

sure angles of fig. 3a are plotted as real lateral dis-

tances y against the axial distance 2 (note the diffe-

rent scales). It is to be kept in mind that the sound

is generated from a volume of a certain extent and not

by a well localized source. Inside this interaction

volume the generated sound seems to behave like a beam,

_reachinq its final directivity only well outside this

region, and then as if it was radiated from somewhere

near the end of the array. Evidently the directivity
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   Observed variation of 91‘ wlth distance from the

primary source. Also shown is the relation be-

tween 9* and ed giving best fit to observations,

as well as the angles ed and 6:.

Fig. 3b The observed variation of Bk,versus z in the

y-z plane.

 



 

should thus be referredto some point characterizing an

effective termination of the array, instead of, as is

usually done, to the center of the primary source. This

effective origin can, of course, not be rigorously fixed,

but if observations are made well outside the interaction

region its position should remain reasonably stable.

If we assume its position to be at some distance d in

front of the source (on the axis) . the relation between the

half-pressure angle 6d referred to this origin and s,‘ re-

ferred (as earlier) to the primary source should be

deiJ = edu - E) (7)

provided the angles are small. Evidently 9‘1 and ed should

coincide in the very far field, and ed is thus the Value

to be compared to the theoretically calculated half-pres-

sure angle.

Near the source the variations in as may be attri-

buted to die beam properties of the generated sound. A

simple model to describe this could be tan a! = 3, but come.

parisons with observations show thatthis gives values

of 6,5 which are somewhat too large. This is also indicated

in £19. 3b.
Fran the observed values of 6,5 the best fit of eq. (7)

as plotted in fig. 3a, was obtained with d = 9.6 cm and

6d = 4.35 deg., the latter with an accuracy of 5%. The

calculated half-pressure angle 9C is 4.0 degrees. At?

cording to fig. 2 the finite primary intensities used

may give a 2% correction to the edévalue, leaving a dis-

crepancy between ed and ac of about 7!. This indicates

that the model of collimated plane primary waves really

gives a good description of the angular distribution of

the difference frequency sound. The small deviation we

do observe may he explained by a small tapering of the '

assumed plane wave region that will beapparent from

numerical computations of the primary field 12’”. and

experimental errors.

These results and their interpretations demonstrate

the necessity of observing notonly far from the primary

source. but also sufficiently far from the interaction

region, if results are to be properly interpreted.
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The observed. variation of the halfpressure angle

with distance may also be of some interest to possible

practical applications of nonlinear interaction, indi-

cating that in a certain region a sharper resolution can

be obtained by such an array than would be expected from

present theoretical predictions for the far field. How-

ever, the full understanding of these variations for

outer parameter values must await further theoretical and

experimental work.

V. Conclusions.

The results presented here demonstrate the import-

ance of taking such effects as primary intensities and ob-

servation distance into account when comparisons are to be

made with existing theories. In several earlier papers

these factors have only been partly accounted for, thus in-

troducing the possibility of misleading results and wrong-

conclusions. Our experimental results show, however, that

the theory does provide a good description of the angular

and axial distribution of the generated difference fre—

quency sound, even with regard to absolute amplitudes”.

Por greater primary intensities, however, where higher

order interactions becomes important, the second order

approximation fails to describe the distribution adequate-

ly. Provided the primary intensities are not too great,

it has proved possible to modify the equations to give a

quantitatively correct descriptiOn for the distribution

on the axis, and within the near field. A similar modifi-

cation yet remains to be done for the angular distribu-

tion.
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