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This paper presents a simulation study on the feasibility of a smart metamaterial panel designed
to reduce the flexural vibrations in wide frequency ranges. The system is composed by a thin
aluminium plate with a dense two dimensional array of shunted piezoelectric patch transducers.
The plate is exposed to a rain on the roof time and spatial stochastic excitation. The overall flex-
ural response of the plate is derived in terms of the time averaged total flexural kinetic energy.
The piezoelectric patch transducers are connected to multi-resonating shunts specifically designed
to suppress flexural vibration of the plate over multiple frequency bands. The overall vibration
control effect is obtained both via the regular arrangement of the patches on the panel and via the
multi-resonating shunts, which are optimized to maximise the absorbed electrical power over tar-
get frequency bands.
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1. Introduction

This work investigates the vibration control effects produced in a thin panel by a periodic array of
piezoelectric patches connected to multi-resonant shunts that mimic multi-modal vibration absorbers.
The vibration stop band effect in periodic structures has been the subject of many studies for a long
time now and the structural wave interference phenomena that characterise this phenomenon are de-
scribed in books, such as for example ref. [1]. More recently the vibration stop band effects produced
on structures by regular arrays of resonating inclusions has also been investigated [2]. In this case,
the stop band effect is due to both the structural wave interference effect produced by the regular
spacing of the inclusions and by the interaction between the resonant response of the inclusions and
the structural wave propagation in the structure. In this work, the effects produced on a thin panel by
a periodic array of piezoelectric patch transducers connected to multi-resonant shunts set to maximise
the absorbed electric power are investigated. The idea of using shunted piezoelectric patch transduc-
ers to reduce vibrations of mechanical systems and flexible structures was first proposed by Forward
[3]. Since then, many studies were carried out on this topic [4-7], which considered a wide range of
solutions, ranging from classical RL shunts to more complex circuits involving active elements that
implement negative capacitance effects or multi-resonant electric networks. Recently, research work
has also been focussed on the development of structures with dense arrays of shunted piezoelectric
patches that mimic an array of resonators and thus produce stop band phenomena due to both struc-
tural wave interference and vibration absorption effects [8-11].

This work starts with the description of the panel system with a grid of multi-resonant shunted
piezoelectric patches. The details of the mathematical model used to obtain the simulation results are
then presented in section 3. The vibration control effects produced when the array of multi-resonant
shunted piezoelectric patches is either set to minimise the time averaged total flexural kinetic energy
of the panel, i.e. the overall flexural response of the panel, or it is tuned to maximise the time averaged
total electric power absorbed by the shunts is analysed and contrasted in section 4.




ICSV24, London, 23-27 July 2017

2. Description of the system

Figure 1 shows the smart plate system considered in this study, which is composed by a simply
supported rectangular thin plate, whose geometry and physical properties are summarized in Tab. 1.
As depicted in Figure 1A, the plate is exposed to a white noise rain-on-the-roof excitation, which is
modelled in terms of a 4 X 4=16 array of uncorrelated point forces uniformly distributed over the
surface of the plate. An array of 9 X 7=63 patches is arranged on the plate as shown in Figure 1B.
Each patch is connected to a multi-resonant shunt, which is composed by a cascade of parallel RLC
meshes (Fig. 1C).

/ shunt circdit_

Figure 1: Plate subject to a rain on the roof excitation modelled as a 4 X4 array of uncorrelated point forces (A)
and equipped with an array of 9X7 piezoelectric patch transducers (B), connected to multi-resonant shunts (C).

Table 1: Dimensions and physical properties of the panel and piezoelectric patches.

Plate Piezoelectric patches
dimensions Lp X Ly, = 414 X 314 mm lpe X lye =11 X 10 mm
Thickness hy, = 1mm hpe = 1mm
Density pp = 2700 kg/m> Ppe = 7600 kg/m3
Young’s modulus E, =7 x 10'° N/m? Epe = 2.7 x 10'° N/m?
Poisson ratio v, = 0.33 Upe = 0.275
modal damping ratio ¢ = 0.02 lpe X l,e = 1.1 X 1 mm
periodicity length 35mm
strain/charge constants d3d; =d3, =150 x 1072 m/V
dd =0
permittivity €pe = 84x 1077 F/m
capacitance Cpe =3.167 X 107° F

3. Mathematical model

3.1 Mechanical and electrical equations

The mathematical formulation for the coupled flexural response of the panel and piezoelectric
patches is based on Refs. [12,13] and considers the classical theory of out of plane flexural vibrations
in thin plates that refers to Kirchhoff hypothesis [14]. In-plane vibrations are not taken into account,
which is a reasonable assumption within the considered frequency range (20 Hz — 1 kHz). The re-
sponse of the system is derived from the generalized form of Hamilton’s principle for electromechan-
ical systems [14-17]. Two matrix equations are derived for the flexural response of the panel, which
is expressed in terms of R modal coordinates for the flexural modes of the plain panel [18], and for
the electric response of the shunts [12,13]:
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M.q(t) + Cpq(t) + Kqq(t) + epevs(t) = q)pfp(t) > (1)
_egeQ(t) + Cpeis(t) = is(t) . (2)
Hereq =91 - qr]|" is the vector with the modal coordinates, f, = [fp1 = fp1e|” is the vec-

tor with the amplitudes of the 4x4 array of forces acting on the plate. As shown in Refs. [12,13],
M; =M, + M, and K, = K, + K,,. are the RxR modal mass and stiffness matrices, which are
given by the sum of a diagonal matrix for the plate effect and a fully populated matrix for the piezo-
electric patches effects. Also, C,, is the RXR modal damping matrix of the plate and ®,, is a Rx16

matrix with the modal amplitudes at the excitation points. The vectors A, = |15 -+ Ag3]T and
i, = |is1 - ise3]T contain the flux linkages and currents of the shunts (N.B. A, = v, where v, =
|[Vs1  ** Vse3|T is the vector with the shunts voltages). Also, the 63x63 diagonal matrix Cpe CON-

tains the capacitances of the piezoelectric patches C,, = €5.A,¢/hype. Finally, 8,, is the Rx63 pie-
zoelectric coupling matrix. The details of all these matrices can be found in Refs. [12,13].

3.2 Multi-modal shunt electrical equations

As depicted in Figure 1C, each shunt is characterised by a cascade or parallel RLC meshes, which
are assumed equal for all shunts. Assuming the electrical functions are time-harmonic and given in
the form f(t) = f(w)exp(jw), where f(w) is the complex amplitude, w is the circular frequency
and j = V—1, the impedance of the cascade of parallel RLC meshes in each shunt circuit can be
expressed with the following series of N second order terms:

. . ( 1 ) . ( 1 ) w(i)
vei(@) _ Asiw) _ _ Jole; _ Jo\e, e \ew 3
s - - S,l(w) - . wn1 2 . Wn2 2 ) . B ( )
lS,l(w) lS,l(w) —0)2+]0)(Q—1)+0)n1 —(L)2+](L)(Q—2)+(L)n2 —w2+]w(QLN)+wTZIN
N

where w,; = 1/,/L,;Cs; and Q; = Ry;,/Cs;/Ls; are respectively the natural frequency and quality
factor of the j-th RLC mesh characterised by inductance L, capacitance C,; and resistance R,;. Each
second order term in Eq. (3) can be envisaged as the ratio between a “modal” voltage V ;, i.e. flux
linkage rate ASJ-, and current I ;. Thus, the flux linkage can be expressed with the following matrix
equation

Ag(w) = =W A (w), (4)
where W, = [\/ic_s J%] and Ag(w) = |As1 -+ Agy]T is the vector with the modal flux linkages,
which can expressed in terms of the modal currents by the following matrix relation

As(w) = Gs(w)ls(w) ) (5)
that is
Ag1(w) 1, " I (w)
|[—w2+jw(Q—nl)+w,211 -I
= _ : (6)
1
A | ~ot+jo( P +oly Loy ()
Here I;(w) = |Is1  * Isn|T is the vector with the modal flux linkages, which in turn is given by
Li(w) =¥ is(w) . (7)

Considering the expanded form in Eq. (6), the frequency domain Eq. (5) can be straightforwardly
transformed into the following time domain expression:

nsAs(t) + AsAs(t) + QgAs(t) = —L(t), (8)
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where

Wn1

Il =

Wnq
] . (9-11)
WnN

WnN

Qn
Now, considering 63 independent shunt circuits, Eq. (8) becomes

1

A () + B,A4(6) + B2A,(0) = —1(D) (12)
Where KS = [A'.IS'-'l b A£63]T, iS = [I.Zjl b IZ:63]T, and
_ g, R Agq R Qg
I, = , Ag= , Q.= (13-15)
l-1563 A563 9563
Also Egs. (4) and (7) become
As(w) = —PA(w), [(w) =Plig(w), (16,17)

where the rectangular matrix @, is assembled as follows:
w5

P, = (18)

T
lpsN

3.3 Filtered response of the output modal velocities and shunt currents

The multi-resonant shunts have been tuned in such a way as to either minimise the time averaged
total flexural response of the panel or to maximise the time averaged total electrical power absorbed
by the shunts filtered within a series of adjacent frequency bands. Thus, the conversion to filtered
modal coordinates and filtered shunt magnetic flux linkages is derived here. For convenience, simple,
second order filters were implemented such that:

45 (@) = Gg(w)q(w) and Agp(w) = Gr(w)A (W) , (19,20
where G, and G, are diagonal matrices whose elements for the k-th filtering band are all equal to:

_ jo(wg/Qr)
@) = el @n

Here wy = \/ Wirmin@irmax 1S the centre frequency and Q, is the quality factor of the filters. As seen
in the previous section, the frequency Egs. (19), (20), can be straightforwardly casted into time do-
main equations, which take the following forms:

MG, (6) + Ara(t) + Q2qp(t) = 4(6) , TAL(E) + AR () + Q2AL(E) = A(L) . (22,23)

Considering the k-th filtering band, I, and ﬁf are identity matrices, A and Kf are diagonal matrices
with all terms equal to w,./Q) and Q and Q; are diagonal matrices with all terms equal to w.

3.4 State Space Formulation
The time domain Egs. (1), (2), (12), (22), (23) were employed to generate a State Space formula-
tion for the response and filtered response of the system. First of all, Eq. (1) was rewritten as follows:
Q(t) = _Mt_thq(t) - Mt_lcpq(t) - Mt_lepevs(t) + Mt_ld)pfp(t) . (24)

Also, Egs. (12), (16), (17) were used to rewrite the electric Eq. (2) in terms of the modal flux linkages.
This was accomplished by pre-multiplying the left and right hand side of Eq. (2) by ﬁge such that,
using Egs. (16) and (17), the following expression was obtained:

4 ICSV24, London, 23-27 July 2017



ICSV24, London, 23-27 July 2017

_l’Pzegeq(t) + fl];rcpe;ls(t) = —‘T’STBIT)eQ(t) + l’l\'gwcpeq)sjis(t) = (p;ris(t) = is(t) . (25)

Eq. (12) was then substituted in the right hand side of this equation such that:
As(6) = €200.a(t) — CAAA(r) — CLA02A,(0) , (26)
where C,, = [I + P7C,, P;] and 87, = PT67,. Finally, to work out the time-derivative term in the

second member, Egs. (22) and (23) were rewritten with respect to the following new vectors for the
modal coordinates and modal flux linkages

4 (6) = d4;(8) — Arq(t) and Ay () = Agp () — BgpAs(t) (27,28)

such that, after some mathematical manipulations, they were transformed in the following matrix
expressions:

dp(6) = —Qpqp(t) — Apqpr () — A2q(L) . Agp () = —QpAp (D—-BgpA () — B2 ARL(8) . (29,30)

At this point, Egs. (24), (26), (29) (30) were ready to be used to construct the state space formulation
with respect to the state vector

A ~r 1T
x®)=[a" 4" qf gl AT AT AL, AT.|. 31)

A classical state space formulation was thus derived with three output equations, one for the modal
coordinates of the structural response, one for the filtered modal coordinates of the structural response
and one for the filtered flux linkages of the shunts:

x(t) = Ax(¢t) + Bf,(0), (32)
q(t) = Cqx(t), qp(t) = Cqpx(t), Ay (t) = Cpopx(t) . (33-35)
The state space and the input/output matrices were derived as follows
0 I (] (] 0 0 0 0 1
-M;'K, -M;'c, 0 0 -M;'0,, 0 (] 0
Ay 0 0 I 0 0 0 0
2 2
A —A% 0 —-Qf —Af 0 0 0 0 G6)
0 0 0 0 0 I 0 0o [
0 G207, O 0 -G 02 -CA;, 0 0
0 0 0 0 A 0 0 I
0 0 0 0 —A; 0 -0 -Ay
T
B=[0o [M'®,]" 0 0 0 0 0 0f C=[0100 000 0 (37,38)
- T
Cyr=[ 0 01 0 0 0 0] C,p=[0 0 0 0 A, 0 0 I . (39,40)

3.5 Time averaged energy functions

The optimisation study was carried out considering the filtered time averaged total flexural re-
sponse of the panel and the filtered time averaged total power absorbed by the shunts given by [19]:

= 1. . 1
K =E[K(t)] =E [Eq]Tthqf] = 2Tr[CI, M CqfX] (41)
P = E[P(t)] = E [AL,Cs R Ay | = S Tr[CEC RS CypX] | (42)

where the covariance matrix X satisfies the Lyapunov equation
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AX + XAT + BFBT = 0 (43)

and F = E[f,£]] is the covariance matrix of the rain on the roof excitation, which in this study is
assumed as an identity matrix.

3.6 Power spectral density of the time average kinetic energy

The effectiveness of the array of multi-resonant shunts was derived in terms of the spectrum of the
plate total flexural kinetic energy Power Spectral Density (PSD), which is given by [26]:

Si(w) = 3mp Tr[MY (@)Sgr(@)YH ()], (44)

where S¢r(w) is the matrix with the PSD functions of the 16 uncorrelated white noise forces acting
on the plate, which is therefore given by a 16x16 identity matrix. Also Y(w) is a matrix with self and
cross modal mobility functions,

. . . -1
Y(0) = jo[-w?*M; + jwC) + K; + j00,,Z,,07.] "®,, (45)

where Zg,, = [1+ jconeZs]_IZS and Z, is a diagonal matrix with the multi-resonant impedances of
the shunts, which were derived in Eq. (3).

4. Simulation results

As discussed in Ref. [12], the optimal RL parameters that should be implemented in a shunted
piezoelectric patch to control the flexural response of a two dimensional flexible structure cannot be
derived with closed form expressions. Therefore, the optimal shunt parameters that would reduce the
low frequencies narrow band resonance peaks and mid frequencies wide band resonance crests, have
been derived numerically considering the 10 bands in the spectrum of the kinetic energy PSD shown
in Fig. 2, each of which encompass at least one resonance peak.
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Figure 2: Flexural kinetic energy PSD of the plate and piezoelectric patches in open circuit configuration
with highlighted the frequency bands considered in the shunts optimization study.

Plots A, D and B, E of Fig. 3 respectively present the panel flexural kinetic energy and the electric
power absorbed by a RLC shunt averaged in the frequency bands 1 and 6 with respect to the resonance
frequency f; and quality factor Q of a simple RLC shunt. Thus, for example, plots A, D gives the
optimal RLC values that should be implemented in the meshes of the multi-resonant shunts to mini-
mise the resonant flexural response of the panel in the first and sixth frequency bands highlighted in
Fig. 2. Contrasting plots A, D with the equivalent plots B, E, it is noted that the minimum of the
filtered plate flexural kinetic energy and the maximum of the filtered electric power absorbed by the
shunts occurs for very similar values of f; and Qg, that is for very similar values of the RLC compo-
nents of the shunt. This is a rather interesting result, which indicates a practical approach to tune the
multi-resonant shunts formed by a cascade of RLC meshes. Indeed, an iterative initialisation stage
can be conceived where the RLC parameters of each mesh in the shunts are set to maximise the
filtered electric power absorbed by the shunts. The spectra in plots C, F of Fig. 3, show the PSD of
the panel flexural kinetic energy when the piezoelectric patches are either in open circuit (blue lines)
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or connected to a RLC shunt that implements the optimal RLC values that minimise the panel flexural
kinetic energy and thus maximise the power absorption of the RLC shunt. The plots also show the
PSD of the electric power absorbed by the shunt (black line). The kinetic energy spectra show that,
as one would expect with classical vibration absorbers, when the piezoelectric patches are connected
to the optimal RLC shunts, the resonance peak that characterised the flexural response in the target
band is split into two resonance peaks, which are effectively damped. As can be noted in the absorbed
electric power spectrum, the energy subtracted to the structure to produce the damping effect is actu-
ally absorbed by the shunt. It is important to note that, as can be observed in Plots D and E of Fig. 3,
for band 6, the optimal f; of the shunts diverges from the resonant frequency of the plate within the
analysed frequency band. This is due to the fact that, above about 200 Hz, the plate modal overlap
exceeds unity and thus the response of the panel at each frequency is characterized by the superposi-
tion of an increasing number of higher order natural modes. Therefore the natural frequency of the
optimal RLC shunt may diverge from the resonance frequency of the target resonance crest.

Kinetic energy H2 norm (band 1) Power absorbed H2 norm (band 1)

100 100
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Figure 3: Flexural kinetic energy (Plots A, D) and power absorbed by a RLC shunt (Plots B, E) averaged in
the frequency bands 1 and 6. Plots C, F, flexural kinetic energy PSD (open circuit blue lines; optimal RLC
shunts red lines) and of the absorbed power PSD (optimal RLC shunts dotted black line).
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Figure 4: Kinetic energy PSD of the plate and piezoelectric patches in open circuit (blue line) and connected
to idealised multi-resonant shunts (red), electric power absorbed by the shunts PSD (black line).

The optimal values of f; and Q, for the 10 frequency bands highlighted in Fig. 2 have been imple-
mented into multi-resonant shunts formed by a sequence of then RLC meshes as shown in Fig. 1C.
The plot in Figure 4 shows the 20 — 400 Hz spectra of the panel flexural kinetic energy PSD when
the piezoelectric patches are either in open circuit (blue lines) or connected to the multi-resonant
meshes whose RLC components were derived in such a way to maximise the electric power absorbed
by RLC shunts in the 10 frequency bands highlighted in Figure 2. The plot also shows the PSD of the
electric power absorbed by the shunt (black line). The graph confirm that the array of piezoelectric
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patches with multi-resonant shunts produces a significant reduction of the flexural response of the
panel in the whole 20 — 400 Hz frequency band. The low frequency sharp resonance peaks are lowered
by 5 to 10 dB; but also the higher frequency wide band crests are brought down by about 6 to 10 dB.

5. Conclusions

This paper has presented a simulation study on the implementation of a dense array of piezoelectric
patches connected to multi-resonant shunts formed by a cascade of RLC meshes. The RLC meshes
were tuned in such a way as to minimise the flexural kinetic energy of the panel averaged in target
frequency bands. The study has shown that this control strategy is equivalent to the maximisation of
the electric power absorbed by the shunts, which is a more practical cost function to be implemented.
Finally, the study has shown that when the multi-resonant shunts are implemented with a cascade of
10 RLC meshes tuned to maximise the electric power absorbed by the shunts in 10 target frequency
bands, the flexural response of the panel in the 20 to 400 Hz band is reduced by 5 to 10 dB.
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