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1. INTRODUCTION

The derivation of the receiving sensitivity of radially,
longitudinally and tangentially polarized hollow cylindrical
plezoelectric hydrophones was carried out by Langevin (1} for
signal frequencies well below the lowest resonance frequency.

The main purpose of this paper is to develop expressions for
the open circuit receiving sensitivieies of air filled, thin, end-
ashielded and end-capped radially pelarized cylindrical hydrophones
near the mechanical resonance frequency which is of particular
interest in determining the sensitivity of echo-ranging systema.

2, THE EQUIVALENT CIRCUIT FOR A RADIALLY POLARIZED, HOLLOW,
CYLINDRICAL TRANSDUCER

It has recently been shown (2) that a radially polarized,
hollow, thin cylindrical transducer, having a length L, a thick=
ness t and inner and outer radii a and b, can be represented by
the equivalent circuit shown in Figure (la). The capacitance C
due to the static compliance and the clamped capacitance Cyof a
cylindrical transducer are given by:
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where e§3 is the permittivity component at constant stress; dg; is
the piezoelectric strain constant; Y 1s the Young's Modulus at
constant electric field defined by 1/sf1: o 1s the Poisson's ratio
at constant electric field defined by —BIZIEE and 3?2, s§1 are
the elastic compliance constants at constant electric field,

The resistances R 1/4N12 ig due to the acoustic radiation
registance R, from tﬁe surface of the ecylindrical transducer.

The electromechanical transformation factor N, which is
defined as the ratlo of the output mechanical force to the input
voltage under clamped conditions, can be showm (2) to be gilven by:

w, = 2y, ceee A3
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It is more convenient to transform the equivalent circuft
showm in Figure (la) to that shown in Figure (1b). It can be



shown that the equivalent series resistance Rel is given by:
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and £_ . is the radial resonance frequency of the eylinder and kd
is the dynamic electromechanfcal coupling ccefficient.

- Before making use of the equivalent circuit for the cylind-
rical transducer, its limitatfons will be discussed. Love (4) and
more recently Hagkins and Walsh (3) developed a general equation
for the resonance frequency of a cylindrieal transducer. For the
fundamental resonance 1t is given by:

(f/fr)"<1_02)-<f/fr)2(1+n52n_2)+n252n.2 =0 ... (6

where £ is the ring radlal resonance frequency defined by c/2na,
a is the mean radiusg of the cylinder, ¢ is the bar velocity
defined by (¥/p)¥ and p 1s the density of the cylinder material.

The dependence of the radfal and the longitudinal regonance
frequencies on the ratio L/& 8 shown in Fipure (2) for a plezo-
electric material with Polsson's ratle g = 0,35, It can be seen
from Figure (2) that as the ratio L/3 moves away from the region
defined by 3.53L/a 2.5 there is decreasing coupling between the
radial and the lLongitudinal modes. Outeide this region the radial
regonance frequency frf is given approximately by:

£ > c/2na for L/& less than 2.5 and .... (7}
£ ~cf2na (1-02)& for L/4 greater than 3.5 ..., (B)

Whereas the longitudinal resonance frequency f; is given approx-
imately by: ’

£, > c/2L for L/& either less than
2.5 or greater than 3.5

Within the region 3.5) L/2) 2.5 the coupling between the
radial and the length modes is strong especially when L/E ig
approximately equal to 3 and hence the equivalent circult shown
in Figure (1) is no longer valid since the circult parameters will
be frequency dependent, On the other hand, the ¢ylindrical trana-
ducer can be represented by the equivalent e¢ircuit outside the
reglon 3,5>L/a »>2.5.

cees (9)

3. RECEIVING SENSITIVITY OF A THIN-WALLED, SHIELDED,
CYLINDRICAL TRANSDUCER

The receiving sensitivity of a transducer M ig deffined as
the ratio of the open-circuit voltage at the output terminals of
the transducer to the free field acoustic pressure at any point
near the transducer. Apsuming that the transducer obeys the
reciprocity principle, the receiving sensitivity M can be shown
(2) to be given by: %
M = A(DR /7p e ) vees (10}

vhere X 18 the acoustic wavelength in water, p, is the density of
the water, ¢, 1s the velocity of sound in water, Ry, is the real
part of the transducer input impedance and D is the directivity
factcor.

For a cylindrical transducer having a lenpgth L greater than
A, the radiation resistance of a pulsating infinite eylinder will




EQUIVALENT CIRCUITS OF A PIEZOELECTRIC
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be used in determining er.

The directivity factor D for a long cylindrical transducer
ie given (5) by:
) D, = 2L/A ees (11)

The recelving sensitivity M of a thin long eylindrical-
transducer can be obtained from equation (10) by substituting for
R, and Iy from equations (4) and (11), that is:

ML=-_1_{' Ry E el (12)
ZN1 ."lpacozm

For a thin eylindrical transducer which is ghorter than a
wavelength, the directivity factor D, equals unity, Subgtituting
for D, into equation (10}, the receiving sensitivity M_ of such a
transducer is given by: 8

Ma=i[ Rn ]% e (1)
ZN1 npocozm

An important difference between equation (12) and (13) is
that the radiation resistance Ry in equation (13) may be conaid-
ered to be the same as that of & spherical source which has the
same purface area as the ghort cylindrical transducer, whereas
that in equation {12) is the radiation resistance of a long
pulsating eylinder,

4, RECEIVING SENSITIVITY OF END-CAPPED CYLINDRICAL TRANSDUCER

So far we have developed an expression for the recelving
senaltivity of a cylindrical tranaducer with its ends being
shielded from the incident acoustic preagure, that ia, the
acoustic pressure on the ends of the tranaducer is zero, Two
other cases are possible. In the first, the transducer ends are
exposed to the incident acoustic pressure, whereas in the second
case the transducer ends are closed by rigid cags so that the
area n(b2-g%) 1s subjected to presasure b</(bZ-a?) times the
incident acoustic pressure. This last case is widely used asince
it gives a higher receiving sensitivity than the end-ghielded
cape.

The receiving sensitivity M, for the end-capped cylindrical
trangducer ia given by:

M = MM, eees (14)

vhere Ml is the open circult receiving sensitivity when the trang-
ducer ends are ghielded, and M, is the open circult receiving
sensitivity due to the capped ends of the transducer, The open
circuit receiving sensitivities M; and M, are glven by equation
(10) with the appropriate directivity factor and radiation resis-
tance. Substituting for M; and M, from equation (10) inte
equation {14) pgives: .

= ] ¥ :
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where R , is the equivalent serles resistance due to the acoustic

radiatiSf from the ends of the eylindrical transducer and D2 is
the corresponding directivity factor.

5. COMPARISON OF CALCULATED AND MEASURED SENSITIVITIES

Recently two end-capped, lead zirconate-titanate,
eylindrical hydrophones H;, and Hy were designed for measuring
amblent neise levels. A comparison is shown in Figures (3)



and (4) between the measured open circult free field sensitivities
of the two hydrophones with those caleculated. It should be noted
that in calculating the theoretical gensitivities showm in Figures
(3) and (4) losses have been neglected. It can be geen from
Figure (3) that the measured free field recelving sensitivity of
hydrophone H; is in good agreement with that calculated for the
end=-capped condition.

In the case of hydrophone Hy it may be seen that the
measurements are more in agreement with the end-shielded condition
than with the capped condition. In fact inspection showed that
the end-caps had become loose, though whether by sufficient
amount to shield the end is uncertain.

Also for H, the ratio of its length to its mean radfus is
2.7. 1t can be deduced from Figure (2) that for this ratio strong
coupling between the radial and the length modes exists, It
follows therefore that the parameters of the equivalent circuit
representing hydrophone H, will be frequency dependent and hence
the calculated recelving senaitivity based on the equivalent
circult will be less accurate.

6, CONCLUSION

One important concluslon which emerges from the analysis
given above is that the use of the simple equivalent circuit
shovn in Figure (1) 1is quite adequate in obtaining the open
¢ircult receiving sensitivity of the end-ghielded and end-capped
thin, hollow, cylindrical tranaducer provided that the ratio L/&
of its length to the mean radius falls outside the region defined
by 3.5 YL/E 32.5.
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