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ABSTRACT

The active control of flexural waves propagating along an Euler-Bemoulli beam is considered. A

theoretical model and computer simulations are pfescnled to show how an may at l'orcts can be applied

to a beam to couple into and suppress a propagating flexural wave. The mechanism of wave reflection and

absorption together With power flow is examined. The control strategies of minimizing secondary force

eifon and maximizing power absorption by the secondary force array are discussed for an infinite and a

finite beam.

INTRODUCTION

Practical engineering struclum are often fabricated lrorn a number of components held together by

stntctural elements that may be modelled as one dimensional waveguidm. Examples of such structures

are truss beams. antenna booms and struts and tie-bars found in machinery installations in ships.

submarines and helicopters. Active control or vibrations in these stntctures involves cancelling unwanted

disturbances by deliberately adding secondary controlled disturbances. Rather than adopt global control

of the system dynamits |l][2], mother approach is to prevent the transmission of vibrational power

between the structuml components. For this type of local control of vibrations a modal model of the

structure such as that described by [wins [3] is inappropriate. and the system dynamics can better be

described by a wave model Mlsllsl. in general, three wave types will be present in connecting elements

between the Structural components; flexural. or out—oi-plane waves, longitudinal. or in-plane waves and

torsional waves [7]. Local structural control of these waves can be achieved by placing actuators along

the waveguides. The controlled secondary disturbances can be generated by generic actuators that can

apply either a force. a moment, or a pair of moments in anti-phase (a moment-pair).

This paper restricts the investigation into how forces positioned in a secondary array couple into flexural

waves propagating along a Euler-Bernoulli beam. 1! the control cl flexural waves are understood, the

behaviour of other wave types can be deduced by ignoring the near-field terms associated with flexural

waves. The analysis is condoned in the frequency domain which is appropriate {or deterministic

disturbances. but this paper does not addnss how control of the secondary actuators can be implemented,

i,e. how the magnitude and phase of the sinusoid [ed to each actuator can be adjusted in practice.

Two control strategies are invstigated; that of minimizing the secondary often required to suppress a

propagating nexural wave and that of maximizing the power absorbed by the secondary array. Nelson and

Elliott [8] considered the strategy of minimizingsecondary effort its the cancellation of noise in an acoustic

enclosure. and this is applied here to the structural case. Redman-White er a! l9] reported experiments in

l'lexur-al wave control on an infinite beam using a control su'ategy which maximized power absorbed by

two secondary forces. Nelson er a! [10] and Elliott 21 at [ill have also considered this same strategy in

the acoustic case. and Elliott concluded that in In enclosed sound field when: the primary and secondary

scum are well coupled. this control strategy results in an increase in the total power output into the

enclosure. This paper shows that this control strategy, when applied to a finite beam also results in an

increase in power input.
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2. MODEL OF THE SECONDARY FORCE ARRAY

Consider an infinite Euler-Bernoulli beam with a
secondary force array positioned as shown in figure 1.
The displacement at any point along the beam can be
dacribed by the equation [4]:

V41) “(Ice “41.41 .4“!!! ‘ Afi-fl- “41,111 (1)

when the time dependence is suppressed for clarity and
no energy loss in the beam is assumed. The nexural
wave incident on the array is Al. and the waves
generated by the secondary force array are two near-
field waves A, and A,. and two propagating waves A,

and A‘. The wave constants either side of the array. in

tlteregimsofthebeamxSOandeQcanhe figum] A secondary For“ my on an
desu'ibed by the matrix equation: [minim Beam
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where E is the modulus of elasticity. I is the second moment of urea and k is the flexural wave number.
This equation gives the amplitudes of the waves genmted by the secondary forces either side of the array
The amplitudes of the waves within the array may be calculated by thtusimilar relationships. These are:
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the incident propagating wuve is auppresed. l! a single secondary force is applied. the inddent wave is
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the only wave that can be supprssed. As the secondary
force array generates {our waves, there is a residual near
field wave and a propagating wave. upstream oi the array.
and a near-field wave downstream When more than one
tome is applied. additional waves that are generator! by the
array can be suppmed; one wave let each additional
force. it follows. nterefore. that if {our forces are applied,
that all waves are suppressed. The nozr-dimatsionaliaed
displacement of the beam when one to {our {area are
applied for selected control strategies are shown in figures
2-4. ehere l '5 a wavelength o! the incident propagating
wave. in figure 3 the midual waves are both near-field
waves. in figure 4 the residual wave is the negative—going
near-field wave.

To calculate thecomplex wave oonstants the magnitude
and phase of the secondary forces are required. They can
be determined [mm the equation:

I 1 EW‘ 1.“. 0'". i.

u 0

I“ - -r£It' 'ul 'M' "I. 2 (6)
if: l 1,1». 1,1". 1,1". W
" I “m. 1,1". “In.

[1' [Bi than {our secondary force are applin then this
equation can be partitioned aooordingly. For example i!
only no secondary fares are applied and the propagating
watts away from the array are supptased the equation

.tedumtc:
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which expands to give:
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The similariryshould be noted between these equations And
those resulting from the use or two loudspeakers in a duct
to ebsorb an incident acoustic wave [8L Examination of
equations (5) and (9) shows that the secondary form
required are infinite when the distance between the
secondary (areas equals an integer number of half-
wawlengths of the incident propagating wave. 11th shows
that it is not possible to suppress both an incident
ptopagating wave and a negative-going propagating wave
generated by the array at time frequencies.

It is intersting to examine the secondary effort required to
l‘ortheeaserdepicted in figum24uaftmaionof
frequatcy (diam between the secondary forces divided
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Figure 2 Beam Dirplaeunmt with One
Secondary Force Applied to Suppren A‘

 

Figure 3 Beam Displnwnu’ll with Two Raves
Applied Io ntppruaA, and 4.. Dinanoe Bevan
Secondary Forum - 0J1

 

Figure 4 Beam Displaanent with Three Fm
Applied to Suppress A, A. n! A‘. Dinar-tee
Between each Fata- 0.11
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by a wavelength). The mndary effort required. (E). is defined as the sum of the squared sedentary {owes
divided by the (on: required to generate the incident propagating wave. which is:

It
i

E _ :2”- I (10)
If; I'

 

when], - jdElk’ AI and N is the number of forces. The effort is plotted in figure 6 and is quantified

in the table for I distance of 0.11.   
580"

of tomes, and provided the distance between the forces
is less than a quaner of a wavelength, the effort
required in all cases decreases with frequency. As the
distance between the forces approaches zero or an
integer number of half-wavelengths olthe incident
propagating wave, then the [area become prohibitively

larger The minimum effort required in all cases reaches
a minimum when the distance between the secondary
forces is between 0.251 and 0.3L

 

Figure 6 Secondary Fore Effort as a Function d
Distance hetwem the Fumes Compared to a
Wavelength

J. ACTIVE CONTROL USING MINIMUM EFFORT

The control strategies discussed above involve reducing
the far-field displacement downstream of the array to
zero, and if mom than one secondary force is used. to
additionally suppress the remaining waves generated by

the array. Another control strategy is to suppress the
incident propagating wave using minimum smondary

effort. This is a constrained optimization problem which
is well documented in the literature. for example “2].
Consider an actuator array with N actuators positioned
at .r = D. 1,. . . . I” as shown in figure 7. The N
secondary forces may be represented as a vector:

51’. 1 I I (ll) Figurc7 A Secondary Force Actuator Array
' [I‘m 1"“) M”) M ")1 Positionedon an Infinite Beam

 

and the positive-going propagating wave generated by
the secondary force army is:

A. - z E_ (12)

where: z _ __J_ [I ‘1“. (In, _ _ . “ml an

arm

Now. the displacement of the beam in the lat-field. downsueam of the actuator array any from any near-
field effeas. and suppressing time dependence. is:

w) - A‘ o A, (14)

substituting for A, from equation (12) this becomes:
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wort - as, o A, (Is)

The object is to minimise the secondary effort. 5"}; subject to the constraint that the downstream

displacement is zero. ie. IE. 0 A, - 0. Where” denotes the herrnitisn u-anspose, vihich is the transpose
of the complex conjugate. fire Lagrange function (cost function) is thus [8):

J - 5:15, o u'(ZE‘ ‘ A.) o ups. o my (ta)

where. p is the Lagrange multiplier. The problem is now reformulated with the constraint incorporated in
the cost ftmotion. This new unconstrained function now has to be minimised. Noting that equation (17)
is of herrnitian quadratic farm in both E and u. the complex derivatives of! with respea to both the real
and imaginary pars of thm quantities are:

 

N N_ _ - 2 o ,1 Ia“. ‘1“. (IE. .) (7)

3} O 3! it/_ .25 azuz (13)

3Eur 3E1: I

Where the suffices R and 1 denote real and imaginary parts. The minimum value of E, within the
constraint. is given by setting both equations (l7) and (18) to zero This resulu in the optimum secondary
force vector

Z "A,

21"
(m

 

5....

(It should be noted that a more general problem of this type occurs in the active control of I sound field
where there are fewer microphones (error sensors) than loudspeakers (secondary source). in this case the
Lagrange Multiplier turns out to be a vector and the reader is referred to teferutce I!) for a full
explanation on how to deal with a problem of this type).

Now, substituting for; from equation (ll). equation (I?) becomes:
15,, - 4%!) .1": .m. “new, as»

The force required to generate a propagating wave with amplitude IA,I is [, -]4£lk’ 4,. Hence

substituting this into equation (10) and computing the modulus. gives the expmsion for the sum of the
squared minimum swondary forces:

rt 2
H2;; Irrmla . 5.5.. yva (2])

This rather surprising result shows that the minimum
secondary force vector required to suppress an incidatt
travelling wave is independatt cf the distance between the
secondary forces and the secondary effort redirec- as the
numberol' secondary forces N increases. The displacement
of a beam with this strategy implemented with {our
secondary forces applied. and a distance between the
secondary forces of 0.11. is shown in figure 8. Upstream
of the secondary force there is I partial standing wave. r a “mu Bun Di?! “m
whichim‘ theupstream a 'gwaveissmaller '5‘“ . .N‘m
thantheinpclilgsent wave.i.e.. mimuim partiallyde WWWWMWWW
the incident wave. The reflected wave 01,) is giver oy: Wrm ' 0'“

 
Proc.l.0.A. Vol 15 PM 3 (1983)

 

425  



 

Proceedings of the Institute of Acoustics

--—1— l 11“ 21.5 .-¢”“' .1

A’ an“ 1 ‘

 

F r19 Rm'o of the Rfl'lslud Pmpagat'
Substituting the minimum sewndary force vector from u, m Inga," w", m!

equation (20) giva the expression for the ratio of the
reflected propagating wave to the incident propagating wave:

A' I [l of,“ or"""n..e'fl"'] (21”
A, N

This is plotted for four secondary form in figure 9. where I is the distance betwem each of the secondary

forces. It can be seen that the magnitude of the A, wave is dependent upon the distancs between the

secondary forcts compared to a wavelength. but for 0.1 < I/A < old, the teflected wave has an amplitude

which is less than 30% of the incident wave amplitude.

4. MAXIMUM POWER ABSORPTION

A localised control su'ategy described by Redman-White e!

of [9] for Euler-Bernoulli beams and Elliott at a] [11] for
an acoustic enclosure. is to maximize the power absorbed

by a secondary array. On a lossless infinite beam with two

secondary forces applied. and at frequencies Where

inlet-anion between primary and secondary near-fields is

negligible. this strategy is equivalent ID suppressing the

incident propagating wave and the negative-going

propagating wave gmentted by the my. Consider the

beam shown in figure ID. The vector of secondary forces

which maximiza the power absorbed by thse forces is figure In AM “mlmmw FmAWN

BM" by: and aSmtdlryArr-ay with new
I -tE . -53-M'f’ (24)

 

where R. is the real part of the mobilin matrix of the

secondary force my. and M, is the transfer mobility

matrix between the primary force and the velocities at the

secondary force positions. This can be recast in terns of
displacernatu. which enables an analysis to be performed

which is consistent with the control su-ategiea dsuibed
above This is:

E . g 3.15.}, (:5)

 

, _ . . figure” NmnslludBuartDisplauneanith
wherex. tsthe tmagmarypanofthercceptancematnxof 1-“, My). Face, Comm .0 M

the secondary force array. and L isthe transfer receptance Mmm

matrixbetweattheprirnaryforce and thesecondaryforce

'nte calculated secondary forces from equation (25) tan be substituted into equations (lHSh

which can be simply modified to account for a primary force. In desert-nine the beam: displacement. A

planfdisplacenmtwimadisuncebaweatdtepdnwyudsecandaryfcmesofzsl andedisunce
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betweat the secondary {arcs of 025A is shown in figure
ll. It can be seen that this strategy involvm absorbing
the incident wave. a no negative-going propagating wave
is generated by the my. The time averaged pow input
by the forces is given by:

p - -% ImU' w) (26)

substituting for the calculated fame: and displacements.
and neglecting near-field waves. gives the power input by
the primary force:

F . :IILE (27)
' IEIk’

whidt is the same as the power input by a single point
harmonic loroe on an infinite beam. This shows that the
secondary force array has no elfect on the power input by
the primary loroe. The power input by the secondary
forces can be similarly calculated to give: '

  

p“ . 2.1.14 1. l.“ (23)
mm mild

and pa . 9f“ I (29)
16:19 2m”

Examination ol' these equations shows that only/,, absorbs
power. and if the near-field interaction between the
secondary forces can be neglected. it absorbs half the
power that is input into the beam by the primary lorce, that
is. all the power incident upon it. carried in the propagating
flexural wave. in the more general case when near-field
effects are considered then I” actually supplies power in a
near-field wave which interacts with the near-field wave of
/,,. and is absorbed byfip The magnitude of power input
and absorbed by all the laws are shown in figure 12.

This situation changes considerably when a finite beam is
considered. such as that in figure 13. The strategy of
suppressing an incident propagating wave mains
effective. as shown in figure 14. but thestrategy of the
secondary array absorbing maximum power turns out to be
a poor control strategy to adopt. The reason is that with
boundaries in place. it is possible lor the secondary array
to influatce the court on at the primary force position.
such that more power is supplied to the beam when the
control strategy is implemented. The result it a large
displaeunatt of the beam upstream of the secondary array.
figure l5 show: the displacement of the beam when the
secondary fares are adjusted to maximize power absorbd.
For the simulations presented. 1% damping is included in
the beam model. by way of a complex modulus of
elasticity. 11th is necssary to enable&I u: be inverted.
The elfects of this strategy are sell evident. with large

 

Figure 12 Paws Input and AM by the
Primary and Saamdary Files

1-0 L 1-! J-l'd

 

Figure I! A Ftnite Beam with One Primary
Force and Two Secondary Forms Applid

 

Figure I! Normalized Beam Displaccttmt with
No Secondary Fonz Configured InSunless the
incident Propagating Wm

  
Flu-rel! NomalizadBeatnDisplacan-entwitb
Two Saundra-y Fm Callistde
Maximuml'tnvw

inmu in beam displacematt with control. it should be noted that the frequency of the incidatt wave
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is such that the beam is not raunant (LIA = 325). and the magnitude of the standing wave with control

is frequency dependent. 1he power input by the primary force before and after annual {or both strategia

is plotted in figures 16 and IT. Bramination of time figures show: clearly that the strategy to absorb

maximum power causes the primary fame to input more power with control.

  
Figure 16 Pm input by the Primary Force Figure 17 Pow:- Input by the Primary Fame

with two Scoutdary forces Configured to Suppro5s tn‘th Two Secondary Faroea Configured to Absorb

the Incident and Reflected Propagating Wares Maximum Powa'

5. CONCLUSIONS

A model of a secondary force array which couples into flexural waves on an Euler-Bernoulli has been

proposed. together with examples at how the secondary array can be used to suppress an incident

propagating wave and some or all of the waves generated by the array. Two additional cannot strategies

have been considered; one which minimizes the secondary clt'on required to suppress a propagating wave

and one which absorbs maximum vibrational porter. It w” shown that although the Strategy of maximizing

the power absorption of the secondary force array is a viable control strategy on an infinite beam. it is not

on a finite beam. as it muss more power to be input by the primary farce. Maximizing secondary power

absorption would thus not appear to be a viable oontrol strategy on a finite beam if global control of

vibration is toquirvd.
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