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1. INTRODUCTION

In a previous paper, [1], the authors described a method for calculating the acoustic
eigenvalues of an infinite-length splitter-type silencer. The theory was used to find
all the eigenvalues which may exist in the silencer, without specifying the incident
sound field, and measurements of attenuation and phase speed were taken for various
modes which were cxcited by parnicular loudspeaker arrangements. If we assume
that the incident sound field consists only of the fundamental mode, then, for a
repetitive arrangement of baffles as described in [1), the only modes that are excited
are those which occur in a ‘half-module' as in Figure 1. This has been verified by
using the present method 1o investigate a multi-spliter system. This theory may be
used for an incident sound field consisting of any combination of propagating modes.

The authors sought a method for satisfying axial boundary conditions for different
types of discontinuity. Existing methods include those of Miles [2] and Alfredson [3],
who match the sound fields across discontinuities in rigid-walled ducts. but rely on
the orthogonality of the eigensolutions and are valid only for low frequencies. Peat
[4] uses weighting-functions 10 deal with area changes, incorporating mean flow; he
glso demonstrates the use of finite ¢lements in modelling a discontinuity, Peal's
method allows a system consisting of more than one discontinuity to be modelled, but
assumes that only the plane wave propagates. i was decided here to use a variational
approach which makes no assumptions of low frequency or orthogonality of the
modes and allows the matching of sound fields in a bulk-reacting lining.

In this paper the method is demonstrated for modelling the end of a lined section of
duct with a zero-thickness plate covering the e¢nd of the lining (Figure 1) and the
results are compared to measurements taken on a test duct. Airflow has not yet been
included in this model. This mcthod is general and may be used for any duct
discontinuity; results were obtained both with and without an end plate. The method
has been used to predict values of transmission loss for a finile length lined seclion
by treating both discontinuities (at each end of the lining} at the same time;
comparisons with measured values are shown,

2, GEOMETRY

Figure 1 shows the model of this discontinuity. If the incident wave is plane, then the
problem is two-dimensional, since no modes which vary in the z-dircction will be
excited. The incident wave is represented by pj. pa is the wave reflected from the
termination and pp is the wransmitled wave in the lined seclion (it is assumed that B
is not reflected from any discontinuitly downsircam); the suffices 1 and 2 distinguish
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the eigenfunctions in the airway and liner. The widths of the airway and liner are «
and h respectively. The lining may be anisotropic so two complex, frequency-
dependent wavenumbers - kg and k- and two complex, frequency-dependent
densities - p,and p, - are needed to represent its bulk acoustic properties in the axial
and transverse (r and y) directions respectively. The corresponding values in the
airway arc k and pg: here, k=w/c, where wis the radian frequency and c is the
adiabalic sound speed in the air. Separate transverse coordinate systems, y; and yz.
are (aken in the airway and liner.
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Figure 1  The discontinuity at the start of a lined section of duct.

3. THEORY

The pressure and particle displacemenmt in the various regions may be wrilten as

pi(x,y1:1) = Po expli(ot-kx)} (la)
-iP
§1(X.y1;l)=po?°k explifot-kx)) (ib)
p,\(x.ylzl)=z aj° cospjy expli(at+a;x}] (lc)
j=1
o iaj o . R
EA(x.yl;t)=J§; ;ﬁ? cospjyy expli{wi+a; x}] (1d)
pm(x.y|:l)=z bi*Aj cosgjryy expli(oi+e;x)] (1c)
i1
— -ibi"P:"A; . .
§m(:,y1:1)=z !—plagzﬁ‘-cosqﬂyl cxpli(ot+e; x)) (11}
j=1
pﬂz(x,y2;1)=z bj*cosqjay2 expli(wt+a; x)] (1g)

j=1
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Enz(!oh:l)=z “;% cosqpayz explifwt+a;’x)] (1h)
=1 :

where Pp is the amplitude of the incident wave, 4" and b;* are the unknown modal
coefficients and o;* and B;* are the cigenvalues in the respective regions. The
eigenfunctions in the lined section have been normalized at ¥2=0. By seuting ys as
shown in Figure 1, the cigenfunctions may be written in the above simple form
containing only & cosine function. The wavenumbers in the lined section are related
in the following way, and may be found (and ordered) using the method described in
[11:

qp2+B;"2 = k2 (2a)
Q22 = ky2 | (2b)
gj1pt 120qj1a = - gjapa langjzh (2¢)

The reflected and transmitted modes originate from x=0 so it is required to non-
dimensionalize the funciions (la-h) at that point

Pr= expl-iot] prlyao /Po= 1 (3a)
ipgeZk
U expleian) &rlyuo= 1 (3b)
Pa= exp[-iw1] pAf,ao IPo=z 4j cospjy) (3c)
=2
ipgek . -
UA=‘EP°§—' cxpl-iwt] EAI;.U =g, aj @j cospjy1 (3d)
Pp1= expl-iwt] pml,.,o fPo =z bj Ay cosqjiyi (3¢)
=
= 2k -
Um-‘-"lalg:_‘ expl-iot] &g) lye =; bjBj Aj cosgjiyi (30
JB
Ppa= expl-itwt) szll=0!PO=E bj cosq;2y2 (3g)
jol
ipock nd
Uaz=‘E3':— expl-iot] Egzlxeo =Y, b; B; po/pa cosqj2y2 (3h)

=1

The modal coefficients a" and bj‘ are normalized by Pg to a; and bj. The boundary
conditions that are imposed on the discontinuiljes gre

Pi(y1)+Paly)=Pg1(1) Dsyjsa (43)

Uiy 1+ Ua(y1)=Upi(y1) Osy;<a (4b)
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Uity )+Ualy1)=0 agyiSa+h - (4c),
Upa(y2)=0 Osyzsh (4d)

These equations will be satisfied by a set of values of a; and b; which give a value of
zero for the functional, I, where : : .

L= fo [(Pr+ Pa-Pp1) (P +PA-Pa1) + (U1 +Ua -Upn) (U1 +Ua-Usn)l én1

a+h — h . —_—
+ 7" U+ Up) (14U dys + [ Usa Uz dys : )
The subscript, n, on 1 represents the number of modes on each side of the
discontinuity that arc used in the solution. The complex-conjugate of z is writlen as Z
If z=x+iy, then zz=x2+y2, so this functional represents the sum of the squares of the
differences in real and imaginary parts of the pressure and paricle displacements
across the discontinuity. The functional therefore depends quadratically on the real
and imaginary pans of the modal coefficients {a;®, a;l, bR and bl). The superscripts R
and I denote the real and imaginary parts of a variable. There is therefore one
wming point, which, since the functional is positive for all 2 and b;, must be a
minimum. The values of a; and b al this point represent the smallest error in the
sound field across the discomtinuity. The solution is found by minimizing the
functional with respect to cach of the aR, g, bR and bl variables, i.c. differentiating
with respect lo each and scuing the result to zero. It is convenieniL to writeé COSQi1¥1
and cosqizyz as fi(yy) and f2{y2) and to split them into their real and imaginary
pars, i.e.

f1;R(y1) = cos gi1Ry1 cosh gilyi
f1;}(y1) = - sin qi1Ry1 sinh gulyy
f2;R(y2) = cos qaRy2 cosh gply2
f3;1(y2) = - sin gi2Ryz sinh giolyz

A set of 4n equations, linear in the unknowns, is thus obtained, and may be wrilten

XARAR XARAI XARBR XARBI{ aF XAR
XAIAR XAJAI XAIBR XAIBI || al | | XAI
XBRAR XBRAI XBRBR XBREL || bR | ~| XBR
XBIAR XBIAl XBIBR XBIBI. Lp! xBl

where, for example, XBRAI; represents the coefficicnl of ajl in the equation
resulting from the functional being differentiated by bR, and
. R 1 a+h

XARAR;; = XAIAl; =jocospiy1 cospjyt dy1 + (oRa +ai'aj)J° cospiy1 cospjy1 dyi

 rash
XARAI;; = XAIAR;i = (eilay® - afah I;‘ cospiy; €ospjy1 4y1
XARBR;; = XBRAR;i = XAIBI; = XBlAlji =

L ]

(AR (oRpR + o'l -1 + Al (ai'BR - a®p Lcosmn fi;R(y1) dyy

]
- (A (aiRBR + B -1) - AR (oiB;R - ciRB;) IDCOSPiY| f1;(y1) d 1
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XARBI; = XBIARj = -XAIBR;; = -XBRAI} =
(AR @IBR - aRpl) -Af @RBR + &gl -0] [ cospiyr fi;Ry1) dy,

- (AR CaRBR + o' -1) + A (aiB}R - aRB] J; cospiy1 f15'(y1) dy,

XBRBRjj = XBIBI;j = (ARAR + AJAD) (1+ BRBR + Biah + (ARA - AJAR) (BIBR - BRBN
Ja. ([ (y1) iRy + Gy fly)} dyy

HARAS - ATAR) (1 + BRBR + BB - (ARAR + ATAN (BBR - BRE)

j; (fily1) f1;%(y1) - fuR(v1) fiR(y1)) dyy

+ (nRyR + wiyh J: {22iR(y2) fR(y2) + f2ily2) fajl(y2)} dyz

+ (Rt - 1ilyR) _[: {f2'(y2) R (y2) - BiR(y2) Hjiy2)} dya

XBRBI;j = XBIBRj = [ (ARAR + AJAT) BBR - BRBD - (ARA] - AJAR) (1 + BRBR + B13)1)
J: (f1R 1) fR(y 1) +01My1) G}y)) dny

+ LARAT- AJAR) BIBR - BRB) + (ARAR + AJAD (1 + BRBR 4+ BIBD |

J: [ 'y AR Gy1) - uiRy) ARGy dy

+ (RYR + miyh J: { filty2) 2R (y2) 2R (y2) f2il(yz) } dy2

- (R - wlyR) I: (2R (y2) 2R(y2) +hilly2) f2j1(y2)) dys

XAR;=aR J:H’ cospiyy dy; - I; cospiy; dy;

XAlj =- o J;,"" cospiyy dyy

XBRj =[ AR (1+ Ry - A B! J: fif(y1) dyy - [ AR Bit « A (1 + BiR)] J: fiilly1) dy
XBli=-fARBI+ AL +BR)) [} iRy dyr - [AR (14 BR) - AVBA [ 61y p) dy,

The temm 13=pg Bj fpu is Introduced to simplify these expressions.The above set of
equations may now bc solved to find the modal coefficients which complete the
solution of a semi-infinite lined duct. It may be shown thav I, 2 I,.1, for all n: so the
accuracy of a solution increases with increasing number of modes. The resulting
value of the functional is an indicator to the accuracy of the solution.

A functional similar 10 (5), but with the extra boundary conditions at the downstream
end of the lined section, has been used 10 predict values of transmission loss for a
finite length of lined duct. The model takes all the modes into account at the
downstream end, even though most of these will be strongly attenuated, and includes
the reflection of these modes from the downstream termination.

The discontinuity withouwt end-caps was treated in a similar manner, but the
functional was changed so as to impose the boundary conditions of continuity of
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pressure and particle displacement at thc end of the lined section rather than setting
the particle displacement to zero on either side of the end-plate ((4c) and (4d))

P(y1)+Pa(y1)=Ppz(a+h-y) asyiSa+h

Uiy )+Ua(y1)=Upa(a+h-y,) asyjsa+h

4. EXPERIMENTAL RESULTS

Measured data were taken in a test duct with cross-section 90mm by 100mm in which
a plane incident wave was excited. Layers of fibre-glass of width 30mm were placed
against both 100mm sides. Since a plane wave only excites even modes in a symmetric
arrangement, this ¢ase is equivalent 10 that of Figure 1 with h=30mm and a=15mm.
Tests were performed both with and without end platcs,

Holes were drilled in one of the 90mm sides, 37mm from a comer, upstream and
downstream of the discontinuity and measurements taken far enough in each
direction so that the fundamental mode was the only mode present (in such a narrow
dect the higher order modes will be highly aucnuated in the frequency range
considered). These measuremenis were (hen used to extrapolate back to the
discontinuity and determine values of aj. The value of by was not found directly, but
by extrapolation back to x=0 the value of bjAjcos(q1 0.008) was calculated (vi=8mm
at the holes). This is because the fundamental reflecied mode has constant amplitude
across the duct, whilst the amplitude of the transmitted fundamental mode varies
across the duci.

Figures 2(a,b) show comparisons of thc magnitude end phase of the reflected wave
relative to the incident wave, both with and without end-caps. Figures 3(a,b) show
the same values for the transmitted fundamental mode. Agreement is good
considering the possible loss of accuracy which may be introduced by the
extrapolation and the excitation of higher order modes. ’

Transmission loss prediclions are compared to measurements in Figurcs 4 and 5 and
again agreement is good. For both figures, the lined section is-2m long and each end
is covered by a plaie. In Figure 4, h=150mm and a=75mm, whilst in Figure 5, h=150mm
and a=150mm. The flow resistivity of the lining was 13800 Rayls/m in the transverse
direction and was estimated to be 6900 Rayls/m in the axial direction; the bulk
acoustic properties were found from the empirical formulae of Delany and Bazley [5].
The dashed line shows the attenuation of the leasi attenualed mode over the 2m
length. For most of the frequency range lherc is no significant difference between
the aciual values and values for the least aticnwated mode, however at both low and
high frequencies the lcast auenuvated mode prediction underestimates the
transmission loss. The discrepancy at low frequencies is because the actual :
transmission loss is increased by more cnergy being reflecied from the end-plate. It
may be secenm in Figure 3a that, at high frequencics, the magnilude of the

fundamental mode is reduced; higher order modes are being excited 10 a greater -
extent ' and their decay rates are of the same order as the fundamemtal mode. The
excitation of several modes to a lesser extent produces a transmission loss greater
than that predicted on the basis of the least atlenuated mode alone.
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5. CONCLUSION

The varialional method gives resulis that compare well with measured data, both for
the single discontinuity and for predicting the transmission loss for a finite-length
lined duct section. Numerical studies have been carried out on other discontinvities
such as area-changes and diaphragms with mean flow; mean flow is 10 be
incorporated into the model of the silencer,
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Relative magnitude of transmitted wave

Relative magnitude of reflected wave
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Flgure 2. Relative magnitude (a) and phase dilference (b) of the reflected
fundamental mode, with end plates [ 4, measured; — , predicted) and
without end plates ( @, measured;~--, predicted).
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Figure 3. Relative magnitude (a) and phase difference (b) of the transmilted
fundamenial mode, with end plates ( 4, measured; —-, predicted) and without
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Figure 4. Transmission loss (measured.0 , and predicted. /) and
attenuation of least attenuated mode ,~---' . With h=0.15m, a=0.075m, 1-2.0m.
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Figure 5. Transmission loss (measured.® , and predicted,™—) and
attenuation of least attenuated mode ,~~== . with h=0.15Sm, 2-0.15m, 1-2.0m.
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